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Appearing in this photograph are the participants at the second meeting of 
the Indian Mathematical Society on 11-13 January 1919 in Bombay. Several 
people important in the life of Ramanujan are pictured. Sitting on the ground 
are (third from left) S. Narayana Aiyar, Chief Accountant of the Madras Port 
Trust Office, and (fourth from left) P.V. Seshu Aiyar, Ramanujan’s mathe- 
matics instructor at the Government College of Kumbakonam. Sitting in the 
chairs are (fifth from left) V. Ramaswami Aiyar, the founder of the Indian 
Mathematical Society, and (third from right) R. Ramachandra Rao, who pro- 
vided a stipend for Ramanujan for 15 months. Standing in the third row is 
(second from left) S.R. Ranganathan, who wrote the first book-length biogra- 
phy of Ramanujan in English. Identifications of the remainder of the delegates 
in the photograph may be found in Volume 11 of the Journal of the Indian 
Mathematical Society or [65, p. 27]. 


Reprinted with permission of the Indian Mathematical Society 


It was not until today that I discovered at last what I had been so 
long searching for. The treasure hidden here is greater than that of the 


richest king in the world and to find it, the meaning of only one more 
sign had to be deciphered. 


—Rabindranath Tagore, “The Hidden Treasure” 


Preface 


This is the fourth of five volumes that the authors are writing in their exam- 
ination of all the claims made by S. Ramanujan in The Lost Notebook and 
Other Unpublished Papers. Published by Narosa in 1988, the treatise contains 
the “Lost Notebook,” which was discovered by the first author in the spring 
of 1976 at the library of Trinity College, Cambridge. Also included in this 
publication are partial manuscripts, fragments, and letters that Ramanujan 
wrote to G.H. Hardy from nursing homes during 1917-1919. Although some 
of the claims examined in our fourth volume are found in the original lost 
notebook, most of the claims examined here are from the partial manuscripts 
and fragments. Classical analysis and classical analytic number theory are 
featured. 


University Park, PA, USA George E. Andrews 
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Introduction 


In contrast to our first three volumes [12-14] devoted to Ramanujan’s Lost 
Notebook and Other Unpublished Papers [269], this volume does not focus 
on q-series. Number theory and classical analysis are in the spotlight in the 
present book, which is the fourth of five projected volumes, wherein the au- 
thors plan to discuss all the claims made by Ramanujan in [269]. As in our 
previous volumes, in the sequel, we liberally interpret lost notebook not only 
to include the original lost notebook found by the first author in the library 
at Trinity College, Cambridge, in March 1976, but also to include all of the 
material published in [269]. This includes letters that Ramanujan wrote to 
G.H. Hardy from nursing homes, several partial manuscripts, and miscella- 
neous papers. Some of these manuscripts are located at Oxford University, 
are in the handwriting of G.N. Watson, and are “copied from loose papers.” 
However, it should be emphasized that the original manuscripts in Ramanu- 
jan’s handwriting can be found at Trinity College Library, Cambridge. 

We now relate some of the highlights in this volume, while at the same 
time offering our thanks to several mathematicians who helped prove some of 
these results. 

Chapter 2 is devoted to two intriguing identities involving double series of 
Bessel functions found on page 335 of [269]. One is connected with the classical 
circle problem, while the other is conjoined to the equally famous Dirichlet 
divisor problem. The double series converge very slowly, and the identities were 
extremely difficult to prove. Initially, the second author and his collaborators, 
Sun Kim and Alexandru Zaharescu, were not able to prove the identities 
with the order of summation as prescribed by Ramanujan, i.e., the identities 
were proved with the order of summation reversed [57, 71]. It is possible 
that Ramanujan intended that the summation indices should tend to infinity 
“together.” The three authors therefore also proved the two identities with 
the product of the summation indices tending to co [57]. Finally, these authors 
proved Ramanujan’s first identity with the order of summation as prescribed 
by Ramanujan [60]. It might be remarked here that the proofs under the three 
interpretations of the summation indices are entirely different; the authors 
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did not use any idea from one proof in the proofs of the same identity under 
different interpretations. In Chap.2, we provide proofs of the two identities 
with the order of summation indicated by Ramanujan in the first identity 
and with the order of summation reversed in the second identity. We also 
establish the identities when the product of the two indices of summation 
tends to infinity. In addition to thanking Sun Kim and Alexandru Zaharescu 
for their collaborations, the present authors also thank O-Yeat Chan, who 
performed several calculations to discern the convergence of these and related 
series. 

It came as a huge surprise to us while examining pages in [269] when 
we espied famous formulas of N.S. Koshliakov and A.P. Guinand, although 
Ramanujan wrote them in slightly disguised forms. Moreover, we discovered 
that Ramanujan had found some consequences of these formulas that had not 
theretofore been found by any other authors. We are grateful to Yoonbok Lee 
and Jaebum Sohn for their collaboration on these formulas, which are the 
focus of Chap. 3. 

Chapter 4, on the classical gamma function, features two sets of claims. 
We begin the chapter with some integrals involving the gamma function in 
the integrands. Secondly, we examine a claim that reverts to a problem [260] 
that Ramanujan submitted to the Journal of the Indian Mathematical Society, 
which was never completely solved. On page 339 in [269], Ramanujan offers 
a refinement of this problem, which was proved by the combined efforts of 
Ekaterina Karatsuba [177] and Horst Alzer [4]. 

Hypergeometric functions are featured in Chap.5. This chapter contains 
two particularly interesting results. The first is an explicit representation for 
a quotient of two particular bilateral hypergeometric series, which was proved 
in a paper [50] by the second author and Wenchang Chu, whom we thank 
for his expert collaboration. We also appreciate correspondence with Tom 
Koornwinder about one particular formula on bilateral series that was crucial 
in our proof. Ramanujan’s formula is so unexpected that no one but Ramanu- 
jan could have discovered it! The second is a beautiful continued fraction, for 
which Soon-Yi Kang, Sung-Geun Lim, and Sohn [175] found two entirely dif- 
ferent proofs, each providing a different understanding of the entry. A further 
beautiful continued fraction of Ramanujan was only briefly examined in [175], 
but Kang supplied us with a very nice proof, which appears here for the first 
time. 

Chapter 6 contains accounts of two incomplete manuscripts on Euler’s 
constant y, one of which was coauthored by the second author with Doug 
Bowman [46] and the other of which was coauthored by the second author 
with Tim Huber [55]. 

Sun Kim kindly collaborated with the second author on Chap.7, on 
an unusual problem examined in a rough manuscript by Ramanujan on 
Diophantine approximation [56]. She also worked with the second author 
and Zaharescu on another partial manuscript providing the best possible 
Diophantine approximation to e?/*, where a is any nonzero integer [61]. 
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This manuscript was another huge surprise to us, for it had never been no- 
ticed by anyone, to the best of our knowledge, that Ramanujan had derived 
the best possible Diophantine approximation to e?/*, which was first proved 
in print approximately 60 years after Ramanujan had found his proof. A third 
manuscript on Diophantine approximation in [269] turned out to be without 
substance, unless we have grossly misinterpreted Ramanujan’s claims on page 
343 of [269]. 

We next collect some results from number theory, not all of which are 
correct. At the beginning of Chap. 8, in Sect.8.1, we relate that Ramanujan 
had anticipated the famous work of L.G. Sathe [275-278] and A. Selberg [281] 
on the distribution of primes, although Ramanujan did not state any specific 
theorems. In prime number theory, Dickman’s function is a famous and useful 
function, but in Sect. 8.2, we see that Ramanujan had discovered Dickman’s 
function at least 10 years before Dickman did in 1930 [106]. A.J. Hildebrand, a 
colleague of the second author, supplied a clever proof of Ramanujan’s formula 
for, in standard notation, W(x, ©) and then provided us with a heuristic argu- 
ment that might have been the approach used by Ramanujan. We then turn 
to a formula for ¢(), first given in Sect. 8 of Chap. 15 in Ramanujan’s second 
notebook. In [269], Ramanujan offers an elegant reinterpretation of this for- 
mula, which renders an already intriguing result even more fascinating. Next, 
we examine a fragment on sums of powers that was very difficult to interpret; 
our account of this fragment is taken from a paper by D. Schultz and the 
second author [67]. One of the most interesting results in the chapter yields 
an unusual algorithm for generating solutions to Euler’s diophantine equa- 
tion a? + b? = œ + d’. This result was established in different ways by Mike 
Hirschhorn in a series of papers [141, 158-160]. 

Chapter 9 is devoted to discarded fragments of manuscripts and partial 
manuscripts concerning the divisor functions o;(n) and d(n), respectively, the 
sum of the kth powers of the divisors of n, and the number of divisors of n. 
Some of this work is related to Ramanujan’s paper [265]. An account of one of 
these fragments appeared in a paper that the second author coauthored with 
Prapanpong Pongsriiam [63]. 

In the next chapter, Chap. 10, we prove all of the results on page 196 
of [269]. Two of the results evaluating certain Dirichlet series are especially 
interesting. A more detailed examination of these results can be found in a 
paper that the second author coauthored with Heng Huat Chan and Yoshio 
Tanigawa [47]. 

Chapter 11 contains some unusual old and new results on primes arranged 
in two rough, partial manuscripts. Ramanujan’s manuscripts contain several 
errors, and we conjecture that this work predates his departure for England in 
1914. Harold Diamond helped us enormously in both interpreting and correct- 
ing the claims made by Ramanujan in the two partial manuscripts examined 
in Chap. 11. 

In Chap. 12, we discuss a manuscript that was either intended to be a 
paper by itself or, more probably, was slated to be the concluding portion of 
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Ramanujan’s paper [263]. The results in this paper hark back to Ramanujan’s 
early preoccupation with infinite series identities and the material in Chap. 14 
of his second notebook [38, 268]. The second author had previously published 
an account of this manuscript [42]. Our account here includes a closer exam- 
ination of two of Ramanujan’s series by Johann Thiel, to whom we are very 
grateful for his contributions. 

Perhaps the most fascinating formula found in the three manuscripts on 
Fourier analysis in the handwriting of Watson is a transformation formula 
involving the Riemann £-function and the logarithmic derivative of the 
gamma function in Chap. 13. We are pleased to thank Atul Dixit, who collab- 
orated with the second author on several proofs of this formula. One of the 
hallmarks of Ramanujan’s mathematics is that it frequently generates fur- 
ther interesting mathematics, and this formula is no exception. In a series of 
papers [108-111], Dixit found analogues of this formula and found new bonds 
with the =-function, in particular, with the beautiful formulas of Guinand 
and Koshliakov. 

The second of the aforementioned manuscripts features integrals that pos- 
sess transformation formulas like those satisfied by theta functions. Two of 
the integrals were examined by Ramanujan in two papers [256, 258], [267, 
pp. 59-67, 202-207], where he considered the integrals to be analogues of 
Gauss sums, a view that we corroborate in Chap. 14. One of the integrals, to 
which page 198 of [269] is devoted, was not examined earlier by Ramanujan. 
Ping Xu and the second author established Ramanujan’s claims for this inte- 
gral in [69]; the account given in Chap. 14 is slightly improved in places over 
that in [69]. (The authors are grateful to Noam Elkies for a historical note at 
the end of Sect. 14.1.) 

In the third manuscript, on Fourier analysis, which we discuss in Chap. 15, 
Ramanujan considers some problems on Mellin transforms. 

The next three chapters pertain to some of Ramanujan’s earlier published 
papers. We then consider miscellaneous collections of results in classical anal- 
ysis and elementary mathematics in the next two chapters. 

Chapter 21 is devoted to some strange, partially incorrect claims of Ra- 
manujan that likely originate from an early part of his career. 

In summary, the second author is exceedingly obliged to his coauthors 
Doug Bowman, O.-Yeat Chan, Wenchang Chu, Atul Dixit, Tim Huber, Sun 
Kim, Yoonbok Lee, Sung-Geun Lim, Prapanpong Pongsriiam, Dan Schultz, 
Jaebum Sohn, Ping Xu, and Alexandru Zaharescu for their contributions. 

As with earlier volumes, Jaebum Sohn carefully read several chapters and 
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Double Series of Bessel Functions 
and the Circle and Divisor Problems 


2.1 Introduction 


In this chapter we establish identities that express certain finite trigonometric 
sums as double series of Bessel functions. These results, stated in Entries 2.1.1 
and 2.1.2 below, are identities claimed by Ramanujan on page 335 in his lost 
notebook [269], for which no indications of proofs are given. (Technically, 
page 335 is not in Ramanujan’s lost notebook; this page is a fragment pub- 
lished by Narosa with the original lost notebook.) As we shall see in the 
sequel, the identities are intimately connected with the famous circle and 
divisor problems, respectively. The first identity involves the ordinary Bessel 
function Ji(z), where the more general ordinary Bessel function J,(z) is 
defined by 


= oS (—1)” z\ ut2n 
Iu(z) ao Scere ,  OK<|z}<0o, vec. (2.1.1) 


n=0 


The second identity involves the Bessel function of the second kind Yj (z) [314, 
p. 64, Eq. (1)], with Y_(z) more generally defined by 


J,(z) cos(vr) — J- (z) 


sin(v7) 


Y,(z) := ; (2.1.2) 


and the modified Bessel function K,(z), with K,(z) [314, p. 78, Eq. (6)] 
defined, for —r < argz < ir, by 


wiv /2 J (i ) _ —niv/2 J (i ) 
Te _ (iz) —e vy (iz 
Ky (Zz) := : 2.1.3 
(2) 2 sin(v7) ( ) 


If v is an integer n, then it is understood that we define the functions by 
taking the limits as v > n in (2.1.2) and (2.1.3). 
To state Ramanujan’s claims, we need to next define 


G.E. Andrews and B.C. Berndt, Ramanujan’s Lost Notebook: 7 
Part IV, DOI 10.1007/978-1-4614-4081-9_2, 
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F(a) = if x is not an integer, (2.1.4) 


if x is an integer, 


where, as customary, |x] is the greatest integer less than or equal to x. 


Entry 2.1.1 (p. 335). Let F(a) be defined by (2.1.4). If0 < 0 < 1 and 
x > 0, then 


Dorh ) sin(2rn0) = rx G o) 7 cot(70) 


ee CCE A CoC oe) 
a /m(n + 6) \/m(n + 1-6) 


(2.1.5) 


Entry 2.1.2 (p. 335). Let F(x) be defined by (2.1.4). Then, for x > 0 and 
0<0<1, 


n ) cos(27n8) = ; — x log(2 sin(n6)) 


ee co œ (h (4ry/mmn+ Oz) | L (4n/m(n +1 — 8)z) 
t3 tds m(n + 8) m(n+1-— 9) l 
(2.1.6) 
where 
I,(z) = -Y,(z) - * K,(2). (2.1.7) 


Ramanujan’s formulation of (2.1.5) is given in the form 
=| sin(270) + z sin(470) + [3] sin(670) + [=| sin(870) + 


-ra G a) — 2 ee avi > fa Ji(4ry mðr) H(4ry/m(1 — 0)x) 


2 Vim m(1 — 6) 
J (4nry/m( +02) Jy (4r\/m(2 — 0z) , Anymore) | 


Vm(1 +6) y m(2 — 6) y m(2 +0) 
(2.1.8) 
“where [x] denotes the greatest integer in x if x is not an integer and x — 4 
if x is an integer.” His formulation of (2.1.6) is similar. Since Ramanujan 
employed the notation [x] in a nonstandard fashion, we think it is advisable 


to introduce the alternative notation (2.1.4). As we shall see in the sequel, 
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there is some evidence that Ramanujan did not intend the double sums to be 
interpreted as iterated sums, but as double sums in which the product mn of 
the summation indices tends to oo. 

Note that the series on the left-hand sides of (2.1.5) and (2.1.6) are finite, 
and discontinuous if x is an integer. To examine the right-hand side of (2.1.5), 
we recall [314, p. 199] that, as z > ov, 


Ja) = (2) os Lig — $r) 4 o(a) (2.1.9) 


TL 


Hence, as m,n — oo, the terms of the double series on the right-hand side of 
(2.1.5) are asymptotically equal to 


1 cos (4r nin + 0)a — $n) 
nV 2a1/4m3/4 (n + 0)3/4 
cos (4rVinin +1-6)¢ - $n) 
(n + 1 — 0)8/4 


Thus, if indeed the double series on the right side of (2.1.5) does converge, 
it converges conditionally and not absolutely. A similar argument clearly per- 
tains to (2.1.6). 

We now discuss in detail Entry 2.1.1; our discourse will then be followed 
by a detailed account of Entry 2.1.2. 

It is natural to ask what led Ramanujan to the double series on the right 
side of (2.1.5). Let r2(n) denote the number of representations of the positive 
integer n as a sum of two squares. Recall that the famous circle problem is 
to determine the precise order of magnitude, as x — oo, for the “error term” 
P(x), defined by 

S ro(n) = 12 + P(e), (2.1.10) 
O0<n<a 
where the prime / on the summation sign on the left side indicates that if x 
is an integer, only $7r2(x) is counted. Moreover, we define r2(0) = 1. In [144], 
Hardy showed that P(x) 4 O(a'/*), as x tends to oo. (He actually showed a 
slightly stronger result.) 

In 1906, W. Sierpiński [288] proved that P(x) = O(x'/3), as x > oo. After 
Sierpinski’s work, most efforts toward obtaining an upper bound for P(x) have 
ultimately rested upon the identity 


3 


O<n<a 


1 


ra(n) = ne + Y` r2(n) ee Ji(2nV/nz), (2.1.11) 


(2.1.9), and methods of estimating the resulting trigonometric series. Here, 
the prime / on the summation sign on the left side has the same meaning as 
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above. The identity (2.1.11) was first published and proved in Hardy’s paper 
[144], [150, pp. 243-263]. In a footnote, Hardy [150, p. 245] remarks, “The form 
of this equation was suggested to me by Mr. S. Ramanujan, to whom I had 
communicated the analogous formula for d(1)+d(2)+---+d(n), where d(n) is 
the number of divisors of n.” Thus, it is possible that Ramanujan was the first 
to prove (2.1.11), although we do not know anything about his derivation. 

Observe that the summands in the series on the right side of (2.1.11) are 
similar to those on the right side of (2.1.5). Moreover, the sums on the left 
side in each formula are finite sums over n < x. Thus, it seems plausible that 
there is a connection between these two formulas, and as we shall see, indeed 
there is. Ramanujan might therefore have derived (2.1.5) in anticipation of 
applying it to the circle problem. 

In his paper [144], Hardy relates a beautiful identity of Ramanujan con- 
nected with rə(n), namely, for a,b > 0, [144, p. 283], [150, p. 263], 


= r2(n) en ety (nta)b _ > r2(n) iia ntb)a 


which is not given elsewhere in any of Ramanujan’s published or unpublished 
work. If we differentiate the identity above with respect to b, let a — 0, replace 
2rv/b by s, and use analytic continuation, we find that for Res > 0, 


Žare Jesv™ = -1427s a ae 


ra 


which was the key identity in Hardy’s proof that P(x) 4 O(a'/4), as a — oo. 

In summary, there is considerable evidence that while Ramanujan was at 
Cambridge, he and Hardy discussed the circle problem, and it is likely that 
Entry 2.1.1 was motivated by these discussions. 

Note that if the factors sin(27n@) were missing on the left side of (2.1.5), 
then this sum would coincide with the number of integral points (n,1) with 
n,l > 1 and nl < x, where the pairs (n,1) satisfying nl = x are counted with 
weight 4. Hence, 


YF (2) = > an), (2.1.12) 


1l<n<a 


where d(n) denotes the number of divisors of n, and the prime / on the sum- 
mation sign indicates that if x is an integer, only $d(x) is counted. Of course, 
similar remarks hold for the left side of (2.1.6). Therefore one may interpret 
the left sides of (2.1.5) and (2.1.6) as weighted divisor sums. 

Berndt and A. Zaharescu [71] first proved Entry 2.1.1, but with the order 
of summation on the double sum reversed from that recorded by Ramanujan. 
The authors of [71] proved this emended version of Ramanujan’s claim by first 
replacing Entry 2.1.1 with the following equivalent theorem. 
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Theorem 2.1.1. For0 <0 < 1 and x > 0, 
= ENa 1 
) F (=) sin(27n0) — mz G — a) 

n 2 


ETSEN m (Z240) oan (EY) 
(2.1.13) 


n=0m=1 


It should be emphasized that this reformulation fails to exist for Ramanu- 
jan’s original formulation in Entry 2.1.1. After proving the aforementioned 
alternative version of Entry 2.1.1, the authors of [71] derived an identity 
involving the twisted character sums 


=) x(k), (2.1.14) 
k|n 


where y is an odd primitive character modulo q. The following theorem on 
twisted character sums is proved in [71]; we have corrected the sign on the 
second expression on the right-hand side. The prime / on the summation sign 
has the same meaning as it does in our discussions above, e.g., as in (2.1.10). 


Theorem 2.1.2. Let q be a positive integer, let x be an odd primitive char- 
acter modulo q, and let dy(n) be defined by (2.1.14). Then, for any x > 0, 


T amna Aag E o 


1<n<r r T(x) 1<h<q/2 


oo oe (A n (n+4 Jz ) Jy (4r;/mn +1 = 2x) 
n=0 m=1 ym +4) ym(n+1—*) ) 


where L(s,x) denotes the Dirichlet L-function associated with the character 
x, and T(x) denotes the Gauss sum 


(2.1.15) 


T(x) = $ xlnjerrinn/2, R 


m=1 
Using Theorem 2.1.2, Berndt and Zaharescu [71] derived a representation 
/ 
for > ee ro(n). 
Corollary 2.1.1. For any x > 0, 


(2.1.17) 
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A possible advantage in using (2.1.17) in the circle problem is that r2(n) 
does not occur on the right side of (2.1.17), as in (2.1.11). On the other hand, 
the double series is likely to be more difficult to estimate than a single infinite 
series. 

The summands in (2.1.17) have a remarkable resemblance to those in 
(2.1.11). It is therefore natural to ask whether the two identities are equivalent. 
We next show that (2.1.11) and (2.1.17) are formally equivalent. The key to 
this equivalence is a famous result of Jacobi. Let x be the nonprincipal Dirich- 
let character modulo 4. Then Jacobi’s formula [167], [44, p. 56, Theorem 3.2.1] 
is given by 


ro(n) =4 X` (-1)'Y/? =: Ad, (n), (2.1.18) 
Ris 


for all positive integers n. Therefore, 


S ra(k) (=) hand ka) 
= / 


-4% Deen)! 


= [A (2a /m(4n 4+ 12) A(20./m(4n +3)z) 
Ave Ds ( \/m(4n + 1) „y m(n + 3) 


2o eg my/m(n + t)z 1(474/m(n 3)y 
nya (24 ymanta) Airy mat a) a 
n=0 m=1 \/m(n + 4) [m(n + #) 


Hence, we have shown that (2.1.11) and (2.1.17) are versions of the same 
identity, provided that the rearrangement of series in (2.1.19) is justified. 
(J.L. Hafner [139] independently has also shown the formal equivalence of 
(2.1.11) and (2.1.17).) 

In this chapter, we prove Entry 2.1.1 under two different interpretations, 
the first with the double series on the right-hand side summed in the order 
specified by Ramanujan, and the second with the double series on the right 
side interpreted as a double sum in which the product mn of the summation 
indices m and n tends to infinity. The former proof first appeared in a paper 
by Berndt, S. Kim, and Zaharescu [60], while the latter proof is taken from 
another paper [57] by the same trio of authors. We do not here give a proof 
of Entry 2.1.1 with the order of summation on the right-hand side of (2.1.5) 
reversed [71]. We emphasize that the three proofs of Entry 2.1.1 under different 
interpretations of the double sum on the right-hand side are entirely different; 
we are unable to use any portion or any idea of one proof in any of the other 
two proofs. 


i J (27V kx) 


n=0m=1 
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Having thoroughly discussed Entry 2.1.1, we turn our attention to 
Entry 2.1.2. Entry 2.1.2 was examined in detail in [48], where numerical cal- 
culations were extensively discussed with the conclusion that the entry might 
not be correct, because, in particular, the authors were not convinced that the 
double series of Bessel functions converges. Further evidence for the falsity of 
Entry 2.1.2 was also presented. Finding a proof of Entry 2.1.2, either in the 
form in which Ramanujan recorded it, or in the form in which the order of 
the double series is reversed, turned out to be more difficult than establishing 
a proof of Entry 2.1.2 in [71] for the following reasons: The Bessel functions 
Yi(z) and Ky(z) have singularities at the origin. There is a lack of the “can- 
cellation” in the pairs of Bessel functions on the right-hand side of (2.1.6) 
(where a plus sign separates the pairs of Bessel functions) that is evinced 
n (2.1.5) (where a minus sign separates the pairs of Bessel functions). We 
have a much less convenient intermediary theorem, Theorem 2.4.2, instead of 
Theorem 2.1.1, which replaces the proposed double Bessel series identity by 
a double trigonometric series identity. At this writing, we are unable to prove 
Entry 2.1.1 with the order of summation prescribed by Ramanujan. However, 
we can prove Entry 2.1.2 if we invert the order of summation or if we let the 
product of the indices of summation tend to infinity. Moreover, as we shall 
see in our proof, we need to make one further assumption in order to prove 
Entry 2.1.2 with the double series summed in reverse order. 

As noted above, let d(n) denote the number of positive divisors of the 
positive integer n. Define the “error term” A(x), for x > 0, by 


S~ al d(n) = x (log x + (2y — 1)) 4 f + A(x), (2.1.20) 


nír 


where y denotes Euler’s constant, and where the prime / on the summation 
sign on the left side indicates that if x is an integer, then only d(x) is counted. 
The famous Dirichlet divisor problem asks for the correct order of magnitude 
of A(x) as x + oo. M.G. Voronoi [310] established a representation for A(x) 
in terms of Bessel functions with his famous formula 


S~ d(n) = 2 (log + (24 pee (Z m I(4nVnz), (2.1.21) 


nír 


where x > 0 and J (z) is defined by (2.1.7). Since the appearance of (2.1.21) 
in 1904, this identity has been the starting point for most attempts at finding 
an upper bound for A(x). Readers will note a remarkable similarity between 
the Bessel functions in (2.1.6) and those in (2.1.21), indicating that there must 
be a connection between these two formulas. 

From the argument that we made in (2.1.19), it is reasonable to guess 
that Ramanujan might have regarded the double series in (2.1.5) symmet- 
rically, i.e., that Ramanujan really was thinking of the double sum in the 
form limn— oo X} mn<y- Thus, as with (2.1.5), we also prove (2.1.6) with the 
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double series being interpreted symmetrically. Our proof uses (2.1.21) and 
twisted, or weighted, divisor sums. Our proofs of Entry 2.1.2 under the two 
interpretations that we have discussed first appeared in [57]. 

The identities in Entries 2.1.1 and 2.1.2, with the double series interpreted 
as iterated double series, might give researchers new tools in approaching the 
circle and divisor problems, respectively. The additional parameter 0 in the 
two primary Bessel function identities might be useful in a yet unforeseen way. 

In summary, there are three ways to interpret the double series in En- 
tries 2.1.1 and 2.1.2. Our proofs in this volume cover both entries in two of 
the three possible interpretations. 

Analogues of the problems of estimating the error terms P(x) and A(x) 
exist for many other arithmetic functions a(n) generated by Dirichlet series 
satisfying a functional equation involving the gamma function I (s). See, for 
example, a paper by K. Chandrasekharan and R. Narasimhan [90]. As with 
the cases of re(n) and d(n), representations in terms of Bessel functions for 
> <2 a(n) and more generally for $ „<, a(n)(x— n), which are occasionally 
called Riesz sums, play a critical role. See, for example, [26, 89], and [31]. 
A Bessel function identity for 37’, —,, a(n)(x— n)! is, in fact, equivalent to the 
functional equation involving IT (s) of the corresponding Dirichlet series [89]. 
The second author, S. Kim, and Zaharescu [59] have established a Riesz sum 
identity for 


/ 


5 (x —n)’—" » sin(27r@), 


nír rin 


which in the special case v = 1 reduces to (2.1.5). One might also ask 
whether Ramanujan’s identities in Entries 2.1.1 and 2.1.2 are isolated results, 
or whether they are forerunners of further theorems of this sort. To that end, 
the second author, S. Kim, and Zaharescu [58] have found three additional 
results akin to the aforementioned entries. We provide one example. 

Define, for Dirichlet characters xı modulo p and y2 modulo q, 


dxıx(n) = X x1(d)x2(n/d). 


Also, for arithmetic functions f and g, we define 


{Eons f(n)g(m), fx ¢Z, 


2 Hn)g(m) = amo f(n)g(m) — ee f(n)g(m), tae 


nmr 


Theorem 2.1.3. Let Iı (x) be defined by (2.1.7). IfO < 0, o < 1, and z > 0, 
then 
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y cos(27n@) cos(2rmo) 


4 vz L(4ry/(n+0)\(m+0)x)  L(4r/(n+1-86)(m+o)2) 
=" 4 pa (n+ 6)(m+o) i V(n+1-0)(m+o0) 
L(4ry/(n+0)(m+1-—o)z) > 1, (4m/(n +1 —0)(m+1— | 
J(n+6)(m+1—<) /(n+1-—8)(m+1-<c) 
(2.1.22) 


where in the double sum on the right-hand side of (2.1.22), the product mn 
of the two summation indices tends to infinity. 


The remaining two theorems in [58] involve sums of products of sines and 
sums of products of sines and cosines, respectively. The employment of sums 
of dy, ,xə (n) is crucial in all of the proofs. 


2.2 Proof of Ramanujan’s First Bessel Function 
Identity (Original Form) 


In this section we provide a proof of Entry 2.1.1 in the form given by Ramanu- 
jan. Our proof is a more detailed exposition of the proof given by the second 
author, S. Kim, and Zaharescu [60]. On the other hand, these authors actu- 
ally prove a more general theorem. First, they introduce a family of Dirichlet 
series. For x > 0 and 0 < 0 < 1, let 


G(a, 0,8) = ` AAA (2.2.1) 


where the coefficients a(x, 0, m) are given by 


o (h (ar /in(n +8)x) Ji (4r /m(n +1 — 8)z) 
> Vn +0 vn+1—0 


a(x, 6,m) = 


(2.2.2) 


For x > 0 and 0 < @ < 1, by (2.1.9), the series in (2.2.1) is absolutely 


convergent in the half-plane Res > 5, Second, to prove Ramanujan’s claim 
in Entry 2.1.1, we need to establish an analytic continuation of G(x, 0, s) to a 


larger region. In [60], the aforementioned authors prove the following theorem. 


Theorem 2.2.1. For x > 0 and0 < 6 < 1, G(a,0,8) has an analytic con- 
tinuation to the half-plane Res > Š. For s in this half-plane, and x > 0, 
the series in (2.2.1) converges uniformly with respect to 0 in every compact 
subinterval of (0,1). If x is not an integer, these conclusions hold in the larger 


half-plane Res > Z. 


Fourier analysis is then employed to recover the value of G(x, 0, s) at s = 
and in this way, Entry 2.1.1 is established. 


1 
29 
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2.2.1 Identifying the Source of the Poles 
Fix x > 0, and define, for 0 < 0 < 1, 

1 A fA (ervn se) h (armate) 
s(0) := gv dd, ,/m(n + 6) \/m(n + 1-6) 


(2.2.3) 


In order for Ramanujan’s Entry 2.1.1 to be valid, the double series in (2.2.3) 
needs to converge, and the function g(@) needs to be continuous on (0, 1). 
We prove this by showing that the double series converges uniformly with 
respect to 0 in every compact subinterval of (0, 1). Also, in order for Entry 2.1.1 
to hold, g(@) needs to have simple poles at 6 = 0 and @ = 1. We start by 
employing a heuristic argument, which allows us to identify that part of the 
double series that is responsible for these poles. 

Setting a = 47\/z and taking the terms from the right-hand side of (2.1.5) 
when n = 0, we are led to examine the series 


2 Jı(av ðm) 
a 


We consider the Mellin transform of T (0), for o sufficiently large, and make 
the change of variable t? = a?0m to find that 


o0 oo 1 fore) 
T(0)0°—1d0 = — | Jı (aV@m)0*~ do 
i n dX vm Jo 


2 1 i 2s—1 
=e ge faye 


m=1 


T(@) := 


m=1 


(5 +s) 


I(3-s)’ 


2 oe 
P 5)27s-1 (2.2.4) 
where we used a well-known Mellin transform for Bessel functions [126, p. 707, 
formula 6.561, no. 14], which is valid for —4 < o < 3, Applying Mellin’s 


2 
inversion formula in (2.2.4), for 4 < c < ł, we find that 


c+ioo T s a2 —s 
T(0) = sal. e+ ( ~) ds. (2.2.5) 


We would now like to shift the line of integration to the left of o = A by 
integrating over a rectangle with vertices c + iT,b + iT, where T > 0 and 
0 <b < Ł, and then letting T — oo. Thus, since the integrand has a simple 


2) 
a29\ T1 2 
( 4 ) ave’ 


5 1 . . 
pole at s = 5 with residue 
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we find that 
2 
TU) = —=+ 
(0) v5 
We assume that the missing terms represented by --- above are bounded 


as 0 + 0%. Returning to (2.1.5) and recalling the notation a = 47,/z, we 
find that the portion of (2.1.5) corresponding to the terms when n = 0 is 
asymptotically equal to, as 0 > OT, 


y 2 1 
2 0 An x0 An 


1 1 
-3 cot(70) = i + O(6), 
as 0 — 0, we see that the right-hand side of (2.1.5) is continuous at 0 = 0. 
A similar argument holds for 0 = 1. 

By this heuristic argument, if we remove from the definition of g(0) all 
the terms with n = 0, we should obtain a function that can be extended by 
continuity to [0,1]. We prove that this is indeed the case, by showing that 
the sum of terms with n > 1 converges uniformly with respect to 6 in [0,1]. 
As for the terms with n = 0, we will show that their sum converges uniformly 
with respect to 0 in every compact subinterval of (0,1), and that if each of 
these terms is multiplied by sin?(7), then their sum converges uniformly with 
respect to @ in (0,1) to a continuous function on (0,1), which tends to 0 as 
6 + 0* or 0 > 17. If we assume that the aforementioned statements have 
been proved, it follows that the function G(@) defined on [0,1] by G(0) = 0, 
G(1) = 0, and G(0) = sin?(70)g(@) is well-defined and continuous on [0, 1]. 
We return to the function G(@) in Sect. 2.2.10. We now proceed to study the 
uniform convergence of the double series on the right side of Entry 2.1.1. 
In what follows, by “uniform convergence with respect to 6” of any series or 
double series below, we mean that one simultaneously has uniform convergence 
with respect to 0 on every compact subinterval of (0,1) for the given series, 
and uniform convergence with respect to 0 in [0,1] for the series obtained by 
removing the terms with n = 0 from the given series. 


Since 


2.2.2 Large Values of n 


Fix an x > 0, and set a = V4rax. With the use of (2.1.9), the problem of the 
uniform convergence with respect to 0 of the double series on the right side 
of Entry 2.1.1 reduces to the study of the uniform convergence with respect 
to 0 of the double series 


oe fe cos(a m(n =e 
Si (a, 0) — > ae ( ost l aa a) 


(n + 0)3/4 


cos(ay/m(n + 1 — 0) — 32) 
(n + 1-— 0)3/4 l 


m=1n=0 


(2.2.6) 
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We first truncate the inner sum in order to further reduce the problem to one 
in which the summation over n is finite. Accordingly, 


cos(ay/m(n +0) — 37) cos(a m(n + 1 — 0) — 37) 


4 
(n+ ar TESE 
2 cos(ay/m(n + 0) — 32) — cos(ay/m(n + 1 — 6) — 32) 
~ (n + 6)3/4 
l 1 3T 
m pr e ea 
P ay/m(n + 8) — ar/m(n +1 — 8)| 1 1 
= (n + 6)3/4 [(m+0)/4 (n+1- 60) 
(2.2.7) 
For n > 1, uniformly with respect to 6 € [0,1], 
1 
[vro - vaT =a] -0(—) (2.2.8) 
n 
and 
1 1 1 
= -r f 2.2. 
(n+ 6)3/4 (n+1-—6)3/4 j =a) (2.2.9) 


Thus, by (2.2.7)-(2.2.9), 


cos(ay/m(n + 8) — 3%) — cos(ay/m(n +1 — 6) — 32) 


(n + 03/4 (n+ 1—07 


ym 
o): 
(2.2.10) 
(Here, and in what follows, if the constant implied by O is dependent on a 
parameter a, then we write Oa.) It follows that 


D 1 | cos(ay/m(n +0) — 37) cos(ay/m(n + 1 — 8) — 37) 
malt 


3/4 — @)3/4 
n>m? log> m (n T 0) (n tl 0) 


1 1 ih 
-o(t, E a|- (e) (2.2.11) 


5/4 
n>m? log m m log at 


which shows that the sum over m at the left-hand side of (2.2.11) is conver- 
gent. Therefore the double sum $}(a, 0) is convergent, respectively uniformly 
convergent, if and only if the sum 
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So(a, 0) := 5 y 1 pee $n) 


m34 (n + 0)374 


m=1 0<n<m? log? m 


cos(ay/m(n + 1 — 0) — 37) 
(n +1- 0)3/4 
(2.2.12) 


is convergent, respectively uniformly convergent. 


2.2.3 Small Values of n 


Our next goal is to remove from the sum those terms in which n is much 
smaller than m. To this end, let us consider a general sum of the form 


cos(a,/m + u + b 
S(a, 8, u, Hy, H2) = y an sara ) (2.2.13) 
Ay<m<Ho2 H 


where q > 0, 8 E€ R, u € [0,1], and Hı < Ho are large positive integers. Define 


fu) := v p) (2.2.14) 


We fix a small real number 6 > 0 and assume that Hı and a satisfy the 
inequalities 


a <a < eo HE, (2.2.15) 


for some constants cı > 0, cp > 0 that depend only on a (which, in turn, 
depends only on «). Next, we fix a positive integer k > 2 such that 


kô > 2. (2.2.16) 


So we may take k = 1 + [2/6]. 
We apply the Euler-Maclaurin summation formula of order k in the form 


(j=) 


H2 
Sbn m= D s= f (ro - Eno) a 


Hı<m<Hə Hı 
R (1y 

Ph (9-9 (i) — FY) Be, (2.2.17) 
l=1 


where f(y) is defined in (2.2.14), Be, £ > 0, is the th Bernoulli number, and 
Wry) is the kth Bernoulli function, defined by 


Co 


bey) = —k! XO (2min) "e(ny), k20, (2.2.18) 


n#0 
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where e(x) = e?"*”. Since k > 2, the Fourier series on the right side of (2.2.18) 
converges absolutely. 

Let us note that the integral of f(y) on [Hi,H2] can be bounded via a 
change of variable followed by an integration by parts, namely, 


VER+H 2 cos(at + £) 
f(y)dy = — p tt 
Hı VA +h vi 
7 snare) 1 ae sin(at + 8) y _ 1 
avt EST a J JHF 43/2 Hil? ’ 
(2.2.19) 


uniformly with respect to 6 and p. 
Let us also observe that for each £ € {0,1,...,k}, the derivative f® (y) 
can be expressed as a sum of the form 


Tt 
FOU) = X ceja“ (y + u)” sin(avy Fn + B) 
j=1 
ri 
+ So pjata (y + p) cos(aVy Fa + b), (2.2.20) 
j=1 
where rẹ and r, depend only on £, the coefficients cg; and the exponents 
arj, bej depend only on £ and j, and similarly, c, j and the exponents ay j 
bej depend only on £ and j. Consider the collection of all pairs (a¢,;, be,;), 
1 < j < re, and (ap ;,bp;j), 1 < 7 < ro, and denote this collection by Ce. 
Differentiating (2.2.3) with respect to y, and taking into account the possible 
cancellation of terms, we conclude that Ce; is a subset of the set of all pairs 
of the form (a,b — 1) and (a + 1,6 — 4), with (a,b) € Ce. Taking also into 
account that Co consists of the single pair (0, —3) and using induction on @, 
we see that each pair (a,b) in C, satisfies 0 < a < Z and —£ 3 <b< se 3, 
As a consequence, we derive that for each £ and for each y € [H1, Ho], 


£ 
G20. = 
#949) =04( (=) iF (2.2.21) 


uniformly with respect to 8 and yw. Therefore, recalling (2.2.15), we find that 


k 
=J) 1 
D e (7-9 (Ha) — FPA) Be = On (an) » (22.22) 
é=1 ` H; 

uniformly with respect to 6 and p. Also, 


Hə (_4\k Hə 
S E Wo Ody] =o. ( i inl) 


H k k 
ol Q Q 1 
=04( fam (Ge) &) <0 (stg) = ot) 
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Thus, by (2.2.16), (2.2.17), (2.2.19), (2.2.22), and (2.2.23), we find that, 
subject to (2.2.15) holding, 


D cos(aym + u + 8) 30.4 (n) l 


(m+ p94 


(2.2.24) 
Hı <m< H2 


We now consider the sum 


weas 5 a (E 


3/4 3/4 
Aa e m3/ (n + 6)3/ 


cos(ay/m(n + 1 — 6) — 22) 


(n+1—-9)3/4 


(2.2.25) 


For each M > 1, we denote by $3 ,¢(a, 0,6) the corresponding restricted sum 
in S3(a,0,6), where the summation over m is restricted to 1 < m < M. 
We intend to show that the sum S3(a, 6,6) is convergent, and in order to do 
this, we apply Cauchy’s criterion. Fix e > 0. We need to show that there exists 
an Me such that for every Mi, M2 > Me, 


|S3,m2 (a, 0, 8) — S3,m, (a, 9, 8)| < €. (2.2.26) 


Let Mı < Mə be large, and interchange the order of summation to rewrite 
S3, m (a, 0,5) — S3,m, (a, 0, ô) in the form 


S3, m (a, 0,8) — S3,m (a, 8, 8) = 5 5 


O0<n<M}47? \max{n!/0-8), M1 }<m< Mo 


1 cos(ay/m(n + 8) — 32) 


i (n + 0)3/4 m3/4 
1 cos(ay/m(n + 1 — 0) — 22) 
- r r _ (2.2.27) 


Using (2.2.24) with 8 = —37/4, u = 0, Hy = max{n!/07®, Mı}, Hə = Mp, 
and a = ayn + 0,av'n +1 -— ĝ, respectively, and noting that (2.2.15) holds, 
we conclude from (2.2.24) that 


|$3, m2 (a, 0,8) — S3,m, (a, 0, 5)| 


1 1 
= Oa,5 í 
> 2 (n+0)3/4 na +o (max{n1~9, Mp 


0<n<M3~° 


1 1 
 (n+1-0)/t Ynt I8 (max{n/0-8), M,}) "4 } 


22 2 Double Series of Bessel Functions and the Circle and Divisor Problems 


= Oa,5 5 : 


"1-5 n5/4max{n1/40-8)), MY 
2 


0<n<M 
1 1 
=O] >) pa] tO 3 n5140) 
n5/4 M; 
O0<n<Mi° Mi °<n<M,~° 


1 1 
= 04,6 (ar) + 04,6 (Gea) 


1 1 1 
= O0a,6 (an) + Oa,6 (gris =z (z) : (2.2.28) 


The foregoing analysis implies (2.2.26) for Mı sufficiently large, and proves 
the convergence of S3(a, 6,6). Therefore the convergence of Sı (a, 0, 8) reduces 
to the convergence, respectively uniform convergence, of 


(a, 6,8) => D 1 (E 


mA (n+ 0)374 


m=1 m1-8<n<m3 log? m 


cos(ay/m(n + 1 — 8) — D) (2.2.29) 


(n+1—0)3/4 


2.2.4 Further Reductions 


The remaining series under consideration, S4(a,6,6), does not contain any 
terms with n = 0. Therefore, in what follows, uniform convergence means 
uniform convergence with respect to @ in [0,1]. Next, we write 


Sala, 0,5) = Ss(a, 0,6) + Sela, 9,6), (2.2.30) 


where S5(a,0,0) denotes the sum of those terms in $4(a,0,6) for which 
n > mtt’, and Se(a, 0,8) is the sum of terms with n < m'+°. The exami- 
nation of S5(a,0,6) is like that for $3(a,0,0). In this case, we take the sum 
over n as the inner sum, and apply (2.2.24) with 6 = —37/4, a = aym, and 
u = 0,1 — 0, respectively. We accordingly find that the sum S5(a, 6,6) con- 
verges uniformly with respect to 0. It follows that the convergence of 5} (a, 0, 8) 
reduces to that of S¢(a, 0,0). 
Let us consider now the sum 


S7(a, 8, 6) oo 
(fos) - 9) =) 


= be m3/4n3/4 


(2.2.31) 
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We claim that S¢(a, 6,6) is uniformly convergent if and only if S7(a, 6,6) is. 
Indeed, 


1 o 1l O 1 1 — Ì1 O 1 
(n + 6)3/4 3/4 + nT/4 }? (n +1 -— 0)3/4 ~ 93/4 + nT/4 )? 


and it is easily seen that the error terms in (2.2.32) are small enough so that 
the denominators (n + 0)3/4 and (n + 1 — 0)3/4 in Se(a,0,8) can both be 
replaced by n3/4 without influencing the uniform convergence of the sum. 


Also, 
cos (avmt +0) — +) — cos (avin +1-6)— =) 
-zsa (AT TAA) 
2 
sin (SET T z), bea 
Here 
Vint 1-6 -Vnt = o (zz) (2.2.34) 
and y y 
n+1—-0+vyvn+0 1 1 
By (2.2.33)-(2.2.35), 
3T 3T 
cos (avmt +0) -— +) — cos (avm +1-6)- +) 
_ (a(l—26) jm\ 1 3m \ ym 
= 2sin (“OS Tsa (a m(n+5) z) ro (2) 
(2.2.36) 


Again, it is easily checked that the error term in (2.2.36) is small enough so 
that the left side of (2.2.36) may be replaced by the main term from the right 
side of (2.2.36) in the modified version of Se (a, 6,6) above without influencing 
the uniform convergence of the series. This proves our claim, and it remains 
to show the uniform convergence of S7(a, 0, ô). 

We replace S7(a, 0,8) by another series that has the same terms, but the 
double summation is performed over a union of rectangles. To be precise, 
for each positive integer r, we consider those m satisfying the inequalities 
2" < m < 2"+1_ and for each such m we replace the range of summation for 
n, which in S7(a, 0,8) is m17? < n < m!*°, with the somewhat larger range 
2r(1-8) < n < 2("+1)(1+8), This does not influence the uniform convergence of 
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the series, because the extra terms added by this procedure are contained in 
the sums $3(a, 6,6) and S5(a,@,6), which we have previously examined. More 
specifically, the extra terms arise from the ranges 2”-5) < n < m!~® and 
m!t’ <n < 2("t+D0+9), In both these ranges, either n is significantly smaller 
than m (n < m!~°), or n is significantly larger than m (n > m!+°), and 
so an appropriate use of (2.2.24) can be made in both cases. In conclusion, 
S7(a,@,6) is uniformly convergent if and only if the same is true for the sum 


Sg(a, 0,6) : = 5 


r=1 2r<m<2r+1 2r1-8) <n <2(r+1)(1+8) 


Aeee 


m3/4n3/4 


where, henceforth, we define, for simplicity, 


a(l — 20) _ 


b= 


nV/x(1 — 20). (2.2.38) 


2.2.5 Refining the Range of Summation 


In order to prove that Sg(a,6,6) is uniformly convergent with respect to 6 
in [0, 1], we need to show that the right side of (2.2.37) converges uniformly 
with respect to b in [—m/z,7,/z]. To do this, we use Cauchy’s criterion. 
Fix e > 0 and denote, as usual, for any M > 1, the partial sum in (2.2.37) 
corresponding to 1 < m < M by Ss,m(a, 6,6). Let Mı < Mz be large, and set 
ry = [logy Mı] and r2 = [logy M2]. Then Sg az, (a, 0,6) — Ss,m (a, 0,5) can be 
written as a sum over integral pairs (m,n) in the union of r2—rı +1 rectangles, 
which we denote by Ro, Ri,.-.,Rrz—r,, as follows. We let Ro = (M,,2"*1) x 
(arcs). pire), R; = [27+9,274+5+1) x [20+ -8 2(rı+i+1)(1+8)] for 
1< j< r-r -— 1, and R-n = [2", Me] x [272-9 , 2720+8)], Then 


Ssg m (a, 0,8) — Sg,m, (a, 9, 4) 
i b m i + 1 =Z sT 
= sin = } sin {ay} (n+ 5 A 


5 a é. (2.2.39) 


j=0 (m,n)ERj 


We now proceed to obtain bounds for the inner sum on the right side of 
(2.2.39) for each individual R;. Fix such an Rj, and, to make a choice, assume 
that 1 < j < rg — rı — 1. The cases j = 0 and j = r2—1; can be examined ina 
similar fashion. Also, for simplicity, we set T = 2"1+), Then the corresponding 
inner sum on the right side of (2.2.39), which depends on a, b, 6, and T, and 
which we denote by ab, sr» OF simply by X, has the form 


2.2 Proof of Ramanujan’s First Bessel Function Identity (Original Form) 25 


oe = ee) 


a,b,6,0  T<m<2T T1-8<n<(2T)1+5 


(2.2.40) 

At this point, we fix a number A, with 0 < À < $, whose precise value will 
be given later, and set L = [T^]. Then we subdivide the rectangle [T,2T) x 
[T1~°, (2T)!*°] into squares of size L x L. An explanation as to why we break 
the range of summation into such small squares of size [T>] x [T>], with A < 4, 
is in order. This choice may seem surprising, because for almost all exponential 
sums, the best one can hope to achieve is a square-root-type cancellation. And 
in our case, square-root cancellation over a square of size [T3] x [TÀ] means a 
savings over the trivial bound by a factor of TÀ. But this is not enough in our 
case, even if we achieve a square-root cancellation for each individual square 
of size L x L, because the trivial bound for the entire sum Dasr even 
ignoring the small but strictly positive ô, is of order O(T!/?). Thus we need 
cancellation in 0, ».5,7 by a factor larger than T!/?, and so a cancellation by 
a factor of T> with A < $ will not suffice. 

Our approach below, which proceeds via subdividing the range of sum- 
mation into small squares of size [T^] x [T>], with A < 4, is based on two 
fundamental ideas. The first one is that on such small squares, the functions 
(m,n) + m-8/4n-3/4 and (m,n) > by/m/n are almost constant, and the 


function ay/m(n + $) is almost linear. This gives us a chance to approximate 


locally the corresponding sums on the right side of (2.2.40) by geometric series, 
for which we have better than square-root cancellation. The second idea is to 
approximate the function 


sin fb m\ . * 1 37 
in = = |= — 
= sin | a,/m(n 5 1 


(m,n) m3/4n3/4 


by a short sum in which each term is a product of a function of m and a 
function of n. This, in turn, reduces the problem of bounding the right side of 
(2.2.40) to the problem of bounding certain sums that are products of a sum 
over m and a sum over n. This gives us the opportunity to combine the savings 
achieved due to cancellation in the sum over m with the savings achieved in 
the sum over n. 

To proceed, we consider the set of integral points (m,n) in [T,2T) x 
[T1-°, (2T)'+9] for which both m and n are divisible by L. We also con- 
sider all the squares of size L x L with vertices in the aforementioned set. 
These squares almost cover the rectangle above. We first examine the portion 
of the rectangle left uncovered, and bound its contribution on the right side 
of (2.2.40). 
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T oT T1-6 2T 1+ô 
Ti = B +1, To = =| =], Ts := | [+ T4 := a =]; 


L 
(22.41) 
For each mı € {T1, Ti +1,..., To} and nı € {T3, T3 + 1,..., T4}, we consider 
the L x L square whose southwest corner has coordinates (Im ,, Lnı), and 
denote by >7,,, n, its contribution on the right-hand side of (2.2.40). To be 
precise, we define 


Er > 


m1,n1 Lmi<m<L(mi4+1) Lni<n<L(ni+1) 


sin (=) sin ( m (w + 5) — =) 
n 2 4 
x ETETE . (2.2.42) 
Then we approximate the right side of (2.2.40) by the sum `m, n, with 


(m1,n1) running over the pairs of integral points in the rectangle [T,,T>] x 
[T3, T4]. The error made in this approximation is bounded as follows. Note that 
each integral point (m,n) in [T, 2T) x [T!~°, (2T)'*°] that does not belong 
to any of the L x L squares of the form [Lm,, L(mi +1)) x [Ln1, L(nı +1)), 
with Ti < mı < To, T3 < ny < Ty, is at distance at most L from one of the 
four sides of the rectangle [T,2T) x [T!~°, (2T)'*°]. Therefore, 


D ae > 


a,b,0,T Tiı<mı<Tə T3 nı <T4 M1,Nı 


O 1 
E Dy D m3/4n3/4 
|m-T|<L T1-8<n<(2T)1+6 
or 
|m—2T|<L 


1 
oJ Z >... san 


jn—T!—°|<L T<m<2T 


or 
|n—(2T)'F°| <b 


L L 
2 7 .m(1+8)/4 sl /4 
=0(an T ) +0 (77 T ) 


) , (2.2.43) 
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In our approach, we first fix A, and then we fix 6 depending on A. In particular, 
6 is chosen small enough so that $ —-rA- 36 > 0, which ensures that the far 
right side of (2.2.43) is negligible. 

Next, we proceed to bound each sum 97, n, Fix m1 € {T,7+1,...,T2} 
and nı € {T3, T3 +1,..., T4}. For each m and n, with Lm, < m < L(m, +1) 
and In, < n < L(nı +1), we find that, with several uses of (2.2.41) below, 


1 1 1 1 
= = 1+0 (a )) , (2.2.44) 
mE 18/4mi/* (1+ O(1/ma)) Limi" ( rm 


1 1 1 1 
= = 1+0|———\}], (2.2.45 
n3/4 Bln tO Dn ” ( (a=) ( ) 


/B-Apteatle/B(0(gehs)). a 


and, noting the definition of b given in (2.2.38), we further see that 
. m ; mı | [b| /ma 
sn (ay =) = sin (04/ ei o (as 
1 
= sin (o =) +0, (=) , (2.2.47) 
nı Ti-rA~99 


uniformly with respect to @ in [0,1]. Hence, by (2.2.42) and (2.2.44)—(2.2.47), 


1 1 
> E > 2, Lm? n? (1 +O (a=) 


mi,ni Lmı<m<L(mı+1) Lnı<n<L(nı+1) 


x sn (a=) +0, mE -sin | a m(n+3)- 2 
ny Ti-A- 98 2 4 
sin (b/m m} 
= 13/2m3/4n3/4 L Des 


Lmi<m<L(mi4+1) Lni<n<L(ni+1) 


| 1 JE 
x sin (: m (n+ 5) ‘| BO; z|- (2.2.48) 
m ap 


Here, 


T 3/4 T1-4 3/4 8 8.8 
mi/4n3/4 > 73/47 8/4 5 (=) ( ) ~u T273% 3, (2.2.49) 
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By (2.2.48) and (2.2.49), 


Ł 


my N 


<- > > 


3 3 
5-76 
T2° 4 Lm, <m<L(m 41) Lny<n<L(ni4+1) 


x sin | ay/m (n+ 5) ls +O, = . (2.2.50) 
2 4 T2~3A- 75 


2.2.6 Short Exponential Sums 


Consider now the exponential sum 


Emm = 5 5 e (2sm +3) , (251) 


Lmı<m<L(mı+1) Lnı<n<L(nı+1) 


where, as customary, e(t) := e?"”. Observe that 


D D sa (a m (1+5) - 2) 


Lmı<m<L(mı+1) Lnı<n<L(nı+1) 


= Im (« (-3) Em.) l (2.2.52) 
OESE 


by (2.2.50), we see that 
Em n 1 
-o(| pe | | o( — ) (2.2.53) 
T2779 T1~3A— 74 


mi,ni 
Adding the estimates (2.2.53) for all relevant values of mı and nı and using 
the bound 


Since 


= [Emm | , 


TTi =0 (eo | , 


we see that 


a> 


Ti<mi<T>2 T3<m1 <Ta 


2 


mi,n1 


1 
=0 3 35 5 |Em,nı | 
2 4 Tı<mı<Tə T3<n1 <T4 


Ih 
1 
+0 (=r) . (2.2.54) 
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From (2.2.43) and (2.2.54), we deduce that 


1 1 
=O F 5 5 |Emi nil FO (=p) i 


a,b,ô,T T Tı <mı <T Tz <ni <Ta 


(2.2.55) 
For fixed À < 4 and 6 small enough so that $ —r- 135 > 0, the second error 
term on the right-hand side of (2.2.55) is negligible. In order to estimate the 
first error term on the right side of (2.2.55), fix mı and nı. We write each m 
and n with Lm, < m < L(mı +1) and In, <n < L(nı +1) in the forms 


m = Lm + mo, n = Lni + no, m,n € {0,1,...,L— 1}. (2.2.56) 


Then, 
ms \ 1⁄2 
Jm=/Lm (1 Ke ) 
Lm, 
2 3 
m2 m5 m3 
=e ae ht ee 
ma ( am me S (srs) 
2 
ms m5 1 
= Lm (te -2 + 2.2, 
a ( iim a S (z=) een) 


/ 1 nm+3z 
nt+5= Vin, (1+ Tn 
1 


In (1 4 mata (mat 3)" O (= + D) 


1 1)2 
nga+5 (n2+5) 1 
in (1 + Sine epee +9 (gam) ). 22.58) 


Also, by (2.2.41) and (2.2.56), 


mg  (n2+4)? L RP 1 
i =O =0( — 2.2.59 
2Lm, 8 L?n? T [2-26 P3—3A—26 J? ( ) 


2 1 2 

ms  (n2+35) L L 1 

í =0 . =O(|( = 2.2. 
8L?2m? 2Lnı -3—8 j ? (RAR 


m (m+ o (4 es ) _o (a=) _ (2.2.61) 


8L?m? 8L?n? T4-4r—26 


By (2.2.57)-(2.2.61), 
ng + L ma(nə + +) m2 
L | 2 ' 2 2 
ya) Lom (1 ee Lm 4min Bm? 


(n2 + 3)? 1 
8L2n? EO T3—3a—36 j | (2.2.62) 
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Next, again with the use of (2.2.41) and (2.2.56), 


= 1 T1+ô8/2 1 
Lymm: T3338 — O (r=) =0 |: , (2.2.63) 
1 À 
ama T 1 
Ly -—2 =O = aa 2.2.64 
nes 4L?2m ny, (<=) d (m=z) : ( i ) 


n2 + + a MINI 1 


By (2.2.62)-(2.2.65), we see that 


Tae. R 1 1 [ny 1 [m] 
[m(n + $) = Lymm (1+ ) ' Ee -m2 4 ma -na 


4Lnı mı 2V ni 
Ymini (M2 nə g O 1 i 1 
8L mMm ny E T1-A-36/2 -O T2—-3\—76/2 } ` 
(2.2.66) 
Note that for 
36 < 1—2), 


which we may assume in what follows, T?-3>-78/2 > T!—-4/2, Therefore, by 
(2.2.66), we find that 


e (-21 yamm (1 -+ a7)) e (2y/2m(n + D) 
=e (Vrm) (V a Ge -R) ) 
4+0 (roz) (2.2.67) 


Summing up the relations (2.2.67) over mz and nz in their appropriate ranges, 
taking absolute values on both sides, and recalling (2.2.51), we find that 


| Ems ,na | = 


1 
—=2L4/ 1 » Figs 
N EMINI F 11 


ZNL n mı 
= — nz 
nı 
OD ae 
EE 2 A 
xe 
my 


+0 (e 1436/2 


(2.2.68) 
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We now use the Taylor expansion for 


(ozm (muy) 


4L My nı 
Observe that 


mMin (= y 2 yemin a a ; 
4L = 


mT ae 


pee à)/2 p(l-A)/2 
_ à 
=O, (r. ae T30-A)/2 ’ P3—5—A)/2 \) 


1 


In what follows we fix a positive integer r, depending on A only, such that 
(r + 1)($ —A) > 1. For example, we may take 


hia È z -l (2.2.70) 


We also assume that ô is small enough so that 


36 < 1-22. 


Then 1 — 2A— 36 > § — À, and so by (2.2.69), 


JSJrmyny ms. n2 3 1 
a = Osas | — . (2.2.71) 
mı nı Tz 


We may then truncate the Taylor series expansion mentioned above as 
2 
MIIN mga ng 
e 
( 4L (= =) 
4 (—1)4 (am n)4/? mg, ng 2j 1 
= TA Ozas | or 
. 4I [3 j! my nı Tot (g-A) 


i 3 
5j—£ t-35 


2j HET ; 
= (=1)ixi/? (2j\ m? m L 2j—£ 1 
i 2 4i j! e Li many + Oz,r,6 T)’ (2.2.72) 


j=0 


& 
ll 
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by (2.2.71). Inserting (2.2.72) in (2.2.68), and noticing that the error term on 
the right side of (2.2.72) is small enough so that when inserted on the right 
side of (2.2.68) it can be subsumed in the existing error term from (2.2.68), 
we deduce that 


r 2g 


|Ems nal = |X >> Aje(mi, n)V; elmi, nı) tOna (78 = ‘). (2.2.73) 


j=0 £=0 


where we have defined 


Ie, 
a ; =j-2 j 
(—1)i xil (2j m?” n, ? 
Aj e(mi, nı) := 47; f, i Li i (2.2.74) 


and 


BN LIN, 2. 2j-£ 
Vj el e(mi, nı) J > ma e p MNI 
1 


O<m2<L0<n2<L 
(2.2.75) 


In order to bound the coefficients A; e(m1, n1), we distinguish two cases: £ > 
37/2 and £ < 37/2. If £ > 37/2, in order to produce an upper bound for the 
right side of (2.2.74), we need an upper bound for nı, which is T'~*+°. When 
L < 37/2, we need a lower bound for n1, which is T'~*~°. For mi, both upper 
and lower bounds have the same size, T'~*. Combining the two cases, we find 
that 


PA-rAMZI-O._, PALE-d)(E- $3) 
TN 


1 
= Ozas | —3z— l, (2.2.76) 
Ti- Z’ 


uniformly for £ € {0,1,..., 27}. 
The exponential sum on the right-hand side of (2.2.75), as hinted earlier, 
can be written as the product of two exponential sums, each in one variable, 


Tni £ TMI 2j—£ 
Vj e(mi, nı) = > e ( ny) M5 J e (, / na) n2 
0<m2<L L O0<n2<L i 


(2.2.77) 
In the case 7 = £ = 0, the exponential sums above are geometric series, which 
can be accurately estimated. For any real number a, any integer M, and any 
positive integer H, we recall the well-known uniform upper bound 


=O (nin fn a) , (2.2.78) 


|A; (mı, nı)| = Orz,\,5 


M+H 


5 elan) 


n=M-+1 
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where ||a|| denotes the distance from a to the nearest integer. Using (2.2.78) 
in (2.2.77), we find that, for j = £ = 0, 


1 1 
Vo,0(m1,21)| = O | min | L, ——— _ > - nin 4 L, —— . 
lie ( | | vzm/m| j | | Vem /rl } 
(2.2.79) 
For general j and @, a familiar argument based on (2.2.78) in combination 
with summation by parts for each of the two exponential sums on the right- 
hand side of (2.2.77) gives 


; 1 1 
V; (mi, ni)| = Oze | L” min 4 L, —————— > - min ¢ L, 5 ] .. 
a ( | EA) i [vemm } 
(2.2.80) 
Using (2.2.76) and (2.2.80) for all 0 < j <r, 0 < £< 2j and defining r by 
(2.2.70), we find from (2.2.73) that 


Ls 1 
|Em ait | = Or, As ) — ~ min L, ——————$$—s 
a 2 I-35) [| Vani /ma| 


0<i<[1/(F—A)] 


min s BA+ 50-1 : £2. 
x fı aa} | o(r ) (2.2.81) 


3 
Here L?/T'~ 2° < 1 for ô < 3(1—2A), which we assume in the sequel, and so 


’ ae or 
the maximum value of L2//TI~ 2° is attained at j = 0. Thus, by (2.2.81), 


1 
Emin l = Ozas | min L ————— 
nae as( ama 
ai 1 3+26-1 
x Ẹ Venn \) +0 (r ) . (2.2.82) 


Next, we employ (2.2.82) on the right side of (2.2.55). In doing so, note 
that the error term on the right side of (2.2.82) produces an error term on 
the right side of (2.2.55) that is bounded by 


1 Be 1 
Osna | -a a Ta Ta: TTR | = Ona (=r) : 
T2730 py 8 


This is smaller than the existing error term on the right side of (2.2.55), and 
we deduce that 
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1 1 
5 = O;,),5 73 5 5 min i ai} 
ab, T T273? T, <m <To T3<m <Taı |v zn /mal| 


1 


min 4 7”, : Oras | m |- (2.2.83 
. amit} u (m) am 


2.2.7 Uniform Convergence When zx Is Not an Integer 


Our next idea is based on the observation that if for some mı and nı, both 
||, /zni/mi|| and ||,/xm1/n4|| are simultaneously small, thus producing a 
large term on the right side of (2.2.83), then each of \/zn1/m, and y/£mı /nı 
is close to an integer, and hence their product is correspondingly close to an 
integer. But their product equals x, which is fixed throughout the proof, so 
this event cannot happen unless x is an integer. Fix an x that is not an inte- 
ger. Then ||2|| = min{|a — y| : y € Z} > 0. For each mı € {T;,..., T2} and 
nı € {T3,..., T4}, let dı and dz be integers, depending on mı and nı, such 
that 


2m (2.2.84) 
my 
and 
|= [2] Z d (=. (2.2.85) 
ry 


Using (2.2.84) and (2.2.85) and the fact that d,d2 is an integer, we find that 


[any fem; zn zm 
\|a|| < Ja — dyd2| = y= sakn — dıd2| < i = a) | 1 


$ a( AONT gs R = « (2.2.86) 
nı 
Here, 
ZM Oat) (2.2.87) 
nı 
and 
TNI 1 5 
zm a, 2.2. 
dy < [+ 5 = On a(T") (2.2.88) 


Thus, by (2.2.86)-(2.2.88), 


lll] = Oz. (Tmax, [7u 
my 


i = \) (2.2.89) 
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It follows from (2.2.89) that, uniformly for mı € {T;,..., T2} and nı € 
{T3,..., Tah, 


1 1 
min , =O 5) > 


By (2.2.90), it follows that 


1 1 
min 47>, —— $ . min 27>, —__=___ 
| |y zm: /ni|| | 
1 1 
= Oz | T? (min t weit + min G wei} ) 
|| Vani /ma|| | ama /na|| 

(2.2.91) 
Inserting (2.2.91) into the right side of (2.2.83), we deduce that 


1 1 
= O, min 4 T*, — 
D-o ee a 2 


a,b,ô,T Tı <mı <T T3 <nı <Ta 


min 4 T>, : + Ox., (z) 2.2.92 
t | er) r3- F3 l 


The summation in the first of the two error terms on the right side of (2.2.92) 
yields two double sums. For the first, we keep the order of summation as in 
(2.2.92) and focus on the inner sum 


F(x, ô, A, T, mı) := 5 


1 
min TA 
T3<ni<T1 I| Veni /mıl| 


while for the second, we interchange the order of summation, so that the inner 
sum becomes 


(2.2.93) 


G(«,6,A,T,n1) = 5 


1 
mins TA m 
Tı <mı <T> l |y zm /nı|| | 


We proceed to derive an upper bound for F(x, ô, A, T, mı). Each term in the 
sum on the right side of (2.2.93) lies in [2, Tò]. We subdivide this interval 
into dyadic intervals [2,4),[4,8),..., [25, T], where s = [Alog, T]. For each 


j=1,2,...,8, set 
1 1 
= =|}: (2.2.95) 


xn 
Bim = fm € {T3, sy vy Ta} : | \/ = 


(2.2.94) 
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Then 


F(x, ô, à, T, mı) 
i j+1 à Tni 
< YO AHHH Bi mab + TH Ain <m <T: |= 
j=l 


Now fix j € {1,2,..., s}. We need an accurate upper bound for #{B;m, }. 
For each nı € Bj m,, we let, as before, dı denote the closest integer to 
„/znı/mı. Then using (2.2.41), as we often have done and will continue to 
do, we see that, for T sufficiently large, 


< : (2.2.96) 
Smf l 


T. 1 1 
0<d < VF +5 SVEP + = < V3aT". (2.2.97) 
1 
By (2.2.95) and (2.2.97), it follows that 
[V32T] 
Bjim € (U sms: 
d,=0 
ENa 1 1 al 1 
mE a z” = U laa ay a + =|} 
ee m 1\? m 137 
. 1 1 | 
G U [nemenin k (a =) (a 5) |}. 
di=0 
(2.2.98) 
For each interval J of real numbers, 
#{ZN I} < 1+ length(I). (2.2.99) 


From (2.2.98) and (2.2.99), we find that 


pm m 1\?7 m LY? 
| 1 | 1 
Hinds D (14% (a+) -= (a-5)) 


d1=0 piak 
=1+ [v3aT"] yi 5 “ 
1=0 
= 0, (T°?) +0; (> =), (2.2.100) 


Similarly, 


#{tism <i: |) [= 
my 


2.2 Proof of Ramanujan’s First Bessel Function Identity (Original Form) 37 


Employing (2.2.100) and (2.2.101) on the right-hand side of (2.2.96), we de- 
duce that 


F(x,6,,T,m1) [27 (rie 4 ar?) 


AÀ 6/2 ô 
+0; (1 (7° +AT : 
=O TY + sm T°) + Os (Tò? + mT?) 
= Oz,r,6(T**9/? + mT? log T), (2.2.102) 


where we have recalled the definition s = [A log, T]. Reversing the roles of mı 
and nı, using the same argument as above, appealing to (2.2.41), and invoking 
the inequalities 


0< d< io +5< EE 2.6(T!?) (2.2.103) 


in place of (2.2.97), we also deduce that 
G(x, ô, A, T, n1) = Oz,,3(T**9/? + nT? log T). (2.2.104) 
Combining (2.2.92)-(2.2.94), (2.2.102), and (2.2.104), we find that 


1 
= Ora (ts (ce at T2-2A+6 log r)) 
T2730 
1 


tonas ( = (rs p re-aas1oaT) ) 
T273 
1 


log T 1 
= Oz,r,6 ( 19 ; T Oz \,8 (zp) . (2.2.105) 
Too a" TaA- Ze 


So far, the only condition we have put on A is that A € (0, 2). We now see 
that in order for the argument above to work, we also need À > > 4. Then the 
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first error term on the far right side of (2.2.105) will be small enough. In order 
to balance the exponents not involving 6 in the two error terms on the far 
right side of (2.2.105), we now choose À = £. Then by (2.2.105) and the fact 
that log T is smaller than T*/* for fixed ô > 0 and T sufficiently large, 


X | =0ss (=) . (2.2.106) 
TEŽ? 


a,b,6,T 


Let us recall that ek sy is one of the inner sums on the right-hand side of 
(2.2.40), with, from the discourse prior to (2.2.40), T = 21+, Using (2.2.106) 
for each of these sums and recalling the definition rı = [log, Mj], we find from 
(2.2.39) that 


TaT 1 


Sgiu 6,6) — S; 6,6)| = Oz — o 
|Ss,m (a, 0,8) — Ss, m, (a, 0, ô)| $ 2 sr 88) 


1 = 1 


grı(g—58) g 9i( G58) 


= Ox,5 


(2.2.107) 


uniformly with respect to 0 in [0,1]. This completes the proof that the sum 
Sg(a, 8,6) converges uniformly with respect to 0 in [0, 1], which in turn implies 
a corresponding statement for the initial double sum S4 (a, @). 


2.2.8 The Case That x Is an Integer 


We now proceed to examine the case that x is an integer. In the case above, in 
which « is not an integer, the relations (2.2.106) and consequently (2.2.107) 
were stronger than needed, in the sense that a weaker savings, where the 
exponent z is replaced by any smaller strictly positive constant, would have 
sufficed. The fact that we had some room to spare in the proof above naturally 
leads us to expect that exactly the same argument as above would cover as 
well, at least partially, the case that x is an integer. With this in mind, we 
subdivide the sum J, p 5 7 into two sums, one for which the argument above 
applies, to be examined first, and the second, to be examined later. 

We begin by fixing a positive integer x. Next, we fix an arbitrary small real 
number 7 > 0. With 7 fixed, we then choose a real number A < $, depending 
on 7. The exact dependence of À on ņ will be clarified later, with the crux of 
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the matter being that A is chosen such that 4 A is much smaller than 7. With 
n and A fixed, we then choose 6 > 0, depending on 7 and A. The dependence 
of ô on 7 and A will be made explicit later, with the goal being that 6 will be 
chosen to be much smaller than 4 — à. Once 7, A, and 6 are fixed, we start 
by following the same reduction procedure from the foregoing beginning of 
the proof, which reduces the convergence, respectively uniform convergence, 
of Si(a,@) to that of Ss(a,0, ð). In order to investigate the convergence of 
Sg(a, 0,6), we again employ Cauchy’s criterion, and arrive at (2.2.40). We need 
to show that the right side of (2.2.40) is in absolute value less than €, for an 
arbitrary fixed e > 0. We again bound each of the inner sums on the right- 
hand side of (2.2.40) separately. As before, we fix j, with 1 < j <re—1ri—1, 
set T = 2™*J, and consider the sum J`, p5p, defined in (2.2.42). At this 
point, we divide the sum as 5,7 into two ‘parts, depending on 7, as follows. 
Consider in R? the rectangle 


D(6, T) = [T, 2T) x (r?*, 2Ty |, 


For each divisor d of x, draw the ray from the origin with slope d?/x. Around 
this ray, consider the thin trapezoidal region, say V(x, d, n, ô, T), that consists 
of all the points in D(ô,T) for which the slope of the line from the origin 
through the point lies in the interval 


d? 1 @ 1 
: PEA (2.2.108) 
T pan © pz- 
Set 
Uı (a, b, ô, T; n) 
S b si + : a 
in — J sin =] —- — 
~- = a,/m{n 5 1 
7 3/473/4 
(m,n)ED(8,T)\Uajz V (x,d,7,6,T) al t 
(2.2.109) 
and 
U2 (a, b, ô, T, n) 


ie 
=>, 5 . (2.2.110) 
3/4p3/4 ( 
d|x (m,n)EV («,d,7,6,T) ete 
Thus, 
XO =U, (a,b, ô, T, n) + U2(a, b, ô, T, n). (2.2.111) 
a,b,6,T 
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Before proceeding further, we observe that although the trapezoids 
V(a,d,n,6,T) are very thin, we cannot afford to trivially estimate 
U2(a,b,6,T,7), as we did in (2.2.45). Indeed, V(x,d,7,6,T) is a trapezoid 


1 
with (horizontal) height T lying inside an angle of measure roughly 1/T2~”, 
and so the two bases have size of the order of magnitude of T21". Therefore 


the area of V(a,d,7,6,T) is of order pat, The number of integral points 
(m,n) in V(ax,d,7,6,T) is asymptotic to this area, since the perimeter of 
the trapezoid is of smaller order, O(T). On the other hand, the denominator 
m3/4n3/4 on the right side of (2.2.110) is of precise order of magnitude T°/?. 
To see this, note that n/m lies between 1/a and x. For other points in the 
trapezoid V(a,d,7, 6,7), for T sufficiently large, n/m lies between 1/2x and 
2x, say. Since T < m < 2T, this implies that T/2x < n < 4xT. Therefore, if 
we estimate the sum on the right side of (2.2.110) trivially, we obtain 


|U2(a, b, 8, T, n)| = Ox,n,3(L"), (2.2.112) 


which is not sufficient for our purposes. This discussion also shows that any 
cancellation on the right side of (2.2.110) allowing us to save a factor of T®, 
for some constant co > 0 independent of 7, would suffice (by taking 7 smaller 
than cp). 

Taking into account the shape of these trapezoids, we see that it does not 
appear appropriate to consider subdividing them into small squares as before. 
Instead, it is more natural to try to achieve cancellation on large exponential 
sums taken along parallel lines of corresponding slope d?/2, which is what we 
will do later. 

We first bound U: (a, b, ô, T, n). Subdivide D(6, T) \ Udaja V (a, d, N, ô, T) into 
squares of size L x L, where, as before, L = [Tẹ]. Let Tı, T2, T3, and Ty be 
as defined in (2.2.41). For each mı € {T),...,T2} and nı € {T3,..., T4}, we 
define $m, n, by (2.2.42). We consider all those squares [Lm 1, L(m1 + 1)) x 
[£n,, L(n1 + 1)) for which the lower left corner does not belong to any of the 
trapezoids V(a,d,7,6,T). Since the slope of the ray from the origin to this 
lower left corner equals n1/m1, the condition above can be stated as 


NY a? 1 a 1 
¢ Ualx F 
My T 


7 - (2.2.113) 
Ta-7 E pah 
Note that all the integral points (m,n) in D(ô, T) \ Uaj V (x£, d, n, ô, T) that 
do not belong to the union of squares [Lm 1, L(m, + 1)) x [Ln1, L(nı + 1)), 
mı € {T;,..., T2} and nı € {T;,..., T4}, and that satisfy (2.2.113) are at a 
distance O(L) from the boundary of D(ô, T) \ Uae V (£, d, N, ô, T). We bound 
the contribution of these points (m, n) on the right side of (2.2.109) as follows. 
The contribution of those points (m,n) that are at a distance O(L) from the 
four edges of the rectangle D(ô, T) was estimated in (2.2.43), and it was found 
to be 
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1 
o(p) 
T327- 7 


The remaining points, namely, those (m, n) lying inside the rectangle D(ô, T) 
that are at a distance O(L) from the union over d | x of the rays from the 
origin of slopes 


can be bounded in a similar manner. One then finds that their contribution 
to the right side of (2.2.109) is 


1 
7a 


Combining all these bounds, we deduce that 


Ui (a,b, 6,T,n) — = Y | =0 (=) 
T2 


Tı<mı<T2 mM1,Nı 
T3 <nı <T4 


nı d? i cg 1 
E Te tot | 
T2°" PA 


Next, we apply (2.2.53) to each )7,,,, 
analogous to (2.2.55), namely, 


(2.2.114) 
in (2.2.114), and obtain a relation 


M1 


1 
vasara =o( 3_ 35 5 Bno) 
T2 4 Tı <mı<Tə 


T3 <nı <Ta 


nı d? 1 1 
mı Ual | £ log a T | 
TIT TATI 


1 
+O (=) (2.2.115) 
T37- T? 


where Em,,n, is defined in (2.2.51). The exponential sums Em,,nı were 
bounded in (2.2.82). Employing those bounds on the right-hand side of 
(2.2.115), we derive a relation analogous to (2.2.83), namely, 
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U1 (a, b, Ò, T; n)| = Oz,r,5 ( 
Ty<m1<T> 
T3<n1<T4 


4 
at 7 Ual 


a 
N 

sid.. 

og 


T 
T2 


min ant 
fz | weet He, ‘WE _}) 


1 
+ 0s en (2.2.116) 


Unlike the previous case, in which x was not an integer and || y znı/mıl|| and 
|,\/am/n1|| cannot be simultaneously small, in the present case in which 
x is an integer, |y £nı/mı|| and ||\/amj/nj|| can be small simultaneously. 
This can happen only if nı /m; is close to a number of the form d?/x with d|zx. 
Conversely, if nı /m; is close to d? /x for some divisor d of x, then automatically 
mı/nı is close to d’?/x, where dd’ = x, and |, /a2ni/m|| and ||,/am/ni|| 
are simultaneously small. The extra condition on n,/m in the summation 
on the right side of (2.2.116) assures us that ||\/2ni/mi|| and ||,/xm1/ni| 
cannot be simultaneously small. This does not prevent the possibility that one 
of ||,/ani/mj4|| and ||,/am,/n,|| is much smaller than the other, of course. 
But in that case, the other is larger than 1/T°, by (2.2.41), and so the term 
corresponding to the pair (m,n) on the right side of (2.2.116) is harmless, 
as we have seen before. 

With this in mind, we proceed as follows. Consider the sets of integral 
points (m1,71) defined by 


Bi(z,7,A,6,T) = femm) Ti < mı < To, T3 < ni < Th, 


d 1 æ 1 
R E a a E 
My, T py T py nı 


and 


j>a 


(2.2.117) 


B2(x,n, à, ô, T) := femm) : Tı < mı < T2, T3 < nı < Th, 


nı a 1 @ 1 
mı ¢ Vale £ I ? r H = , 2A 
7 T2” 


(2.2.118) 
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The last condition in the definition of B(x, n, ÀA, ô, T) is equivalent to 


n 1 1 g 
Pa | <T, (2.2.119) 


which is analogous to (2.2.90). Therefore the contribution of By (x, 7, A, ô, T) 
on the right side of (2.2.116) can be estimated as in the previous case when 
x was not an integer. In the present case, we arrive at (2.2.91) and proceed 
similarly as in the proof that previously led to (2.2.105), but now there remains 
the estimate of the summation over (™m1,71) in Bo(x,7, A, ô, T). Accordingly, 
up to this point, we obtain the bounds 


[U1 (a, b, 6, T, n)| 


1 A 1 
= Oz,),6 373 5 min {7 ; TAi) 
(ate (m1 ,n1)€B2(x,7,A,5,T) | V an /ma| 


F 1 log T’ 1 
xmin ¢ T’, F Oza, | ——>——_ | + Oz,a,6 | ——— 
a) T>-3- FS [i748 


(2.120) 


Next, let us observe that for each (m1, n1) € B2(x, N, A, ô, T), if we denote 
by dı and dz the closest integers to Jani /mı and re respectively, 


then 
jade a=|(a foe Gacy) 
m mi ny 
= | = Eni pers 


—*=0,(T/*) and d= (= + O(1) = O,(T*/*), 


LN 1 
— || < — an 
My g Tê ni 


by (2.2.118). On using the foregoing estimates in (2.2.121), we find that 


(2.2.121) 


Here, by (2.2.41), 


while 


E 


1 
|djdz — 2| = Oz (sa) ; (2.2.122) 


and since dj, d2, and z are integers, (2.2.122) implies that d,dz = x. Let us fur- 
ther observe that for (m1, n1) E€ B2(x, N, A, ô, T), the quantities 1/||,\/ani/m1|| 
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and 1/||,/2m /nj||, which are both larger than T° by (2.2.118), have the same 
order of magnitude. Indeed, 


Tn Tni d2 TNn do 4 LN 
My I My a nı 
= = ——- (2.2123) 
| ml pone! ia (a+ =) 
NY nı n my 
Here, by (2.2.41), 
bt 0 O(a 1. = (2.2.124) 
21 ny = 27 TO = 2 x TS , oes 
Tn 1 1 
d — =2d,{1 z| = 2.2.12 
iF mı i( +0 (7): ( 5) 
2 TNI 1 2 dy 
di = [dim dıdənı| = —j|dimı — dənıl, (2.2.126) 
My my my 
and 
d 
d- Z] = sas = dımıl. (2.2.127) 
NY nı 


By (2.2.123)-(2.2.127), we see that unless dyn; = dımı, 


| Tni 

mi ny 1 

A (1 +0, (75). (2.2.128) 
nı 


But 


m Vm _ m) _4 (1+0. (73). (2.2.129) 


nı 


By (2.2.128) and (2.2.129), it follows that 


| Tni 
My 1 
2.2.130 
mj a e ato 
nı 
unless dənı = dımı, in which case both quantities ||,/ani/mj|| and 
|| zmı/nı|| are equal to zero. In both cases, we can conclude that 
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2.2.131) 


min Deo = O, | min P ae : 
areca ( ee) l 


Inserting (2.2.131) into the right-hand side of (2.2.120), we find that 


|U: (a,b, ô, T, n)| 
2 
O (maf A l \ 
= hee 3 3; ——— 
T27 4° (m1,n1)€B2(a,n,A,6,T) I|,/2ni/mi|| 
logT 1 
+ Oz, (| + Ov,n,6 (ss) . (2.2.132) 
i aa p3- 


We proceed to estimate the sum in the first error term on the right-hand 
side of (2.2.132). Recall that for any (m1, n1) € B2(£,N, A, ô, T), on the one 
hand, ||y/znı/mı|| < 1/T%, and on the other hand, 


n d I d 1 
= F Vale z lp z ||) 
pa TZ." 
and so, in particular, 
d 1 
da , (2.2.133) 
My T T2710 


where as before, dı is the closest integer to \/ani/m,. By (2.2.133) and 
ni 
x 


(2.2125), 
hod ye id a Tm) 
ody TE n "e = (Fs one (2.2.134) 


for sufficiently large T. 
We next subdivide the interval 


1 


1 
arzon T? 


into dyadic intervals of the form 


1 1 
541° 97 |? 
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and, for each 7, bound the contribution to the first O-term on the right side 
of (2. 2.132) of those pairs (m1, n1) for which 


‘Ve [a3] 


1 
Recall that 4 — A is smaller than 7, and so 1/T* < 1/(4T2~"). Hence, 


(2.2.135) 


nin g | = g 
"|| /2ni/mil| |y zn /mı || 


for all (mı, n1) € Bo(x, 7, A, ô, T). In conclusion, if we set sı := [ô log, T] and 
s2 := 2 + | (4 — n) log, T], then, with the use of (2.2.99) below, 


2 
1 
3 min fr, m=) 
(m1,n1)€Be(x,n,A,6,T) ( | znı/mall 
S52 
S >, 2124 Í (m,m) € Ba € B2(x,n, A, ô, T) y: =le 


1 
elpral} 
I=S1 
82 P 1 
<) 27 2 5 #{m | /= i =l} 
j= d|x Tı mı <T 


j=s1ı 
. 1\? m 1\? 
2j+2 1 1 
saD D alzi (ep 2 (+3) |} 
JFS1 d|x Ti<mi<T2 
£ ; dm, 
2j+2 
es 
j=sı d| Ty<m,<T»2 
s2 : S82 : 
-o| V Pm) +o om 
j=sı j=s1 Tılmı<Tə 


= Orm (2 aT = + Ox,n,5,d (as 
5 
= Oz,q,6, A(T” >) + On, A(T 277). (2.2.136) 


Combining (2.2.136) and (2.2.132), we finally deduce that 


1 1 
U. , b, 6, T, = Ox —73- ] + Oz oe RG mat ae 
pia m)l “a (rs) ea (=) 


2.2 Proof of Ramanujan’s First Bessel Function Identity (Original Form) 47 


We now see that for any fixed 7 > 0, we can make all the O-terms on 
the right side of (2.2.137) sufficiently small by choosing A close to $ and then 
choosing 6 > 0 small enough. To be precise, we fix a small 7 > 0, and then let 


à = 4 — $n. Thus, (2.2.137) takes the shape 


1 
= 02,5,n (z5) ; (2.2.138) 
T3" 4 


We now let 6 = 7/39, and so from (2.2.137) we can now deduce that 


1 
|Ui (a, b, T, n)| = Ox, (zr) l (2.2.139) 


where, for simplicity, we deleted the symbol ô on the left-hand side of (2.2.139), 
because ô is a function of 7. 

There remains the problem of obtaining a suitable bound for the sum 
U2(a, b,6,T,7). As above, we delete ô from the notations V(x, d, n, ô, T) and 
U2(a, b,6,T, n), which we now proceed to estimate. 


2.2.9 Estimating U2(a, b, T, n) 


In order to bound U2(a, b, T, n), we estimate, for each divisor d of x, the inner 
sum on the right side of (2.2.110). For each (m,n) € V(x, d, n, T), by (2.2.108), 


n æ 


(2.2.140) 


By (2.2.140), 


sin | b m = sin ve + Ox : 2.2.141 
(ey) ( d ) (=) 


: t fizo : 2.2.142 
m3/4n3/4 — d8/2m8/2 EA penn ; (2.2.142) 


and 
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Hence, by (2.2.110), 


d\x (m,n)EV (x,d,n,T) 


1 1 
+ Oz | =— 5 5 -rk (2.2.143) 
pam” d|x (m,n)EV (z,d,ņn,T) 


Recall from the reasoning leading to (2.2.112) that the number of integral 


3 
pairs (m,n) in each V(x,d,n,T) is of the order of T2”, Thus, using this 
estimate in the O-term above and recalling that T < m < 2T, we find that 


(2.2.143) reduces to 
_ (bz : 1, 837 
sin 5) sin (« /m(n + 5) — +) 


= 40/4 
U2(a, b, T, n) = x 5 — BR > mae 
dx (m,n)EV (x,d,n,T) 
1 
Oe | (2.2.144) 
[a en 


From the inequalities T < m < 2T combined with (2.2.140), it follows that 


2 1 
n- “| < 23+ (2.2.145) 
xv 


_ dm l x 
(ft l dm 
1 d?m 2/1 dîm : 
= 14 
Jr 2d?m 8d4m? 
s+ _ dm 
2 
+0; — 
m 
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Recall that a = 47,/z. Therefore, 


sn (a/m p- 2) 


1 dm 
ee Ce p T2 pamm TE (G+ E m) 3T 
ree al d Idm 4 
1 
+0, | — l (2.2.147) 
T27 


Here, 2rdm + 2ran/d is an integral multiple of 27, and mg/d is an integral 
multiple of 7, which is a multiple of 27 if and only if x/d is even. It follows 
from (2.2.147) and (2.2.144) that 


U2(a, b, T, n) 
1 by/x 
— 73/4 — sin | VO 
é Ezt Z) 
d\a 
d nr? (i +n- 4 ? 
(12/4 , 2 x 30 
T an 
m3/2 2d?m 4 


(m,n)EV (x,d,n,T) 


1 1 1 
T 13 2, >, m3/2 + Ox ( Ty 
Ta~ d|x (m,n)EV(x,d,n,T) Tma 


_1)\xz/d+1 ba /T 
aan (=) . (bz 
=o J PE sin ( 7 


d\a 
2 

x be — 5 sin u 

m3/2 2d3m 4 

(m,n)EV (x,d,n,T) 
1 
+o.( — ) (2.2.148) 
T2007 


Furthermore, by (2.2.145) and the inequalities T < m < 2T, 


2d2m 22m 


Tr’ (i+n- = ( Git 
2 z m(an — d?m) oe: ( (2.2.149) 
T2-" 
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which, when inserted in (2.2.148), gives 


—q1)\xz/d+1 — 


d8/2 
d\a 

1 . (r(an-—dm)* 3r 

i > me ( 2d3m + 4 
(m,n)EV(x,d,n,T) 
1 
+ Oz 7 ; (2.2.150) 
pao 


Next, for each divisor d of x, consider the function Ha(u, v) of two real 
variables defined on [T,2T) x [T1~°, (2T)!+°] by 


1 —du)? 3 
Halu, v) = = sin (2i ae z). (2.2.151) 


1 
Note that on V (z, d, n, T), |av — d?u| < 2aT2*”, by (2.2.145), and so 


OHg| | 1 n(zv — du)? 3r TT xt 1 
| Bo EYE cos ( Bu +7 pu” dt) | = Or Tn 
(2.2.152) 
and 
oHa m(av—d?u)? 3m 
Ou |~ [a N u 
1 [(n(zv—- du)? | 30\| m |2(du-— zrv)du — (du — av)?| 
M [a372 OO 2d3u © 4 ) | 2d8 u? 
1 
-0, (z=) , (2.2.153) 


Using (2.2.152) and (2.2.153), we may replace each sum on the right side of 
(2.2.150) by a double integral. More precisely, for each (m,n) € V(x, d, n, T), 


_ [(n(an= m)? 3r 7 A 
Bg 3m A m+3 prea 
3/72 f, Ti Halu, v)dv du 
2 2 
m+ 


1 
n+5 

= / :. {Ha(u,v) — Ha(m, n)} dv du 
2 


1 
2 


= SUP pem- t m+} ED aj 
ve[n—F,n+5] 


= Or (==) . (2.2.154) 
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Adding relations (2.2.154) for all (m,n) € V(a,d,n,T), we see that 


a = em y =) 
sin 
3/2 3 
(m,n)EV (2,d,n,T) m 2d?m 4 


m+ 1 
= i [yn (u,v)dvdu+O,(—~—). (2.2.15) 
T -$ n— p3? 


(m, p> z,d,n,T) 


Let us observe that if we define 


V*(z,d,n,T) = UGn nev (zd, r) [M l,m H z] x [n tn + }], (2.2.156) 
then 


Area (V (x, d, n, T)\V* (£, d, n, T)) U (V* (x, d, n, T)WV (æ, d, n, T)) = OŁ (T), 
(2.2.157) 
because the perimeter of the trapezoid defining V (z, d, n, T) is O(T). Since 


1 
|Ha(u,v)| =O (zz) 
on V(x,d, n, T) U V*(x,d,n, T), by (2.2.157), it follows that 


m+35 ee 
I eee: (u, v)du du 
ff Ha(u,v)dv du + O ( : ) (2.2.158) 
= u, v)du du el =a). 2. 
V(a,d,n,T) d TP 


Combining (2.2.150) with (2.2.155) and (2.2.158), we find that 
Zi x/d+1 b 
U2(a,b,T,7) = ey ( sin ( v=) Bl Ha(u,v)dvu du 
d d V(a,d,n,T) 


d\x 


1 
+o.( T ) (2.2.159) 
T34 


To evaluate the double integrals on the right side of (2.2.159), we perform 
the change of variable v = u(w + d?/x) to deduce that 


2T T3- 
I (u, v)dudu =I on 1 (u, u(w + d?/a))u dw du 
eae 17T 277 


nr’uw 3r 


2T 1T- n sin a(t 
=} i ad 2 dw du. 


1/T3- ý vu 


(m, p d,n,T) 


(2.2.160) 
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Next, we make a second change of variable to balance the shape of the region 
of integration by setting u = Tt and w = z/VT. Then (2.2.160) reduces to 


2 p” 24,2 
1 
H Ha(u, v)dv du = 1 = | sin = iar +7) dz dt. 
V(a,d,n,T) 1 Vt Jorn 2d 4 


(2.2.161) 


In the inner integral we make a further change of variable, z = d3/?y/(at1/?), 
so that (2.2.161) now takes the form 


3/2 T” gt!/?q73/2 
i Ha(u,r)aodu =“ f° if sin (5 y + T) ay at 
V(a,d,n,T) eT 2 


(2.2.162) 
We approximate the inner integral by 


Co := f (e + m *) dy. (2.2.163) 


A change of variables followed by an integration by parts yields 


. G +7) 
oo co sn | 52 FT 
1 
f sin (z5) ay => f SAL iy 


Trat)/2d-3/2 4 2 JT?ng?ta-3 pre 
T 3r \ |~ T 3T 
cos (Fo =F =) 1 8 cos (Fo F =) 
api -p Jonass P t 
Tny2td=? 
(2.2.164) 


By (2.2.164), it follows that, uniformly for 1 < t < 2, 


= 37 1 
g) W= O| z) 2.2.165 
fann? n (Sy? a z) y| = (=) ( ) 


It is clear that the same bound as in (2.2.165) also holds for the integral from 
—oo to —Tat'/?d-3/?, Using these relations in combination with (2.2.162), 
we deduce that 


d?/? cq log 2 1 
II Halu, v)du du = 2 °8* + 9, (=) . (2.2.166) 
V(a,d,n,T) x T™ 


We now insert (2.2.166) into the right-hand side of (2.2.159) to deduce that 


br 
U2(a, b, T, n) = 7° “ee j/a sin (5) 


1 1 
de (=) tO; ( : l (2.2.167) 
T T3274 
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Recall that b = myz(1— 20). Therefore, the series over d on the right-hand 
side of (2.2.167) cannot cancel for general 0. Thus, in order for the convergence 
of our initial series S;(a,@) to hold for general 0, it is necessary that co be 
equal to 0, and indeed it is. To that end [126, p. 435, formula 3.691, no. 1], 


ae in (Zy +22) a 
co= sin 5Y 7 Y 
= a sin ( 2) dy + -5 =f cos ( dy 
= 


-zt a 


In particular, we note that the term =f in the argument of the sine on the 
right side of (2.2.163) is essential in order to have co = 0. We conclude from 
(2.2.167) that 


1 1 
|U2(a, 6, T,7)| = Ox (=) +0: | — ) l (2.2.168) 
T™ T3740 
By (2.2.168) and (2.2.139), 


1 1 
[Ui (a,b, T, n)| + |U2(a, b, T, n)| = O +0, | —— |. (2.2.169) 
T™/4 pa—an 


We now let 7 = . Then both O-terms on the right-hand side of (2.2.169) 
are O,(1/T'/*4), and so by (2.2.111), 


Soe: (za) , (2.2.170) 


a,b,T 
uniformly for 0 € [0,1], where on the left side of (2.2.170) we deleted 6, which 
is fixed (recall that ô = 1/39 = 2/663). With (2.2.170) in hand, the proof 
of the uniform convergence of the initial series S;(a,@) can immediately be 
completed, as in the previous case when x was not an integer. 


2.2.10 Completion of the Proof of Entry 2.1.1 


We return to the function G(@) defined in Sect. 2.2.1, which we now know is 
well-defined and continuous on [0,1]. We want to prove that 


sin? oo {SF (2 ) sin( drn) z (30) a oo 


1 co æ f J, (47 /m(n-+8)z) Jı (4ry/mntI 0e) 
7 LA vm(n+0) „/m(n+1—0) 


= G(6). (2.2.171) 


sin? (70) 
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The identity G(0) = —G(1 — 9) is also satisfied. We find the Fourier sine series 
of G(@) on (0, 4), and so write 


G(0) = 5 b; sin(27j0). (2.2.172) 


For j > 1, interchanging the order of integration and double summation by 
the uniform convergence and continuity established in the foregoing sections, 
we find that 


kan 1/2 © œ [ J (4rVintn + oje) Jı (4rVinin +1- aja) 
j = 2y A 22 /m(n + 0) Vm(n+1—6) 
x sin? (76) sin(27j0)d0 
ee ne fh (snl t Oe) A (seine +1 = He) 
=-ve > f m(n+ 6) ym(n+1-— 0) 


x ( sin(27j6) = 5 sin(270(j +D- 5 sin(270(j = 1))) a8. 
(2.2.173) 


In the first set of integrals of the series on the far right-hand side of 
(2.2.173), set 


dé du 


u = 4ry m(n +0)x, so that E —, 
v ( ) m(n + @) Qrm/x 


and in the second set of integrals of the series, set 
d0 du 


u = 4&ry m(n +1 -—90)z, so that = : 
( ) Vm(n+1-9) 2M /T 


Thus, we find that for each j > 1, 


æ æ p2 | J (4rymntOe) J (4ny/m(n FT — Be) 
2) vm(n +80) vm(n+1-0) 


x sin(27j0)d0 


4ny/m(n4+1/2)x u? 
in | 277 | ———— — d 
a Jn(u)sin( a (a n) : 


4r (n+1/2)x u2 
+f J(u) sin & (n+1- a) du 
4ny/m(n+1)x 16x°max 
œo œœ 1 4ry/m(n+1/2)x uz ; 
. J 
=) y= | Jy(u)sin( ) au 
2am | J4 8rmx 


Tf MNIE 


ll 
Me 
Me 
3- 
3 
m 
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4ny/m(n+1/2)x 2, 
-f Jn(u)sin( = Jal 
8armx 


4nry/m(n+1)x 
Anry/m(n+1)x 


=) ) — Jn(u)sin( lt ) au 
20M Jan ymar 8rmz 


m=1n=0 


= 5 sf J(u )sin (g 1) du. (2.2.174) 


m=1 


Similar calculations hold for the integrals involving 7 +1 and j— 1 in (2.2.173) 


Thus, for each j > 1, 
a, ba uj Lf UGAT 
“= 2 nm 0 danu) {sin (=) 2 a ( 8TmMx 
1 (WG-1) 
5 sin ( ae du. 
For a,b > 0, recall the formula [126, p. 759, formula 6.686, no. 5] 


fo sia (Gi dal 
A sın(au 1 (OU jau = b 1n ae m 


(2.2.175) 


where the last term is not present if j = 1. From the fact that for any real 


number y, 


3 sin(2rmy) _ 


i if y is an integer, (2.2.176) 
nm 


a y—|y]—4, if y is not an integer, 


we deduce that 
if x/j is an integer, 


D sin(2nrmz/j) 1 
aan =f =| +, if x/j is not an integer, 
mæl J J 2 
1 
_ (=) sk (2.2.177) 
i) j 2 


Hence, from (2.2.175) and (2.2.177), we find that 
1 1 x x 1 
F 
arg AN a 
1 x z 1 
2 g=1f/° ¢=17 By) )" 
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where the last term is not present if 7 = 1. Thus, 


Si a eC) (2.2.178) 


and for j > 2, 


1 x 1 x 1 x £ 
b; = =F ( - F|- F|- + ; 2.2.179 
’ 2 (5) 4 (5) 4 Gy 2j(9? — 1) 


Next, we find the Fourier sine series on (0,4) of the left-hand side of 


2 
(2.2.171). We have 


F (=) sin(27n0) sin? (70) 
= IF (=) {sin(2and) — 5 sin(2r0(n +1))- 5 sin(2n0(n — 1))} 


and 
1 
cot(7) sin?(70) = cos(76) sin(70) = > sin(270). 


Also, since 0 < 6 < 1, by (2.2.176), 


sin? (ro) (5 — 6) = 5 a — cos(2r0) )) 2 S 


1 & sin(27mé 1 sin(270(m +1 1  sin(270(m — 1 
= 2 ) yaa ( )) y Mn D) 


Tm 4 
m=1 Hint 4 m=1 m=1 


Thus, if the Fourier sine series of the left-hand side of (2.2.171) is 


5 cj sin(277@), 
j= 


then 


by (2.2.178), and for j > 2, 


1 1 1 
2j(j°-1) 2 j 4 \j+1 4 j—1 


by (2.2.179), which completes the proof of (2.1.5). 
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2.3 Proof of Ramanujan’s First Bessel Function 
Identity (Symmetric Form) 


We prove Ramanujan’s first Bessel function identity (2.1.5), emphasizing that 
the double sum on the right-hand side of (2.1.5) is being interpreted sym- 
metrically, i.e., the product mn of the summation indices m and n tends to 
infinity. A slight modification of the analysis from [26, pp. 354-356], in partic- 
ular, Lemma 14 of [26], shows that the series on the right-hand side of (2.1.5) 
converges uniformly with respect to 0 on any interval 0 < 01 <0 < h2 < 1. 
(There is a misprint in (3.5) of Theorem 4 in [26]; read b(n) (ua /?™ for 
b(n)ue °™ ) By continuity, it therefore suffices to prove Entry 2.1.1 for ra- 
tional 0 = a/q, where q is prime and 0 <a < q. 
First define 


H(a,q, 2) 


ae 
— æ {24 (4n/m(n-+a/q)x) in| 
2 Vm(nta/q) Vm(n+1—a/q) 


= = Jı(4ry mrax = iz Jı (4ry mrze 
DD -p Cave) 


mod q r=—a mod q 


n=1n=0 


With the restriction 6 = a/q and with the notation above, we now refor- 
mulate Entry 2.1.1. 


Theorem 2.3.1. If q is prime and0 <a < q, then 


H(a,q,x = FE ) sin i a (=) ne(5 =) + Zoot (=) =: P(a,q,2). 


In the analysis that follows, we demonstrate that in order to prove Theo- 
rem 2.3.1, it suffices to prove the next theorem. 


Theorem 2.3.2. Let q be a positive integer, and let x be an odd primitive 
character modulo q. Then, for any x > 0, 


S~dy(n La,xje+ Eray | ALa nZ Jı (4r y/ng/q). 


nx 


(2.3.1) 


Proof. Suppose that x is a primitive nonprincipal odd character modulo q. 
Then [101, p. 71] 


(E) Pr (s + 5) (2s, x) = - () ra = s)E(1 — 28,X). 


(2.3.2) 
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Recall again the functional equation of ¢(s), namely, 
1 
n-°I'(s)C(28) = E = s)o( — 2s). (2.3.3) 


Multiply (2.3.2) and (2.3.3) to deduce that 


—2s—1/2 
ar Tr hs $ 5) ¢(2s)L(2s, x) 
- —3/2+42s 
= rr ra sr(3 s) (1 2s, X)C(1 — 2s). 


(2.3.4) 


If we invoke the duplication formula for the gamma function, 


I(2s)./x = Penas + a 


then (2.3.4) can be written as 


q—*8-1/2 STT (28) 
e Ess, x) 


; —3/24+2s T| 2(1/2 — s) |) yr 

=- on a L(1 — 2s,X)6(1 — 2s) 
; —1+2s rd—2 

2 mo F C dra 2s, X)C(1 — 2s). 


Thus, 


(F) “resses. yes 


= 7) cals ~- — 2s = ASX —2s 
== Ga (1 —2s)L(1 — 28,x)C(1 — 28). 


Replacing s by s/2, we have 


any = irh) (2m) E 
—}) I(s)L(s,x)¢(s) = — — r(1— s)L(1-— s, X)¢(1-— s). 
(Tz) TOL =-=E (TE) T-L- sW- s) 
In the notation of Theorem 2 of [26], q = 0, r = m = 1, An = Un = 2Tn/ V4, 
a(n) = dy(n), b(n) = —it(x)dz(n)/ vq, and Ky (2\/pn®;0;1) = Jı (2V/Ana). 
We therefore record the following special case of [26, Theorem 2]. Let x > 0. 
Then 


itty) & pate 
Damn (Z) eE) e35) 


An Xt VE GA ne 
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where 


Qo(x) = 


where C is a positively oriented closed contour with the singularities of the 
integrand in the interior. 
We now replace x by 27a/,/q in (2.3.5) to obtain 


ds, 


2ri S 


1 (27/0) *L(s, x)¢(s)2* 
I. 


S~ dy(n) = a Xdin (F a Ji (4r yne) + Qo(2nx/ y7). (2.3.6) 


Qol2ma/ ya) = = | L(s, x)¢(s)2° y 


C S 


Now, since ¢(0) = — 


m =L(0,x) +L(1,x)a. (2.3.7) 


From the functional equation (2.3.2), 


E) raaro = tray. 


Vq T 
So, 
mog- 
Thus, from (2.3.7), 
Qo(2rxz/vq) = L(1, x)£ + na: (2.3.8) 


Lastly, putting (2.3.8) in (2.3.6) and using the identity T(x)r(X) = —q, since 
x is odd, we complete the proof of Theorem 2.3.2. 


After proving the following lemma, we show that Theorem 2.3.2 implies 
Theorem 2.3.1. 


Lemma 2.3.1. If 0<a<q and (a,q) = 1, then 


> F(Z) sn (7) = ae S x(a)r(x) So dln) 


Proof. We have 


co 


(2) ain?) E P(E) (2) 


d\q (n,q)=q/d 


= SS (2) sin (272) 
da ayaa a 


n 
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= x ie dx , 2rma 
> te A A a) 
djq , m=1 
d>1(m,d)=1 


= > F(—) ae ; x S P(E jpe — en 2rima/ay, 


(2.3.9) 


We know that for any positive integers a1, a2, and q, 


lq), if ay =a (mod q) and (a1,q) = 1, (2.3.10) 
0, otherwise. 


XO x(a1)X(a2) = 


x mod q 
Using (2.3.10) and the formula [101, p. 65] 
a * 
x(n)rix) = Do xh), (2.3.11) 
h=1 


for any character x modulo q, we find that for m,d such that (m,d) = 1 
and d > 1, 


d 
2rima/d _ 1 2rimh/d rh 
e TA S x(a)x(h) 


x mod d 


d 
o 5 xla) X xine 


1 
=— (a)r(X)x(m) 
o(d) x mod n w 
Thus, 
1 = dx 2rima —2rima 
eee 
teh (mag= 
-Ezg X ME) E darm) - xm) 
dlq m=1 q x mod d 
d>1 (m,d)=1 
Ezg X MS) E xram 
d\q = q x mod d 
asi (m,d)=1 X even 
-Z D vor È (E) 
aa steeds (m.d) 2 1 ' 
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-Dy È worm D (E)n), 
Y i m=1 qm 
d>1 x even 


since y(m) = 0 if (m,d) > 1. Hence, using the calculation above in (2.3.9), 
we obtain 


F(Z) sn A) 


I 
è 
hy 
aN 
BiG 
h me d 
+ 
M 

< 
e 
id 
x 
S 
4 
RÌ 
Me 
z 
a 
-IS 
k a i 
X 


m=1 d| x mod d m=1 
d>1 x odd 
4 1 = í: 
= E +E E Ar To am, 
1<n<z/q d\q x mod d 1l<n<dz/q 
>1 xo 


where we used (2.1.12). Thus, our proof of Lemma 2.3.1 is complete. 


As promised, we now show that Theorem 2.3.2 implies Theorem 2.3.1. 


Proof of Theorem 2.3.1. We easily see that H(a,q,x) = —H(q—a,q,x) and 
P(a,q,x) = —P(q—a,¢q,x), and so we can assume that 0 < a < q/2. Consider 


H(a,q, 2) 
ESS a h(4rymn tae) — A(4rv/m{n +1 — = 
eae) Vm(n +1 —a/q) 


qz — SI (40/mrz/q) a J (4rymrz/q) 
a ae E a 


m=1n=0 


mat | toh aE eae 
7 ve 22 A x we (x(a) — x(—a)) 
ae 2> A PESO 
a OD D (4ry/mra/a) 
= san E MOL Oy Ts (4n\/nex/q). (2.3.12) 
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On the other hand, by Lemma 2.3.1, 


Applying Theorem 2.3.2 and using (2.3.12), we only need to show that 


<> r(t 220, y) = -ma(Z— 4) +F cot (). 


4 
x mod q q 
x odd 
(2.3.13) 
We use the following formulas, which are (2.5) and (2.8) in [71]: 
= = 1 h 
rL, x)= 2i YO X(h)(5 - 2), (2.3.14) 
1<h<q/2 q 
T Tth 
TOLLI) =- D Xhcot (=). (2.3.15) 
X 1<h<q/2 q 


We also can easily deduce from (2.3.10) that 


Y x(a)x(h) = Ý x(a)xX(h) = H ay ab ahmed ay erate 


me “oda 0, otherwise, 


since (a, q) = 1. 
Then, using (2.3.14)-(2.3.16), we deduce that 


r(x) 
2 


E arhi e+ a,x) 


x mod q 
x odd 


-1-2 E (itag D olt E vor) 


1<h<q/2 1<h<q/2 q x mod q 


(5 *) + < cot (=) 
= -TT 
2 q/ 4 q/? 


which completes the proof of (2.3.13) and therefore also of Theorem 2.3.1. 


In fact, Theorem 2.3.1 is equivalent to the following theorem [57]. 


2.4 Proof of Ramanujan’s Second Bessel Function Identity 63 


Theorem 2.3.3. Let q be a positive integer, and let x be an odd primitive 
character modulo q. Then, for any x > 0, 


den) = 10,924 “Mra,y +82 x) 
an T(x) 1<h<q/2 
3 {toe eh 
mn<N vm (n+ h/q) vm (n+ 1—h/q) 


(2.3.17) 


nag 


x lim 
Noo 


2.4 Proof of Ramanujan’s Second Bessel Function 
Identity (with the Order of Summation Reversed) 


2.4.1 Preliminary Results 


We now embark on a proof of Entry 2.1.2, where now we consider the double 
series on the right side of (2.1.6) to be an iterated double sum. As emphasized 
in the introduction, we will approach Entry 2.1.2 with the order of summation 
on the double series reversed. Our proof depends upon the following formula- 
tion of the Poisson summation formula due to A.P. Guinand [132, p. 595]. 


Theorem 2.4.1. If f(a) can be represented as a Fourier integral, f(x) tends 
to 0 as x > œ, and xz f'(x) € L?(0,00) for some p, 1 < p < 2, then 


N N 
lim {7 - fr nat} = gn g(n) — f aoa}, (2.4.1) 


=1 
where 


£) = 2 fr f(t) cos(2rat) dt. 


We need the following two lemmas from [48, Lemmas 3.5, 3.4]. 


I iit. 


Lemma 2.4.2. With I, defined by (2.1.7) and b,c > 0, 


Lemma 2.4.1. We have 


1 cos(bx”) I (cx)dx = * sin (5) (2.4.2) 
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2.4.2 Reformulation of Entry 2.1.2 


Theorem 2.4.2. Let F(x) be defined by (2.1.4) and let I(x) be defined by 
(2.1.7). Then, forx>0 and0<6@<1, 


{* (4 Vin(n-+8)e) ii (4r a 


1 = CO [e-e) 
aver, Dd, /m(n+0) i \/m(n+1—6) 

i oe i ae Qn (n+0)ax M  (2n(n+0)x 
oe (>: mra 2m, [5 sin (ete) -f sin (2) dt 


=0 =1 


co M 
1 , . (2n(n+1—0)x 
+a im [ae (A) 


m 
m=1 


-f sin (aoe) at) (2.4.3) 


f(t) = I, (47 \/t(n + 8)x) 


t(n + 0) 


Proof. Let 


in Theorem 2.4.1. First, setting u = 47,/t(n+ 0)x and using Lemma 2.4.1, 
we find that 


lim D L(4ry m(n + 0)z) i L(4ry/t(n +0)2) y 
M-oo | m(n + 80) 0 t(n + 0) 
oe = Ty (4n./m(n + 0)x) 1 oe 
a qa b m(n + 6) 2n(n + 0) fx f I (u)du 
| A h(4rym(n + 4)z) 
> To (2.4.4) 


Second, putting u = 47,/t(n + 0)x and using Lemma 2.4.2, we find that 


g(m)=2 f ® L(4ry/t(n + Oz) 


t(n +0) 


cos(2rmt)dt 


-aah A aar) 
_ 1 a (=e + “= l (2.4.5) 


m 
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M M 
pfam- f'ra} 
(2.4.6) 


We make a digression here to demonstrate conclusively that the limit in 


(2.4.6) actually does exist. Write, for a > 0, 


M M 1 
i 1 dt . (a 
by tat jm fa) af 3 | f sin (2) dt 


-a {log M + y +o(1) — log M} 


1 
= Lı — Lə -f sin (£) dt + ay, 
0 t 


M 
n= ja D (a(i 
1 im > sin m 


M-0o 
M 
Gono 
i t) t 


lim 
Returning to our proof and putting together (2.4.4) and (2.4.6) in (2.4.1), 


L = 
M->0o 


we find that 
SL (40./m(n + x 
2 — i 
1 M i 2r(n + O)a M  (2n(n+)x 
ji PE (m+) -f sin (er) dt 
z m 0 t 
(2.4.7) 


~ m(n+6)/z aren 
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Now in (2.4.7) replace 6 by 1— 6 and add the result to (2.4.7). Sum both sides 
on n, 0 < n < œ. Then multiply the resulting equality by tJ to deduce 
(2.4.3) and thus complete the proof of Theorem 2.4.2. 


If we compare (2.1.6) with (2.4.3), we see that in order to prove Entry 2.1.2, 
but with the order of summation reversed in the double series, we need to prove 
that 


ye F(= ) cos( (27m0) +2 log(2 sin(76)) 
1 
Qn 


5 {Soe a (2882) 


1 


fore) M 
1 , . (2n(n+1—0)x 
EEan Spa sin ( m ) 


[" e (etia) at) l 


2.4.3 The Convergence of (2.4.3) 


Fix x > 0, and set a = 27a. We are interested in the question of convergence 
(pointwise, or uniformly with respect to 0 on compact subintervals of the 
interval (0, 1)) of the series 


Sie 0) 3 -i lim {> is Ca 7 a a (=) a} 
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Thus, 


2 l 7 p (Sere) dt 
2 I. eos On!) orn Sije Te . (2.4.8) 


Fix 6; > 0 and set Mı = [nt+®:], where [x] denotes the greatest integer 
< x. We write 


-Ža (20) [e882 


m=1 
M M 
0 0 
+ tim SO ai (=) -f sim (+) a} | 
M-0o m M. t 
m=Mı+1 1 
Here the last limit exists, and, by (2.4.8), is a real number bounded by 
> +0 +0 1 
a(n +0) | atO 2 1 
m(m — 1) Mı nou 
m=Mı +1 


uniformly with respect to @ in [0, 1]. Therefore the series 


oo M M 

0 
3 E aig an (=) -f A (a=) J 
FeO n+é M— oœ m Mı t 


m=Mı+1 


converges uniformly with respect to 0, and the same holds for the other, similar 
series involving n + 1 — 0. We deduce that the series 


Sohn 2 — [S di (2+2) - a i (a=) at 


1 


Sofie n (=) S" aa (HA) ah 


converges pointwise if and only if the initial sum S(a, 0) converges pointwise, 
and Sı (a, 6,6) converges uniformly with respect to 0 on compact subintervals 
of (0,1) if and only if this holds for S(a, @). 
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68 
Next, we need a bound for 
Mı M.: 
0 i 7 
ye (=) -f sin (+) dt. 
m=1 1y 0 t 


We write this expression in the form 


Su) (eet 
E CEDC) 


m=[vn]+1 
Here the first sum is bounded in absolute value by y/n. The same bound holds 


for the integral, i.e., 


< yn. 


[sn (2249 ane) at 


As for the last sum above, we use (2.4.8) to bound each term in order to 


conclude that 
SC) ie) 
< > ane 2 P et) 


m=([/n]+1 


We thus have shown that 
Mı Mı 
m 0 t 


uniformly with respect to 6 on compact subsets of (0, 1) 
With this bound in hand, we now proceed to remove the dependence on 6 


from the coefficients 1/(n+6) and 1/(n+1—8) in Sı (a, 6,61). More specifically, 


we consider the sum 

Mı M 
1 1 
cop sin (MOO) 
m 0 t 


S2(a,0,51) = Ya X sin 
n=0 2 Um=1 
Mı JES Mı Z 
{ as (ee 2) =i sin oe Ma), 


Ka Vn, 
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Note that the sum 


Sfer (Ee (E fe) 4} 


m=1 


is uniformly and absolutely convergent, since for each n, 


yO see a Cee 


m=1 
o- 3 

(n+ 5)(n+9) 
uniformly in 6. We obtain the same bound for the other sum in (2.4.9) by the 
same argument. It follows that the sum S2(a,6,6,) is convergent for a given 
value of 0 if and only if 5)(a,@,61) is convergent for that value of @. Also, 
So(a, 8,61) is uniformly convergent with respect to 6 on closed subintervals of 
(0,1) if and only if S;(a,6,6,) has this property. Next, using the oscillatory 
behavior of the function y +> sin y, we perform another truncation of the inner 
sum in S$2(a,6,6,), by replacing Mı by a smaller value M2, to be determined 
later. Consider the sum 


S3(a, 0) -5 {> (sin (2+2) + sin (=) 


n=0 m=1 


M (an (2249) | sn (2 ji) " 


In order to relate the convergence of 53(a,@) to that of S2(a, 0,1), we esti- 
mate, for each m € {M2 + 1, M2 + 2, ..., Mı}, the quantity 


n (=) + sin (==) 
— [7 (an (2222) +n (284229) a 


2 


(on (228) -m (8) 


1 1 
n+4 n+0 


1 
Ka Vn Ka 73/2? 
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Here, 
a(n+@)  a(n+0) a(n 1 1 
m+u m(1+u/m) — m2 
a(n+6@)  a(n+ gn 
7 y +00 (= A 
m m 


uniformly in 0. So, 


a a(n + 0) ee a(n+@) a(n+O)u Hog i 
m+u m m? m3 
We will choose Mz much larger than y/n. Then the ratio a(n + 0)u/m? will 
be small, a is fixed, 6 € [0,1], and u € [—4, $]. Then, using the estimate 


sin(a — €) = sina — e cosa + O(e”) 


with a = a(n + 0)/m and e = a(n + 0)u/m?, we see that 


sin (2) = sin — 2) dl cos (=) 


Since 


it follows that 


sn (04D) fF gs (202) 40 (™) +40(3). 


Similarly, 


sa (CAA) [ME a (A) ao (E) 40(5). 


We add up these relations for m = Mə + 1,..., Mı to find that 


>. (sn (an o — (om = -— 2) 
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uniformly for 0 in compact subsets of (0,1). Therefore, if we choose, for in- 
stance, Mz = [n?/3 logn], then the series 


> e a aa) 


Le (on) (EP) a 


is uniformly and absolutely convergent. 
Let us also remark that for t € [M1, Mı + 4], 


ant) —o(=). nates s (22) -o( 2), 
t net t nô 


and also 


MOL TON E 


Hence, the series 


3 1 M+} (sin (er) pe co 


1 
n=0 n+ 27M 


is uniformly and absolutely convergent. Combining all of the above, we deduce 
that the initial series S(a,@) is convergent for a given value of 0 if and only if 
the series S3(a, 0) is convergent for that value of 0. Moreover, S(a, 0) converges 
uniformly on compact subintervals of (0,1) if and only if the same holds for 
S3 (a, 0). 

Let us observe that the contribution of the integrals in (2.4.10) is small, 
while on the other hand, we do not have any cancellation inside the integrals 


fm (ce) an (=) 


Indeed, one can show that the integrand here is almost constant, in fact 
equal to 


an 1 a) ( 1 ) 
2sin | —— } + O | ———.— } =sin +O | ——— }. 
(S) (z F) a n!/3 log? n 


Moreover, one can show that the series 


`Z i ant/3 
Sain ( ) 
n=2 n+ 2 


log? n 
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is not absolutely convergent. This forces us to keep at this stage Mz + $ 
instead of Mə as the upper limit of integration in the definition of S$3(a, 0). 
As aside remark, one can show that the series above, although not absolutely 
convergent, 7s convergent, via proving that the fractional parts 


2 
mlog“ n 
are “very” uniformly distributed in the interval [0,1], where “very” means 
that the discrepancy of the first N terms is < N~° for some absolute constant 
c> 0. 


Next, we choose a new (integral) parameter M3, whose precise value as a 
function of n will be given later, and consider the sum 


S4(a, 0) := 3 a [5 (sin (=) ia (=) 


n=0 m=1 


=f (sn (02D) sin (2242-2) a 


Mz 1 M2+Ł 1 
+2 X sin (=) - 2 | * sin (1) dt 
M 


1 
m=M3+1 [3+3 


Note that the sum $4(a, 0) differs from S3(a, 0) by having 0 replaced by Z in 
the range M3 +1 < m < Mg. In order to relate the convergence of these two 
sums, we write, for m = M3 + 1,..., Mə, 


sin (2+2) Eih (==) asin (A 2) 


= 2Qsin (“ 2) cos (1 N ps o 


NIF Nao” 


Therefore, 


Mo 


2. sin (=) +sin (£ H = 2) 2sin (“ 2) | 


Ma bls M2 
a(O — 5) 1 1 
<4 in? pe z n ee 
eh ye sin? ( — )< D <E 


m=M3+1 m=M3+4+1 
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uniformly with respect to 0. Similarly, 


pe (an c= 2) = (ete #1 e 9) a = »)) P 


I+ 


1 fot 
=4 fy sin (12) sin? (1) dt Z o dt Z oy 
M 1 f 2t Ms+5 t2 Ms 


[3+3 


If we now take M3 = [log? n], the sum 


oo M2 
5 1 i i y sin (04%?) + sin (=) 
n=0 fia 2 m=M3+1 ot um 


nM |p ce 
-sin (2 H z 2) 2sin (= 2) al} 


will be uniformly convergent with respect to 6. Consequently, the sum $3(a, 0) 
will be convergent for a given @ if and only if the sum S4(a, 0) converges for 
the same value of 0, and S3(a, 0) converges uniformly on compact subintervals 
of (0,1) if and only if S4(a, 0) does. 

In what follows, we define 


S5(a, 0) => ps (sin (ime) | sn (M0410) 


n=0 m=1 


- S (an (LEH) an (HH) a 


oe) M2 dln alt 
S6(a) == DD sin ( nya) 


m=M3+1 


so that 

S4(a, 0) = S5 (a, 0) + 256 (a). 
Here the inner sum in $5 (a, 0) has a very short range, of the size of log? n, while 
the inner sum in 5¢(a) has a larger range, but is independent of 0. We now turn 
our attention to S5(a,@) and see whether this sum is pointwise convergent, 
respectively uniformly convergent on compact subintervals of (0,1). Set 
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Aa =r LS (sm (° n+) sin (2+1) 


tira 


and 


B(a,6, N) := 2 — 1 i (sin (+2) +sin (=) dt. 


Then S5(a, 0) converges (respectively converges uniformly on compact subin- 
tervals of (0,1)), provided that for every € > 0, there exists an N (e) such that 
for every Ni, Na > N(e), 


|A(a, 6, Ni) + B(a,0, N1) — A(a, 6, N2) — B(a, 0, No)| < € 


(respectively uniformly for all 0 in a given compact subinterval of (0, 1)). 
Fix e > 0. For every positive integer N, we put A(a, 0, N) in the form 


A(a, 6, N) -5 a 5 sin (SREB) eos (22-2), 


+3 1<m<log? n 


Here the condition m < log? n is equivalent to ev” < n. Thus, interchanging 
the order of summation above, we find that 


Aab E (D) yy an (SE HEN) 


1<m<log? N eV™<n<N 2 


st D cos (22-2) 2 sin (SEY). 


1<m<log? N ev™<n<N 


For two large positive integers Ny < No, we put A(a, 0, N2) — A(a,0,N1) in 
the form 


A(a, 0, Nə) = A(a, 0, Nı) 


=4 > cos (22-9) 2, ynie) 


1<m<log? Nı Nı+1<n<N2 


y 3 Di on 2) 3 = ha (“a 2) l 


log? Ni<m<log? N2 eV™<n<No 


For every positive real numbers U < V, consider the function 


i 3 sin{(2n + Ly} 


U<n<V 2n+1 
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With this notation, we may write 


26-1 
A(a, 6, N2) — A(a,6,Ni) =4 cos (S) hN, +1,N2 (=) 


2m 
1<m<log? Nı 
a(20 — 1) a 
+4 5 cos ( = ) hevm N, (>) . (2.4.11) 


log? Nı<m<log? N2 


We are interested in the behavior of the function hy,v (y). This function is odd 
and periodic modulo 27, and so it is sufficient to study the function on the 
interval [0,7]. Also, we note that hu,v(y) = hu,v(a — y), and so furthermore, 
it is sufficient to consider this function on the interval [0, $7]. Observe that 
hu,v(0) = 0. Next, since the series is alternating with decreasing terms, 


= (=) 1 
lhu,v ($7)| = < Š 
2 pom 2n+1 2U +1 


For 0< y< ir, we write hy,v (y) in the form 


NI= 
3 


hu,v (y) = hu,v (3T) + hu,v (y) — hu,v (3T) = hu,v (37) -f hy y (t)dt. 
y 
Here we write [126, p. 36, formula 1.342, no. 4] 


1 
hy v(t) = 5 cos{(2n + 1)t} = TR (sin{2(|V] + 1)t} — sin(2[U ]t)), 
U<n<V 
(2.4.13) 
where |V] is the floor of V, that is, the largest integer < V, and [U] is the 
ceiling of U, that is, the smallest integer > U. From (2.4.12) and (2.4.13) and 
an integration by parts, 


huv(y) = huv (47) I a = ; (sin{2(|V| + 1)t} — sin(2[U]t)) dt 
tggl cos{2((V]| +1)t} cos(2[U]t) z7 
=r ON E ( XV] +1) 2[U] ) s 


A 27 cost /cos{2(|V]|+1)t} cos(2[U]t) 
rf sant ( aLV] +1) 2107 Ja 


ao aeo +0 (a) 
( 
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uniformly for 0 < y < ir. If we need a bound that holds for all y > 0, we 


may write 


Insvl=0(F ge) 


where ||y/r|| denotes the distance from y/m to the nearest integer, which 
is proportional (via a factor of 7) to the distance from y to the set tZ = 
{...,-7,0,7,27,...}. Recall that at these points 7Z, the function hy,v (y) 
vanishes. 

We are now ready to apply these considerations to our expression for 
A(a,0, N2) — A(a,0, N1) from (2.4.11). For log? Ny < m < log? No and a 
fixed, a/(2m) is a small positive number, which belongs to (0, $7). Hence, 


non ()|=0 (ce (t+) -0( 28) 


It follows that 


O D (Bran) 


log? Ni<m<log? Nə 
a 
hev™, Na Ge | 


<4 


log? Ni <m<log? No 


=O 5 aii 


evm 
log? Ni<m<log? No 
i . oP log? N 
-o(f Zz) =0(/ Ta) -0 (= E). 
log? Ny eve log N, © Ni 


Next, we similarly examine the sum 


ET OM 


1<m<log? Nı 


at least as far as the terms with large m, so that a/(2m) € (0, 47], are 
concerned. These are terms for which m > a/r. To that end, 


A) D (S meen (a) 


a/n<m<log? Ni 


a 
sa D [amann (a) 


a/n<m<log? Ni 


1 4m? 


a/m<m<log? Ni 
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_ 1 2) _ log® Ny 


l a/n<m<log? Ni 


Lastly, the sum 


4 5 cos (>) AN, +1,N2 (=) (2.4.14) 


1<m<a/r 


has a bounded number of terms. For each m, with 1 < m < a/r, we distinguish 
two cases. Either a/ (2m) is an integral multiple of 7, or it is not. In the former 
case, we know that 


a 


and hence these terms do not have any contribution to the sum (2.4.14). For 

all the other values of m, with 1 < m < a/r, we examine the distances 

between the numbers a/(2m) and the set Z. These distances, no matter how 

small, are some fixed strictly positive numbers, which are independent of Ny; 

and No. If we let ô > 0 denote the smallest such distance, in other words, 

6=min {||| :l<m< = me gZ}, 
arm T 2m 


then 


| D (D) iman (a) D pn G) 


1<m<a/r 1<m<a/r 


1 
=O > mr 


1<m<a/r 
a/(2m)¢Z 


1 
-0(x): 


Thus this sum too tends to 0 as Nı < Ng tend to infinity, since 6 > 0 is fixed. 
In conclusion, for every €e > 0, there exists N(e) such that for all 
Ni, No > N(e), 
|A(a, 0, N1) — A(a, 0, N2)| < €, 


uniformly for all 6 in any given compact subinterval of (0,1), as desired. 
Similarly, working with integrals instead of sums, we find that 


|B(a,@, N1) — B(a, 0, N2)| <É; 


for Nı, Na sufficiently large. This implies that Ss (a, 0) is uniformly convergent 
on compact subsets of (0,1). The conclusion is that the initial sum S(a, 0) is 
uniformly convergent on compact subintervals of (0,1) if and only if S¢(a) is. 
But S6(a) does not depend on 0. So the convergence at one single value of 0 
implies uniform convergence in compact subintervals of (0,1). 
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2.4.4 Reformulation and Proof of Entry 2.1.2 


In view of Entry 2.1.2, Theorem 2.4.2, and the proof of convergence in 
Sect. 2.4.3, we now reformulate and prove the following theorem. 


Theorem 2.4.3. Fiz x > 0 and set 0 = u + Z, where -4 <u< ż. Recall 
that F(x) is defined in (2.1.4). If the identity below is valid for at least one 


value of 0, then it is valid for all values of 0, and 


5 (-1)"F (=) cos(27nu) — ; + z log(2 cos(mu)) 


l<n<a 
i 1 oS 2r(n + +u) 
= li : 2 

DETR m 

M 1 
2r(n +5 +u)r 
-f sin ( ( . =) a} 

0 


Co 


1 1 ; _ (2n(n+3- u)r 
o =m, (3 8 m 


n=0 2 


Moreover, the series on the right-hand side of (2.4.15) converges uniformly 
on compact subintervals of (—4, 4). 
Proof. For each nonnegative integer n, set 


M 


1 f _ [2r(n+4+u)z 
fle) = a in, | D sa (2i 


=1 


M 2 i 
-| vn (Zeta) | 
0 


M 1 
1 2r(n+5— u)r 
tin [om (BE) 
n+ x — U M> m 


m=1 


-f sin (=e) a}. (2.4.16) 


From our work in Sect. 2.4.3, we know that the series }7°° 4 fn(u) either di- 
verges for each value of u or converges for each value of u with the convergence 
being uniform in every compact subinterval of (—$, Z). Assuming that the lat- 
ter holds, we define 


Fu) := $ fn(u), 
n=0 
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and we endeavor to prove that the two sides of (2.4.15) have the same Fourier 
coefficients. If f(u) denotes the left-hand side of (2.4.15), then we want to 
show that 


1 1 
1 foe) 5 ; 5 7 
os J , fa(u)e?™™" du = / , fuer du, (2.4.17) 


for each integer k. Since f(u) as well as each of the functions fn(u), n > 0, is 
an even function of u, it is sufficient to show that for every integer k > 0, 


œ „t 1 
5, fn(u) cos(2rku)du = anf f(u) cos(2rku)du. (2.4.18) 
n=0" 2 ~2 


In what follows, k is fixed, and we proceed under the aforementioned assump- 
tion of uniform convergence of the series } po fn(u), so that the convergence 
at the left side of (2.4.18) is assured. Let us denote, for each positive integer N, 


N-1 až 
In := 5 I i fn(u) cos(2rku)du, 
n=0 "7? 


so that (2.4.18) is equivalent to 
1 
Dos, 
lim Iy = 2r | f(u) cos(27rku)du. (2.4.19) 
N-0co -5 


Next, for N large, write Iy in the form 


M 1 
2 cos( an) . _ (2n(n+3+u)r 
In = > i ome (sp, | So sin (Od ee 


n=0 m=1 


f" n = ta tus) a} 


M i 
cos(2rku) ,, `. (2n(n+5-— u)r 
+ ~a E a lim i 2 sin — 


n+zīz5u M-0o 


-f sit o = a} ) din: (2.4.20) 


From Sect. 2.4.3, we know that for each fixed n, we have uniform convergence 
with respect to u on compact subintervals of = $, 5) as M — oo. Thus, in 
(2.4.20), we may interchange the order of summation, integration, and taking 


the limit as M — oo to deduce that 
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M N-1 1 
3 3 2 cos ella _ (2n(n+5+u)z 
a Ga me pce he n+5+u er m = 


N| = 


M [2 cos(2rk 2r(n +4 —u)zx 
-f f cos( z u) sin ( mnt 5 2E) duat 
0 -$ n+5—u t 


(2.4.21) 


For each n, 0 < n < N — 1, we rewrite the integrals with respect to u on the 
right side of (2.4.21) in the forms 


Jaa 


eu NI= 


n+4+u m 


os(2rku) i (= +4+ “*) ahs 


n+l cos(2rk(w — n -— 4 


2 
= 2)) sin ( =“) dw 
a w m 


n+1 
p (2r k 2 
_ o f cos(2rkw) sin ( =) Ae 
e w m 


and 


1 
ie cos(2rku) . (= +4- “*) 
i i sin du 
-5 n+z—U 
n+1 


_ cos(2rk(n + $ — w)) a, (==) a 
m 


n w 


S 3(27k 2 
= o f em) sin ( zery dw. 
—n—1 W m 


Similar calculations hold for the remaining two integrals in (2.4.21) with m 
replaced by t. Hence, (2.4.21) can be rewritten in the form 


_ $ cos(2rkw) . /2rwx 
oT) md fo sin ( m me 


M w 
2 
f ie cos(2rkw) sin ( 7 z) dw a} . (2.4.22) 
a JN w t 
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The first integral on the right side of (2.4.22) can be rewritten as 


N 
2 ¢ 

/ cos(2rkw) sin ( =) dw 
-N w m 


_1 A sin ((2rk + 2rx/m)w) dw 1 a sin ((2rk — 2rx/m)w) P 
2 -N w 2 -N w 
i Co sin y 1 pe gin y 

=- dy — = dy. 
2 —(Qrk+2na/m)N Y 2 —(2rk—2rz/m)N Y 


A similar representation holds for the last integral on the right-hand side of 
(2.4.22) with m replaced by t. Therefore, (2.4.22) can be recast in the form 


j k M (Q7k+2ra/m)N z (2rk—2rr/m)N |: 
i= (—1) lim J sin y T f siny d 
2  M-co —(2rk+2rz/m)N Y —(2rk-2na/m)N Y 


M ritare N ; M p(2rk—2re/t)N z 
= f Tayat | f SNY dy dts. 
(Qrk+2ra/t)N Y (2rk—2rx/t)N Y 


(2.4.23) 


In the following we now need to assume that k > 0. For large m, 


(Qrk+2nrx/m)N |; (2rk+2rz/t)N |; 
PETE -J siny y f L maU yat 
—(2rk+2rx/m)N Y m—1 (Qrk+2rx/t)N Y 


m (Qr7k+2ra/m)N |; (2rk+2rx/t)N |. 
=f L Satay f Biy ay d 
(2rk+2rx/m)N Y —(2rk+27rs/t)N Y 


-- f" | (2rk+2rx/t)N siny ay Po m [ (2rk+2rz/m)N siny ay a 
m—1 J (2rk+2rz/m)N Y m—1 (2rk+2rx/t)N yY 


(2.4.24) 


Note that 
(2rk +2rr/t)N > (2rk + 2rz/m)N > 2wkN, 


and so the integrand in each of the double integrals on the far right side of 
(2.4.24) is O(1/N). Also, the two double integrals are over domains of area 


bounded by 
QraN amt -0 (=) =0(3). 
t m mt m? 


Hence, we see that the first double integral on the extreme right side of 


(2.4.24) is 
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We now consider the second double integral on the far right side of (2.4.24). 
Note that 
(27k — 2na/m)N > (2rk — 2ra/t)N > N. 


Thus, it is easy to see that we will obtain the same estimates for the second 
double integral on the right-hand side of (2.4.24). We now sum both sides of 
(2.4.24), [log N] +1 < m < M, to find that 


M 


2, dul) =O (x) 


m=[log N]+1 


We now use the bound above in (2.4.23), so that (2.4.23) now reduces to 


7 (—1)* [log N] (ee a fo Sua) 


2 m=i —(Qrk+2nra/m)N Y —(2rk—2rs/m)N Y 
—1)k {log N] (Q7k+2na/t)N |: (2rk—2rrz/t)N |: 
(—1) i f Sway- f A dt 
2 0 —(2rk+2ra/t)N Y —(Qrk-2ra/t)N Y 
1 
O (x) (2.4.25) 


Next, we divide the sum on m into two parts, m < [2x] and [2%] < m < 
[log N], and we similarly divide the interval of integration with respect to t. 
Note that for each m > [2x] + 1 and every t € |m — 1, m], 


ark- Z > ok — E > ork- AEE > onk — n> my 
m 


[22] 


for all k > 1. Therefore, for such m, all the integrals in (2.4.25) are of the 


type, for B > aN, 
L sin y 1 
—dy =17+0O (=) : 
=B yY N 


This estimate is uniform in m, for m > [2a] +1, and uniform in t, for t € 
[m — 1, m]. It follows that 


(2rk+2rx/m)N (2rk+2rz/t)N 
/ siny y v- f L mn, di 
—(2rk+2rx/m)N y m—1 (2rk+2rx/t)N yY 
1 1 
Sea) aah 


uniformly for m > [27] +1, where the + signs above are the same in all 
four places, i.e., either all of the signs are plus, or all of the signs are minus. 
It follows that the ranges of summation and integration in (2.4.25) can be 
further reduced to a bounded range. Thus, 
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, [2z] (2rk+2rr/m)N a (2rk—2rxr/m)N .: 
(—1)* sin y Sın y 
ey SY dy W ay 


mi —(2rk+2rs/m)N Y —(2rk—2rs/m)N Y 
7 (—1)* o | el siny yy 7 peo siny yy m 
2 0 —(27k+2ra/t)N Y —(2rk—2rx/t)N Y 
1 
O (x) : (2.4.26) 
Inside the sum on m, each integral has a limit as N — oo, and these limits are 
(2rk+2rr/m)N |: 
lim IY dy =T, 1<m< f2], 
N-r00 —(Qrk+2na/m)N Y 
Ce ae T, if 2rk > 2rz/m, 
Jim ee diy = 4 0, if 2rk = 2na/m, 
—00 
=Car ten N 2 —T, if 2k < 2ra/m. 


In summary, 


_4)k [22] (Qr9k+2ra/m)N z (2rk—2rxr/m)N 
lim (—1) D (/ Day- | iwa) 


R 2 m=1 (2rk+2rz/m)N Y —(Qrk-2na/m)N Y 
(=) 
5 ([2r]r — #{1 < m < [2x] :m > x/k}r 
+#{1 < m < [2x] : m < x/k} r) 


(<1) 
=a ([2a] — [2a] — #{1 < m < [2r] : m = x/k} 


+2# {1 < m < [2x] :m < xz/k}) 


= (-1)*x [=| o'ra (2.4.27) 


5- 1, if x/k is an integer, 
~ 10, otherwise. 
Hence, by (2.4.26) and (2.4.27), 


k 
i ae F T 
—1)¥ [2z] (2rk+2rx/t)N z (2rk—2rz/t)N z 
sie 5 l f AT f BY ay | a, 
N-00 2 0 —(Qrk+2ra/t)N Y —(Qrk-2nax/t)N Y 


(2.4.28) 


provided that the limit on the right-hand side of (2.4.28) indeed does exist. 
As we have seen above, the first integral on the right-hand side of (2.4.28) 
equals m + O(1/N), uniformly in t, t € (0, [2a]). Therefore, 
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[2a] (2rk+2rx/t)N |: —1)* 1 
li a eee E a (reix +0 (5) 
N—-r00 —(Qrk+2na/t)N Y N>% 2 N 
—1)k 
— ( [2a |r. (2.4.29) 


For the remaining double integral in (2.4.28), we subdivide the outer range 
of integration [0, [22]] into the three ranges 


x il 
i < 
& rk 


Using the fact that 


x 1 Be 1 Ti 1 [2s] 
k logN’k logN}’ k log N’ “a 


B > 
S 

F Staj <0 
-B Y 


sup 
BER 
we find that 
zp l 
kT oaN (2rk—2rx/t)N |: 1 
p g / oY dydt =O (x) . (2.4.30) 
E-Ten I~ (2rk-20a/t)N Y log N 


Next, uniformly for t € E + nen [221] , we see that 


—1 


(2rk—2rx/t)N z 2 
l ENY dy =7+0O anak — TS N 
—(Qrk-2na/t)N Y v 
k log N 
log N 
=o!) 


and hence 
[22] (2rk—2rz/t)N z 
a I sin AN i 
+ be W (Qrk—27a/t)N Y 
x 1 log N 
=> 2 — — — 
(ra A) 


= [2x]r = +0 (x) ; (2.4.31) 


Lastly, uniformly for t € (0, = wir): 


= 


(2rk—2rxz/t)N z 2 
l TY dy =-r +0 | | lank - — IN 


log N 
ia] 


—(2rk—2rz/t)N Y 
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and hence 
z 1 
(eas id siny add = (: 1 ) ( nii (35) 
0 —(2rk—2rx/t)N Y k log N a 
TE 1 
= 2.4. 
Lofy) eam 


Combining (2.4.29)—(2.4.32), we conclude that 
—1)k [2z] (2rk+2rz/t)N z (2rk—2re/t)N z 
T J J SY dy -J ETY dy | dt 
N-00 2 0 —(2rk+2ra/t)N Y —(2rk—2rz/t)N Y 


= = (eae [2a] + Tag z5) 


2 k k 
(—1)* ra 
=a 2.4. 
: (2.4.33) 
Combining (2.4.33) and (2.4.28), we finally deduce that 
f _ paft (—1)*x (—1)*xx 
dim In = (-1)'x [F] 55+ (2.4.34) 


So, assuming that the right-hand side of (2.4.15) converges for at least 
one value of 0, we see that either (2.4.15) or (2.4.19) is equivalent to the 
proposition that 


(—1)* BA (-1)* =i _ aie F(u) cos(2rku)du, (2.4.35) 


for each k > 1, where 


5- 1, if x/k is an integer, 
7 0, otherwise. 


There remains the calculation of the integral on the right-hand side of 
(2.4.35). First, for each k > 1, 


al, D (-1)"F a cos(2mnu) cos(2rku)du = (—1)*F (;) 


~2 1l<n<a 
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Trivially, for each k > 1, 
1 
2 1 
2 | ar cos(27ku)du = 0. (2.4.37) 
~2 


Next, recall the Fourier series [126, p. 46, formula 1.441, no. 2] 


= n—1 cos(27nu) 1 1 


log(2 cos(ru)) = X- (—1) 3 sue SG: 


n=1 


Because the series on the right-hand side above is boundedly convergent on 
[—4, 5], we may invert the order of summation and integration to deduce that 


| 


2 
22 f _ log(2 cos(mu)) cos(2rku)du 
~2 


(yt f2 
=a - J,a cos(2rku)du 
(ye 
SP aa 2.4. 
k (2.4.38) 
Bringing together (2.4.36)-(2.4.38), we find that 
1 
j - (pt (TE) - 13) + C2 
2 f, FO osama = 1) (GI 55) sas e. (2.4.39) 


Comparing (2.4.39) with (2.4.35), we see that indeed (2.4.35) has been proven 
for k > 1. 
Let us summarize what we have accomplished. We have assumed that 
(2.4.15) holds for one particular value of 0. We have shown that the right 
11 


side of (2.4.15) converges uniformly on compact subsets of (—5, 5). Thus, the 


right side is a well-defined, continuous function of 0 on (-3, 5), and we need 
to check that it is equal to the function on the left side of (2.4.15). Consider 
the difference of these two functions, which is a continuous function of 0 on 
(—4, 2). We have proved that all its Fourier coefficients for k # 0 vanish. 
Then, as a function of 0, this function will be constant. Moreover, since the 
two sides of (2.4.15) are equal for one particular value of 0, the aforementioned 
constant must be zero. And so (2.4.15) holds for all 6. This then completes 


the proof of Theorem 2.4.3. 


2.5 Proof of Ramanujan’s Second Bessel Function 
Identity (Symmetric Form) 


In this section, we prove Ramanujan’s second assertion on page 335 of [269], 
i.e., Entry 2.1.2, under the assumption that the product of the indices of the 
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double series tends to infinity. As in our proof of the first identity in symmetric 
form, it will be sufficient to prove Entry 2.1.2 for rational 6 = a/q, where q is 
prime and0<a<q. 


We define 
G(a,q, £) 
= Va > = I, (4ry m(n + a/q)z) I, (4ry/m(n + 1 — a/q)z) 
a mn+a/q) ———/m(n +1 —a/4) 


ee. = (2.5.1) 


Thus, Entry 2.1.2 is equivalent to the following theorem. 


Theorem 2.5.1. If q is prime and0 <a < q, then 


(a,q, £ )= oF F(= ) co (29) ! + x log(2 sin (ra/q)) =: K(a,q, 2). 
= (2.5.2) 


Our first task in reaching our goal of proving Entry 2.1.2 or Theorem 2.5.1 
is to establish the following theorem. 


Theorem 2.5.2. If x is a nonprincipal even primitive character modulo q, 
then 


Taea DCO 2n RET, 


nír ~ 7%) n=1 


= 7 Yra) log (2sin(zh/q)). (2.5.3) 


Proof. Recall the functional equation of ¢(2s) [101, p. 59], 
1 
a~*'(s)¢(2s) =a ‘2-9 (2 — s)¢(1 — 2s). 
Recall also that if y is an even nonprincipal primitive character of modulus 


q, then the Dirichlet Z-function L(x, x) satisfies the functional equation [101, 
p. 69] 
(n/q)~*I'(s)L(2s, x) = “X (x/q) ain — s)L(1 — 2s, X). 


Then, if 
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and 
Els, x) = (1/0) 7” T? (s)F(s, x); 


the functional equations of ¢(s) and L(s, x) yield the functional equation 


We next state a special case of [26, p. 351, Theorem 2; p. 356, Theorem 
4]. In the notation of those theorems from [26], q = 0, r 5, m = 2, An 


Un = 1?n?/q, a(n) = dy(n), and b(n) = r(x)dx(n)/\/q. Also, as above, J (x) 
denotes the ordinary Bessel function of order v. Let x > 0. Then 


co 1/4 

S~ a(n) = St S dy(n) (2 ) K12(4V/im®; —};2) + Qo(a), (2.5.4) 
n=l the 

where [26, p. 348, Definition 4] 


K, (a; p32) = [ u’ #17 (u) J (x/u)du 


and 
apet [| Cha Roe, 


where C is a positively oriented closed curve encircling the poles of the in- 
tegrand. Moreover, the series on the right-hand side of (2.5.4) is uniformly 
convergent on compact intervals not containing values of An. 

We calculate Qo(«). Since L(s, x) is an entire function, and since L(0, x) = 
0, when the character y is even, the only pole of the integrand is at s = 4 


39) 
arising from the simple pole of ¢(2s). Thus, 


Qoto) = Fx =- E Exi n)logl— Gl, (2.5.5) 


where ¢, = e?7*/7, and where we have used an evaluation for L(1,x) found 
n [104]. 
Next, recall that [314, p. 54] 


2 2 
J_ip2(z)= 1 77 COs? and Jy j2(z) = i sin z. 


Thus, anticipating a later change of variable and using a result that can readily 
be derived from [314, p. 184, formula (3)], we find that 
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1 jg f* An? na 
2 dg — i 
Kıja(4r ne/q; —3;2) = = + | cos u sin ( = ) au 
1 a — 
= Tor 22 (ZY nyna) + Kı(4r næ/q)) 
T? \ nx q \2 


= h (4ryne/q). (2.5.6) 


We now replace x by 7?x?/q and substitute the values Àn = Un = 7?n?/q 
in (2.5.4). Using (2.5.5) and (2.5.6) in (2.5.4), we conclude that 


q-1 


So a(n) = i S any En lavaro - 22 E xeos- c. 


q 


n<ux n=1 


(2.5.7) 
Using the fact that 7(x)7(X) = q and the simple identity 
log |1 — GP | = log |g"? — ¢2/?| = log(2 sin(n/q)), 


we obtain 


X dela) = v4 Yet) En (40 /nz/q) 


= 06 ot 
z a X(n) log (2 sin(rn/q)), 


which completes the proof. 


We need one further result before commencing our proof of Theorem 2.5.1. 


Lemma 2.5.1. If 0<a<q and (a,q) = 1, then 


(2) (2) 


The proof of Lemma 2.5.1 is very similar to that of Lemma 2.3.1, and so 
we omit the proof. 


Proof of Theorem 2.5.1. First, using (2.3.10) and the fact that x is even, we 
see that 


G(a,q,2) = : > 5 7 I, (4ry/ mrz/q) 
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2 TO 5 5 7 qr, (4 \/mrx/q) 5 X(r)(x(a) + x(-a)) 


q) fm V amr x mod q 
= nO = sant (4ry/mrz/q) Ds xan) 
Sven 
- a Eo - = le) Sn (an vra) 
raven 
= aa) L l x(a) 3 dEn (40 /nz/q) 
ated 


* gq D xe pe ny nlver) 
= a (2/4) - aa” 
+ gg Dx) OX at) my Fa (inne 
— “ay š aX, da) — 5+ ga 
+ TT DES 0) dln Zn (4ry/nz/q). (2.5.8) 


On the other hand, by Lemma 2.5.1 with q prime, 


a 1 1 
K a) SS hay d(n d(n A 
wea) =~ FH = Ha) 2 E ao i 
+ A Ss” x ys d,(n)+alog(2sinzta/q). (2.5.9) 
pla) x#XO l<n<a 


x even 
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Thus, in view of (2.5.8), (2.5.9), and (2.5.2), it suffices to show that 


t 


X xar) JD dln) + (4 -— 1)zlog(2sin ra/q) 


XÆÉXo l<n<a 
x even 
=q 5 x(a) 5 den) Zh (4ry/nz/q) + xlogq. 
xt, m : 


By Theorem 2.5.2, we now only have to show that 


de x 0 Sox h) log (2 sin(wh/q)) = (q—1) log(2 sin ra/q)—log gq. (2.5.10) 
w 
3 x(a) Sro log (2 sin(rh/q)) = Sios (2sin(wh/q)) > xla)X(h) 
= Sen (2sin(wh/q)) De OKH = Sios (2sin(rh/q)) 
= (q — 1) log(2 sin ra/q) — log G sneno) 


= (q — 1) log(2 sin ma/q) — log q, 


where we have used the familiar formula [126, p. 41, formula 1.392, no. 1] 


ie th/q) = 


h=1 


Thus, (2.5.10) has been established, and we have completed the proof. 


3 


Koshliakov’s Formula and Guinand’s Formula 


3.1 Introduction 


In his lecture at a conference to commemorate the centenary of Ramanujan’s 
birth, held on June 1-5, 1987, at the University of Illinois at Urbana- 
Champaign, R. William Gosper remarked, “How can we pretend to love this 
man when he is forever reaching out from the grave to snatch away our neat- 
est results?” In less colorful language, Gosper was asserting that it frequently 
happens that one proves an important theorem, only to discover later that it 
is ensconced somewhere in Ramanujan’s writings. In other instances, we have 
learned that Ramanujan anticipated important later developments in his own 
inimitable way. 

In this chapter, we examine two pages in Ramanujan’s lost notebook 
[269, pp. 253-254], on one of which Gosper’s observation is demonstrated 
once again. On page 253, Ramanujan states a version of a famous formula 
of A.P. Guinand, from which N.S. Koshliakov’s equally famous formula fol- 
lows as a corollary. On page 254, Ramanujan gives applications of Guinand’s 
formula; these results are mostly new. 

First, we discuss Koshliakov’s formula. Koshliakov is chiefly remembered 
for one theorem, namely, Koshliakov’s formula [188], which we now see was 
proved by Ramanujan about 10 years earlier. To state his formula, let K,(z) 
denote the modified Bessel function of order v, defined in (2.1.3), and let d(n) 
denote the number of positive divisors of the positive integer n. Then, if y 
denotes Euler’s constant and a > 0, 


a 


7 — log (=) +4 2 d(n)Ko(2ran) 


1 = 2 
= ( —log(4ma) + 4 X` d(n)Ko (=) « (als) 
i n=1 a 
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Koshliakov’s proof, as well as most subsequent proofs, depends upon Voronoi’s 
summation formula [310] 

f b 

S AS) = f loge +27) F(@)de 


a<n<b 


oo b 
+ 5 d(n) f f(a) (4Ko(4ryng) — 2rYo(4ryng)) dx, (3.1.2) 


n=1 


where Y,(z) denotes the Weber—Bessel function of order v, defined in (2.1.2). 
The prime / on the summation sign on the left-hand side indicates that if a 
or b is an integer, then only $f (a) or 3 f(b), respectively, is counted. For con- 
ditions on f(a) that ensure the validity of (3.1.2), see, for example, Berndt’s 
paper [28]. 

A.L. Dixon and W.L. Ferrar [112] also proved (3.1.1) using the Voronoi 
summation formula. F. Oberhettinger and K.L. Soni [235] established a gen- 
eralization of (3.1.1) using Voronoi’s formula (3.1.2), and she derived further 
identities from Koshliakov’s formula [295]. In contrast to the work of these 
authors, Ramanujan evidently did not appeal to Voronoi’s formula. 

Koshliakov’s formula can be considered an analogue of the transformation 
formula for the classical theta function, namely, 


5 et lt =T 3 eT, Rer > 0, (3.1.3) 


n=—co n=— oo 


which, as is well known, is equivalent to the functional equation of the 
Riemann zeta function ¢(s) given by [306, p. 22] 

nPI (15) ¢(s) =a 9-9/7 (401 — s)) C(1 — 8). (3.1.4) 
Ferrar [118] was evidently the first mathematician to prove indeed that (3.1.1) 
can be derived from the functional equation of ¢?(s). Oberhettinger and 
Soni [235] showed that this functional equation and Koshliakov’s formula are 
equivalent. 

On page 253 in his lost notebook [269], Ramanujan states (3.1.1) as a 
corollary of a more general and especially beautiful formula at the top of the 
same page. This more general formula is stated in an equivalent formulation 
in Entry 3.1.1 below. 


Entry 3.1.1 (p. 253). Let or(n) = oan d*, and let ¢(s) denote the Riemann 


zeta function. If a and B are positive numbers such that aß = 1, and if s is 
any complex number, then 
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va o- jn? K s/2(2na) ~ VBS o- njn? K j9(2nB) 


= 17 (8). ) C(s H84- s) Ja o=} oP (-3) C(—s){ BO+8)/2_q(t+s)/24, 


4 
(3.1.5) 


The identity (3.1.5) is equivalent to a formula established by Guinand [136] 
in 1955. The series in Entry 3.1.1 are reminiscent of the Fourier expansion of 
nonanalytic Eisenstein series on SL(2,Z), or Maass wave forms [219], [226, 
pp. 230-232], (204, pp. 15-16], [304, pp. 208-209]. This Fourier series was 
published by H. Maass [219] in the language of Eisenstein series in the same 
year, 1949, that A. Selberg and S. Chowla [283], [282, pp. 367-378] published 
it in the similar vein of the Epstein zeta function, but with their proof not 
published until several years later [284], [282, pp. 521-545]. In the meanwhile, 
P.T. Bateman and E. Grosswald [24] published a proof. These Eisenstein se- 
ries were shown by Maass [219] to satisfy a functional equation for automor- 
phic forms. C.J. Moreno kindly informed the authors that he was easily able 
to derive Entry 3.1.1 from the aforementioned Fourier series expansion and 
functional equation. One may then regard (3.1.5) as an equivalent formulation 
of the functional equation for these nonholomorphic Eisenstein series or these 
particular Maass wave forms. The proof of Entry 3.1.1 that we give below is 
essentially the same as that of Guinand [136] and is completely independent of 
any considerations of nonanalytic Eisenstein series or their closely associated 
Epstein zeta functions. As is well known, Ramanujan made a large number of 
original contributions to Eisenstein series, many of which can be found in his 
lost notebook [13, Chaps. 11-16], [70]. 

On page 254, Ramanujan recorded formulas similar to Koshliakov’s for- 
mula (3.1.1) or to Guinand’s formula (3.1.5). We show that each of the three 
main results on this page can be deduced from Ramanujan’s (and Guinand’s) 
beautiful generalization (3.1.5) of Koshliakov’s formula. 

We close this introduction by mentioning two recent papers by S. Kane- 
mitsu, Y. Tanigawa, H. Tsukada, and M. Yoshimoto [168] and S. Kanemitsu, 
Y. Tanigawa, and M. Yoshimoto [171], in which the formulas of Koshliakov 
and Guinand are used or generalized. 

The content of this chapter is taken from the second author’s paper with 
Y. Lee and J. Sohn [62]. 


3.2 Preliminary Results 


Throughout pages 253 and 254 of [269], Ramanujan expresses his theorems in 
terms of variants of the integral [126, p. 384, formula 3.471, no. 9] 


oo v/2 
| a’—teB/t—V28dy = 2 (£) K, (24/67), (3:2:1) 
0 
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where v is any complex number and Re > 0, Rey > 0. Since the modified 
Bessel function K,(z) is such a well-known function and its notation is stan- 
dard, it seems advisable to avoid Ramanujan’s notation for variants of (3.2.1), 
which he calls ¢, Yy, and x. In summary, we have converted all of Ramanujan’s 
theorems to identities involving the modified Bessel function K». 

We use the well-known fact [126, p. 978, formula 8.469, no. 3] 


m 
Kıj2(2) = 57° (3.2.2) 


Necessary for us is the asymptotic behavior [314, p. 202] 
T 


Ki(z) ~ zE > z= o, 


which we invoke to ensure the convergence of series and integrals and also 
to justify the interchange of integration and summation several times in the 
sequel. We need several integrals of Bessel functions beginning with [126, 
p. 705, formula 6.544, no. 8] 


°° d 
1 K, (2) K,(b2) = =Z Ky,(2Vab), Rea>0,Reb>0. (3.2.3) 
0 x x a 


We need the related pair [295, p. 544, Eq. (8)] 


_ log(a/b) 


f xzKo(az)Ko(bx)dx = B p a,b > 0, (3.2.4) 


and [126, p. 697, formula 6.521, no. 3] 


n(ab)™” (a?” _ b”) 
R 1, Re(a+b) > 0. 
2sin(rv) (a? — b?) ’ |Rev| <1, Re(a+b) > 
(3.2.5) 
Lastly, we need the evaluation [126, p. 708, formula 6.561, no. 16], for Rea > 0 


and Re(u +1 v) >00, 


æ% 1 ipu- 
f x” Ky (ax)de = 247 latt (==) T (==) . (3.2.6) 
0 


L vK,(ax)K,(bx)dx = 


3.3 Guinand’s Formula 


We begin by restating Entry 3.1.1. 


Entry 3.3.1 (p. 253). As usual, let o,(n) = ee d®, and let ¢(s) denote the 


Riemann zeta function. If a and B are positive numbers such that aß = T°, 


and if s is any complex number, then 
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va o.n) \ns/2K s/2(2na) -VEX oe \ns/2K s/2(2nB) 


n=1 


= ir (5) ols) {80-92-0934 Or (3) ¢( 8) {8049/2 a 49)/29, 
(3.3.1) 


To prove Entry 3.3.1, we need the following lemma. 


Lemma 3.3.1. Let K,(z) denote the modified Bessel function of order v. 
If x >0 and Rev > 0, then 


= ane 7, + 3 P (=) wT (v + 5) Seta 
(3.3.2) 


Lemma 3.3.1 is due to G.N. Watson [313], who proved it by using the 
Poisson summation formula. H. Kober [184] generalized Lemma 3.3.1 in two 
different directions. In one of them, the index n on the left-hand side of (3.3.2) 
was replaced by n+a,0< a < 1, and in the other, cos(27n3) was introduced 
into the summands on the left-hand side of (3.3.2). Berndt [32] generalized 
(3.3.2) by putting either an even or odd periodic sequence of coefficients in 
the infinite series of (3.3.2). The proof that we give below is essentially an 
elaboration of Guinand’s proof [136]. 


Proof of Entry 3.3.1. Setting n = kd, we find that 


VEY oln \n8/? Ksj2(2na) = = Vad So d-*n"/K,p(2na) 


n=1 d\n 


co œœ k 8/2 
=vayy (5) Ky/2(2dka). (3.3.3) 


d=1k=1 
We now invoke Lemma 3.3.1 on the right-hand side above to deduce that for 
Res > 0, 


va 3 o—«(n)n*/?K/2(2na) 
wi (—jeayr ($) + {vadar (244) 
io (=) i ( *) 2 (n? + aaa] 
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= Saey (=) C(s) + ca ar (: - =) C(s +1) 


(s+1)/2 s+1 1 
+50 Val (= )> bD 3 (n?n? + d2a2)(s+1)/2 (3.3.4) 


d=1n 


= —jal- Pp (=) C(s) + Lomb yer (: =) C(s +1) 


Cei SEINE 1 
+ Za VT (4 P (n2B2/n2 + d2)(6+5/2 


d=1n=1 


1 1 
= "T (=) C(s) + go eae (=) ¢(s +1) 


(s+1)/2 stl 1 
+ 58 var (SS spss (n282 + d27?)(s+1)/2’ (3.3.5) 


d=1n 


where we used the hypothesis a8 = r°. By symmetry, from (3.3.4), for 
Res > 0, 


VB Lol Jn“? Ksj2(2n8) 


1 


— _ 1 a-styj2p (8 (-s—1)/ s+1 
=t ar (2) ele) + 26 nyar (3 


Joon 


(s+1)/2 stl 1 
+ T var (4 py n2n2 + d2B2)(st1)/2° (3.3.6) 


d=1n 


Reversing the roles of the summation variables d and n in (3.3.6), sub- 
tracting (3.3.6) from (3.3.5), and rearranging slightly, we deduce that 


vað os (nn? Kya (2na) S O-—s Jn Koo (2n6) 
n=1 


n=1 
1 
= ) s+1) 


1 s 1 
_ _ +) (-s+1)/2 (5) (—s—1)/2 
rhe T > C(s s) + 7 Val 5 


w(t c 
+ porn (2) co) - Peyar (H) cen. 837) 


On the other hand, using the functional equation (3.1.4) of ¢(s) and the fact 
that aß = 7?, we find that 


Lal yar (: + =) C(s+1)= Fal V2 yrr (-5) ¢(—s) 
= Fae D2 apy or (2) e-s) 
1 
2 8AT (-3) (=s). (3.3.8) 
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Substituting (3.3.8) and its analogue with the roles of a and 8 reversed into 
(3.3.7), we find that 


vað onn PK, s/2(2na) VÝ o-a Jn®?Ksj2(2n8) 


e Che meee ur) ae 
a Zor (=) C(s) — Tat+D/2r (-5) ¢(—s). (3.3.9) 


The identity (3.3.9) is simply a rearrangement of (3.3.1), and so the proof of 
(3.3.1) is complete for Res > 0. By analytic continuation, (3.3.1) is valid for 
all complex numbers s. 


Since K,(z) = K_,(z) [314, p. 79, Eq. (8)], we see that (3.1.5) is invariant 
under the replacement of s by —s. 

Ramanujan completes page 253 with two corollaries, which we now state 
and prove. 


Entry 3.3.2 (p. 253). Let a and B be positive numbers such that aß = r°. 
Then 


— — 2na > —2n B Za 1 Q 
> onje” — X o_i(n)je™™? = + =- log =. (3.3.10) 
— 2 4 ®B 


n=1 


Proof. Let s = 1 in Entry 3.1.1. From (3.2.2), 


= 1 
Van /2(2na) = awe ne (3.3.11) 


Using (3.3.11), the values '(—$) = -2r (4) = —2V/m and ¢(-1) = — 4 [806, 
p. 19], and the Laurent expansion of ¢(s) about s = 1 [306, p. 16, Eq. (2.1.16)] 
n (3.1.5), we find that 


CO 


5 o-(n)e e _ > o_a(n)je~ 2"? _ as 


n=1 


=z% lim I (5 s Cls {879/2 = gaya) 


= -log =. (3.3.12) 


We easily see that (3.3.12) is equivalent to (3.3.10), and so the proof is 
complete. 
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Entry 3.3.2 is equivalent to the identity 


Co Co 


1 1 B-a 1 a 
= + —] : 3.3.13 
m(e2™ — 1) 3 m(e2™8 — 1) 12 4 = B l ) 


m=1 m=1 


To see this, expand the summands in (3.3.13) in geometric series and collect 
all terms with the same exponents in the resulting double series. The for- 
mula (3.3.13) (or (3.3.10)) is equivalent to the transformation formula for the 
logarithm of the Dedekind eta function. Ramanujan stated (3.3.13) twice in 
his second notebook [268], namely as Corollary (ii) in Sect. 8 of Chap. 14 [38, 
p. 256] and as Entry 27(iii) in Chap. 16 [39, p. 43]. He also recorded (3.3.13) 
in an unpublished manuscript on infinite series reproduced with Ramanujan’s 
lost notebook [269]; in particular, see formula (29) on page 320 of [269]. See 
also Chap. 12 in this volume or [42, p. 65, Entry 3.5]. 

We next demonstrate that Koshliakov’s formula (3.1.1) is a corollary of 
Entry 3.3.1. Our proof is a detailed explication of that of Guinand [136]. 


Entry 3.3.3 (p. 253). Let a and B denote positive numbers such that 
ab =n. Then, if y denotes Euler’s constant, 


va (i - Flog(4) + an) t2n0)) 


= /B (G y— T log(4a) + +5 an)Ka(2n)) . (3.3.14) 


Proof. In order to let s + 0 in Entry 3.1.1, we need the well-known Laurent 
expansions [126, p. 944, formula 8.321, no. 1] 


1 
Las pes (3.3.15) 
s 
and [306, pp. 19-20, Eqs. (2.4.3) and (2.4.5)] 
1 1 
¢(s) = oe log(2m)s +--+. (3.3.16) 
Hence, letting s + 0 in (3.1.5) and using (3.3.15) and (3.3.16), we find that 


Va X d(n)Ko(2na) -VEX at )Ko(2n) (3.3.17) 
n=1 


“Ei (Gar) tiene) 
x (V8 {1-5ston9-+---}— vafi- 5stoga+---})} 
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E EE ae 
« (Vi {14 Zstoea+--- b—vati+ Sstoga+---b)h) 


= (VB -= Va) ~ 5 low(2n)(/B - Va) + F(V/Blog 8 ~ Valoga) 
= FB - Va) ~ Flos(4a8)(VB— Va) + F(V/Blog 8 — Valoga), 


where in the last step we used the equality aß = 1”. A simplification and 
rearrangement of (3.3.17) yield (3.3.14) to complete the proof. 


3.4 Kindred Formulas on Page 254 of the Lost 
Notebook 


Entry 3.4.1 (p. 254). Ifa>0, 


= dx Ga 
J a(e27® — 1)(e274/" — 1) = eae 


a d(n) log(a/n) a (; 1 ) toga log(27) 


T2 a? — n? 2 4 i Ara 27a 


(3.4.1) 


Proof. Expanding the integrand in geometric series, we find that 


i. an SO 5O S Le 2etme-tak/2) 
= = n(mz+ak/x) q 
f A _ 1)(e27 4/2 p 1) 2. >| a j 


m=1k=1 


3 3 [ are 
k=1 "0 


d(n) | Sen 2n(utan/u) du 
0 


u 


II 


=2X_ d(n)Ko(4r van), 


n=1 


by (3.2.1), which proves the first part of (3.4.1). 

The second identity in (3.4.1) was actually first proved in print in 1966 by 
Soni [295]. Her proof is short, depends on Koshliakov’s formula (3.1.1), and 
uses the integral evaluations (3.2.3) with v = 0 and (3.2.4). We use her idea 
to prove the second major claim of Ramanujan on page 254. 


In contrast to the claims on the top and bottom thirds of page 254, the 
one claim in the middle of page 254 seems to be missing one element, and so 
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we shall proceed as we think Ramanujan might have done. Proceeding as we 
did above and employing (3.2.1), we find that 


= dx he 1 [ 1 —2r(u+akm/u) 
= —— —e du 
Leer Luvalh x 
oo coy 
= X o a(n) f — e?r (utan/u) du 
n=l f 0 vu 


oO 


Z 5 S o aylne y", (3.4.2) 


where we have used (3.2.2). Ramanujan’s next claim gives an identity for the 
last series above, with a replaced by a/4. 


Entry 3.4.2 (p. 254). For a > 0, 


n=1 


= Jen 2avan — o-1/2(n) 
5 o—1j2(n)e = Ka 3 + two trivial terms. 
=a (n + a)(/n + Va) 


(3.4.3) 


Evidently, K on the right-hand side of (3.4.3) represents an unspecified 
constant. Ramanujan does not divulge the identities of the “two trivial terms.” 
Our calculation in (3.4.2), showing a discrepancy with the series on the left- 
hand side of (3.4.3), actually provides a clue that this series in (3.4.3) should 
be replaced by the series on the right-hand side of (3.4.2). We next state a 
corrected version of Entry 3.4.2 providing the identities of the constant and 
the “trivial terms.” 


Entry 3.4.3 (p. 254). Ifa > 0, then 
S -4r yan o-1/2(n 
Deane 2 (n+a)( i 


=5¢(5) (= 1) ! x( 5) (anva- =). (3.4.4) 


Proof. In (3.1.5), set s = 5 and a = z, so that 8 = 17/2. Then, 


Ve X o_1/2(n) yn/* Ky a( 2nz) oe 1/2(n yn*/4 Ky )4(2nn?/2) 


n=l 


=ar (3) G) (ee oil e(a (Ea): 


(3.4.5) 
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Multiply both sides of (3.4.5) by 
1 2 
TE Kıj4(2an*/x) 


and integrate over (0,00). Inverting the order of summation and integration 
by absolute convergence, we find that 


Co love) 1 
5 aayan) f -z Ki ja(2na) Ki /4(2a* /x)dx (3.4.6) 
n=1 0 


Co love) 1 
-T 5 a_i j(n)n"* i qa Kija(2nm? /x) Ky j4 (2am? /a)da 
n=1 


POH or mor). 


where 


L =} uw)/4* Ky )4(2an?u)du, (3.4.7) 
0 


and where to obtain the four integrals on the right-hand side of (3.4.6), we 
made the change of variable x = 1/u in each one. 

We examine each of the six integrals in (3.4.6) in turn. First, using (3.2.3) 
and (3.2.2), we find that 


2 T J 
Ky j4(2nx) Ky /4(2an? /x)dæ = — Kı j2(4rvan) 
o T 2an 


= 1 —4ryan 


Second, making the change of variable u = 7? /x and using (3.2.5), we deduce 
that 


| qa Ki ya(Qnm? a) Ky 42am” /x)de = =f why /4(2nu) Ky j4(2au)du 
0 0 


o1 m(4na)~1/4(./2n — v2a) 
© nt Qsin(a/4)(4n?2 — 4a?) 


9 —1/4 
= Vlan t (3.4.9) 
873 (n + a)(yn + va) 
In our calculations of I}, 7 = 3,1,5, —1, we employ (3.2.6). Thus, 
3 1 3 
_ 9-1/4 2\-7/4 _ 
Is = 27 ¥/4(2an2)-T4 (AP G) = sal (3) (3.4.10) 


7 m 3 1 1 3 
T, = 2-3/4 (2an?) Ar (3) T (3) Sapna (3) , (3.4.11) 
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5 1 5 
_ 91/4 2\-9/4 2 = g 
I5 =2 (2am ) T G) ri) Zoo! G) ; (3.4.12) 


1 1 i 1 
I = 2-5/4 2an?) 34r (5) T (3) = @ (3.4.13) 


Using (3.4.8)—(3.4.13) in (3.4.6) and making frequent use of the reflection 
formula 


T 


A sin(7z)’ 


we deduce that 


Co 


1 -4r yan 1 o-1/2(n) 
A 72M Tata? 22 Tat alyn+ Va 


_ V2 f 1 1 1 \,v2,f 1 1,4 
7 (5) (z ae l Ae 5) ( alin? =n) 
(3.4.14) 


[e.e] 


If we multiply both sides of (3.4.14) by 4/2a5/4z and rearrange slightly, we 
obtain (3.4.4) to complete the proof. 


We record the last two results on page 254 as Ramanujan wrote them, 
except that we express the results in terms of Bessel functions. The constant 
K and the “two trivial terms” are not the same as they are in Entry 3.4.2. 


Entry 3.4.4 (p. 254). Ifa > 0, then 


°° dx 
| (ere — 1)(c2"4/" — 1) =2Va ano )¥nki(4rVan) (3.4.15) 


= Ka? D aa + two trivial terms. 
(3.4.16) 


Proof. We prove (3.4.15). Expanding the integrand in geometric series, 
setting mx = u, and invoking (3.2.1), we find that 


i di —2r(u+akm/u 
I (e27 — 1) (e2"4/@ — 1 -55t fe ae lukakat) ciy 


m=1k=1 


= 2 oat f en lt (utan/u) du 


=E) o-i 1(n)y/nKı(4rvan). 
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Lastly, we provide and prove a more precise version of (3.4.16) giving the 
identities of the missing terms. 


Entry 3.4.5 (p. 254). Ifa > 0 and y denotes Euler’s constant, then 


2/a Sa 1(n)/nK 1 (4r van) 


n=1 
ae A o u(r) i 1 

— ((log a+)¢(2) + ¢'(2))+—— (log 2anr+y)+—— 
27 “= n(n +a) At 48aT 


(3.4.17) 


Proof. In (3.3.10), set a = x, so that 8 = n?/x. Recalling (3.2.2), we find 
that 


II 
ens 
Me 
5 
A 
a. 
3 
ad 
fax) 
iS 
3 
3 
"a 
DIS 
ii O a 
— 
io) 
[0j] 
nx 
Sao 


Next, multiply both sides of (3.4.18) by 


1 
zp (2an? /x) 
and integrate over (0,00). 
Consider first the series arising on the left-hand side of (3.4.18). Inverting 
the order of summation and integration on the left-hand side by absolute 
convergence, we arrive at 


= zene ae 
= — 2 oiln)vynK(4rvan), (3.4.19) 


where we have employed (3.2.3). 
Second, the contribution from Js in (3.4.18) is given by 


g? [> 1 
[> -2K j2( 2aq’/x)dz = 5l u?’ Kıja(2an”u)du ~ 96a5/275/2” 
(3.4.20) 


where we used (3.2.6) in the last step with u = 3, v= Z, and a replaced by 
2ar?. 
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Third, using (3.2.2), we find that the contribution from Iz in (3.4.18) is 
equal to 


; f a 5/2 log(a/m) Ky j2 (2an? /x)dax 
0 


-zel a” log(x/m)e Ban? /% dy 


1 —u 
=n | log(2ar /u)e~ “du 


il! Co Co 
= — ~ log(2am)du — =a d 
PETETA r e`” log(2ar)du f e “logu u} 


1 o 
= gar {log(2an) -j e “logu au} 

1 
= 3,372,572 tlog(2am) + 7}, (3.4.21) 


since [126, p. 602, formula 4.331, no. 1] 


y= -f e “logu du. 
0 


Finally, the contribution from J; in (3.4.18) is given by 


fore) oo 1 
= 1 (È o_i(n)e7?™/e — 5e) x75? Ky )9(2an?/x)dx. (3.4.22) 
0 


i —2n0-/e _ 1 = 7 Le- 2nr?/z Ese 
Dy 1 12 242 12 
= oa 1 —2mdr?/x 1 
= —e oe 
as d 12 


xX 1 x 
-53 d — _ -È >) D2 j (3.4.23) 
n=1 


Using (3.4.23) and (3.2.2) in (3.4.22), we see that 


ak | 1 xX 1 z 1 2), dx 
j= —2an*/a2 i’ 
i (>: n e2nn?/e — 1 (>: >) 5) 2an x? 


1 are | 1 1 apie tt 
= aT E, 3.4.24 
a 2 (a ry) E x ( ) 
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Since for z > 0, 
1 1 <0 
e*—-1l z , 
we can change the order of summation and integration by the monotone 


convergence theorem. Hence, 


1 —2an?/x dx 
=e) 2 F (= — =) 7 x 


1 
—au/n 
= ws JE J 5f (= I Je du. (3.4.25) 


Consider now two different expressions for the logarithmic derivative of 
the gamma function, namely [126, p. 952, formula 8.362, no. 1; formula 8.361, 
no. 8], 


where Rez > 0. Hence, 


m 1 1 z a 
SO pal | » (8.4.2 
I (= —1 z) i ee Y 3 m(mn +a) 20) 


Putting (3.4.26) in (3.4.25), we find that 


2 a 
á 4a 4: ba z (rs Ay > a 


m=1 
1 _ a oe 
ee (0 Pua 2 a 7 3 2 minn + 5) 
1 = E 
Kag rya (te ++ CO) -a ave 
n=1 


aa =. ge yzzy lloga + y)¢(2) + ¢7(2)). (3.4.27) 


We now combine all our calculations that arose from (3.4.18), namely, 
(3.4.19)—(3.4.22), and (3.4.27), to deduce that 


1 
96a5/2775/2 


1 Š 1 
waar? 2 oıl(n)ynKı(4rvan) = 303/257 {log(2am) + y} 


ee a + race (loge +9)C(2) +6'@)). (8428) 
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Finally multiply both sides of (3.4.28) by 27°/2a3/? to deduce (3.4.17) and 
complete the proof. 


Analogues of Guinand’s formula in Entry 3.3.1 and Watson’s lemma 
(Lemma 3.3.1) have been derived by Berndt [27]. These analogues are also dis- 
cussed in the paper [62] on which this chapter is based. Analogues of Guinand’s 
and Koshliakov’s formulas with characters in the summands have been derived 
by Berndt, A. Dixit, and Sohn [52]. A different character analogue of Koshli- 
akov’s formula along with a connection to integrals of Dirichlet L-functions 
that are analogues of Ramanujan’s famous integrals involving Riemann’s £- 
function [257] has been derived by Dixit [110]. H. Cohen [98] has continued 
the line of investigation represented by Entry 3.4.5 and has derived several 
interesting formulas of the same sort. 

Dixit [107] has derived a beautiful extension of Koshliakov’s formula. 
Recall that Riemann’s €-function is defined by 


Els) := (s —1)m-*/7T'(1 + 48)C(s), (3.4.29) 

and that his =-function is defined by 
E(t) = E(4 + it). (3.4.30) 

We now state Dixit’s extension [107]. 


Theorem 3.4.1 (Extended version of Koshliakov’s formula). Let =(t) 
be defined by (3.4.30). Ifa and 8 are positive numbers such that aß = 1, then 


Va (a — uena) —4 Sa n)Ko (2mna)) 


n=1 


= /8 (>= =A. an) Kal2mn)) 


n=1 
32% (E(4t))* cos (4tloga) dt 
= f +e? (3.4.31) 


Dixit first showed that the far left side of (3.4.31) is equal to the integral on 
the far right-hand side. Next observe that if we put a = 1/2 in this equality, 
then the first equality in (3.4.31) easily follows. Koshliakov [191] derived a 
formula similar to (3.4.31). Essentially, his formula arises from taking the 
Fourier cosine transform of both sides of (3.4.31). 

Dixit [109] has also extended Guinand’s formula. 


Theorem 3.4.2 (Extended version of Guinand’s formula). If a and 6 
are positive numbers such that aß = 1, then for —1 < Rez <1, 
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Ja Coe ae (5) C(z) +07 tir r (-5) ¢(—z) (3.4.32) 


—4 5 Oz (njn? P K, 75 2nra)) 


n=1 
_ lcm ma (=) ¢(z) 4 877/2172 (-3) ¢(—z) 
—4 3 o(n)n” PK j2 (n8) 
n=1 
_ 32 “2 (4%) =(=*) cos ($t log a) 
= | N\2 J \ 2 a ere alee eae 


As with Dixit’s extension of Koshliakov’s formula, suppose that we can 
show that the far left side of (3.4.32) is equal to the far right side above. Then 
if we set a = 1/6 in this equality, the first equality of (3.4.32) follows. Dixit 
[109] has obtained a companion theorem to Theorem 3.4.2 for | Re z| > 1. 


dt. 


A 


Theorems Featuring the Gamma Function 


4.1 Introduction 


In this chapter we collect scattered results from the lost notebook that involve 
the classical gamma function T(z). In the next three sections, we consider 
the evaluations of three integrals involving the gamma function recorded on 
page 199 in [269]. Following these sections, we consider a very precise, fasci- 
nating approximation to the gamma function, 


a ee 1 \ us 
va (=) (s0 + 4a* + a+ a) < I(x +1) (4.1.1) 


prë 1 1/6 
< vr (=) (a0 +42? +0 + 5) ; 
e 30 
which is found on page 339 [269]. A slightly less precise forerunner appeared as 
a problem submitted by Ramanujan to the Journal of the Indian Mathematical 
Society [260], but a complete solution was never published in that journal. The 
inequalities (4.1.1) were proved by E.A. Karatsuba [177] in 2001 for x > 1 and 
by H. Alzer [4] in 2003 for 0 < x < 1. In Sects. 4.5-4.8, we provide Karatsuba’s 
elegant solution. Finally, in Sect. 4.9 we discuss a few miscellaneous claims. 


4.2 Three Integrals on Page 199 


In Chap. 13 of his second notebook [268], [38, pp. 226-227], Ramanujan briefly 
examined the problem of finding functions f such that 


T f(a)dx= X` f(n). (4.2.1) 


In particular, he incorrectly asserted that 
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co až A 
i Teti) 7 j” =e". (4.2.2) 


If (4.2.2) were correct, then (4.2.2) would provide an example of (4.2.1), since 
1/I (n +1) = 0 when n is a negative integer. Authors examining instances 
of (4.2.1) include R.P. Boas and H. Pollard [72], P.J. Forrester [120], and 
K.S. Krishnan [202]. 

Page 199 in Ramanujan’s lost notebook is devoted to three integral for- 
mulas, which can be considered attempts to give corrected versions of (4.2.2). 
Two of them are correct, but the remaining one is not, although it is true in 
certain cases. 


Entry 4.2.1 (p. 199). Ifa > 0 and k > 0, then 


[e.e] a [e.e] ett pk—1 1 
———_ dx +f —— (cos ak — —sin 7k lo z) dz = eê. 
I, Tety” J, Fe i 
(4.2.3) 


Entry 4.2.2 (p. 199). Ifa > 0 and k > 0, then 


co at 1 œ ( ein(ktix) 
dx + ——— TI (k+i 
L, Teri” a) { ger T(E + ie) 


e7in(k—-ia) 


T(k- ix)} dx =e". (4.2.4) 


akiz 


Entry 4.2.3 (p. 199). Ifa > 0,0 < A< €, and 1/e is a positive integer, 
then 


> qà tne a € i Lax —d_18in 7(A — €) — x sin TÀ 
€ =e e T 
E r(1+A+ne) T Jo 2 cos me — (x€ + x76) 


(4.2.5) 


In the next section, we prove Entries 4.2.1 and 4.2.2, while in the sub- 
sequent section we discuss Entry 4.2.3. We demonstrate its incorrectness by 
showing that as a — oo, the two sides of (4.2.5) have different asymptotic 
expansions. On the other hand, if we regard the left side of (4.2.5) as a Rie- 
mann sum, then the limits of both sides as € > 0 are equal. 

The content of this portion of the chapter first appeared in a paper written 
by the second author [43]. 


4.3 Proofs of Entries 4.2.1 and 4.2.2 
Proof of Entry 4.2.1. Let f(a,k) denote the left side of (4.2.3). Then, by 


straightforward differentiation, the reflection formula for '(k), and the stan- 
dard integral representation for I'(k), 
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0 ak oe a Ol yk- logy 1. 
AG k) TOF L Ai (cos wk _ sin tk log z) dx 
oo en ek gk! 
i: 5 z (—rsin tk — cos Tk log x) dx 
o T2 + log x 
ak sintk fO avr k-i 
Ta-k v ji ae a 
a™¥ sin Tk 
= —T (k) sin wk — —— ar (k) =0. (4.3.1) 


Hence, f(a, k) is constant with respect to k. 
Next, differentiating with respect to a and using the functional equation 
for the I -function, we find that 


o 


PAG k) 


ee) x—1 co —ax,,k 1 
= | a dx i g a (cos wk — —sin tk log r) dx 
-k T(£+1) o T? +log' a T 
co aë co ett gk 
dx 4 cos m(k + 1 
Ja T(x+1) f T2 + log? x ( ( ) 


me sin (k + 1) logs) dx 
T 


II 


= f(a,k +1). (4.3.2) 


Thus, by (4.3.1) and (4.3.2), 


0 
Bat (% k) = f(a, k). 
It follows that for some constant c, 
f(a, k) = ce®. (4.3.3) 


It remains to evaluate c, and more precisely, in order to prove (4.2.3), we must 
show that c = 1. 

To prove that c = 1, we evaluate f(a,k) when a = k = 0. From the 
definition of f and the substitution u = log x, we see that 


10.0) = [ =f ae a, (4.3.4) 


m2 + log” x) oo T? +u? 


Using (4.3.4) in (4.3.3), we conclude that c = 1, as desired. 


Proof of Entry 4.2.2. Let f(a, k) denote the left side of (4.2.4). Then 
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o 
— k 
spflak) 
a—* in œ f ein(ktix) eit (k—iz) 
= —_— I (k+iz r I(k—i d 
TAH + m] { ae (k + ix) = ( ia)} x 


l co in(k+ix) —in(k—ix) 
= vee / {Sa Ph ie) + rk i) a 
0 


2T aktis MET 

1 f> (eimktiz) 9 e—in(k-iz) 9 

hy lae a a a a 
tz 0 { aktiz Ok ( + ix) ae Ok ( ia) do ( 3.5) 


Now by the chain rule, 


2 g Eig) = iS Th + iz). (4.3.6) 


Hence, using (4.3.6) in (4.3.5) and integrating by parts, we find that 
o 


— k 
T 
ak i [9 ( eit(kt+ia) en in (kin) 
= —T(k+i : ix 
rı _ k) = 2 iE { qkt+ia ( + ix) akiz IT(k ia)} dx 
loga f% (errr , e- it (k—iz) l 
Om f { aera T (k + is) + ae T (k — iz) ¢ de 
1 eit (ktix) ae ; oo —in(k—ia) P . oo 
| ghia (k + ix) ; ee (k — ix) ; \ 


1 oo — gett (ktis) ; tea it (k-iz) 
T { “Era T(k+ ix) 4 ra T(k ia) a 


ilog a (© eit (k+ia) j e` iT (kiz) l 
— TI (k4 - ji 3. 
+ Sai f { PITT. (k+ix) + are I(k—ix)p dz. (4.3.7) 


Observe that by Stirling’s formula for the I’-function on a vertical line [126, 
p. 945], the expressions for the integrated terms vanish at oo. After consider- 
able cancellation, (4.3.7) reduces simply to 


ð aE 1 eitk eink 
g *) ~ [I(l—k) 2ri ( ak ak ) ræ 
ak a 


upon again using the reflection formula for the I’-function. Thus, f(a,k) is 
constant with respect to k. 

Next, differentiating and using the functional equation of the I -function, 
we find that 
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0 ‘ oo az F 1 fore) een a A i , 
PAG f T(e+l) z+ ah { qktltix (k + 1+ ix) 


ew it(k+1-iz) 


+ Mk-+1~ ia) da 


Gains 
= f(a,k +1). (4.3.9) 


Hence, by (4.3.8) and (4.3.9), 


o 
PAG k) = f(a, k), 
a 
and so, for some constant c, 
fla, k) = ce®. (4.3.10) 


By (4.2.4), it remains to show that c = 1. 
To determine c, we evaluate f(a,k) when a = 1 and k = 0. Recalling that 
f(a, k) denotes the left side of (4.2.4), we see that 


= daz Is fe 
1,0) = ——. + — mba eMC) —i ; 3: 
f(1,0) f eel fe (P(ix) + P'( ix))} dz (4.3.11) 
To evaluate the latter integral, examine, for e€ > 0, 


l= ~ [ {e7 (T (e+ ix) + P(e— iz))} de. (4.3.12) 


Inserting the integral representations for T (e + ix) in (4.3.12) and inverting 
the order of integration by absolute convergence, we find that 


1 ile at © sate blest eet OP pmie(a +4 log t) 
I= — dt e 8 dx + dt Ee PTT 08t) dx 
or 0 fie 0 0 ti-e 0 


= = ee 
2r Jo t= \m—ilogt a+ilogt 


oo -t 
e 

| cat ee er ieee dt. 

0 (x? + log“ t) 


(4.3.13) 
Since 
oo -t 
e 
—— d< ~, 
[ t(n2 + log? t) 
by the Lebesgue dominated convergence theorem, we may take the limit as 


c + 0 under the integral sign on the right side of (4.3.13). Thus, from (4.3.13) 
and (4.3.11), 


> dt saa et 
1,0) = ay! Ss 4.3.14 
F(L, 0) f I(t+1) Jo t(n?+log?t) . ( ) 


by (4.2.3). Hence, by (4.3.10), c = 1, as desired. 
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4.4 Discussion of Entry 4.2.3 


We first observe that the sum on the left side of (4.2.5) is a Riemann sum in 
which each subinterval is of length €, and the function a” /I’(1+ ) is evaluated 
at the point A + ne in the nth subinterval, where n > 0 and 0 < A < e. Thus, 
as € — 0, the left side of (4.2.5) tends to the first integral on the left side 
of (4.2.3) when k = 0. For the integral on the right side of (4.2.5), we can 
let €e — 0 inside the integral sign by the dominated convergence theorem. 
Recalling that 0 < A < e, we will assume that A is a twice differentiable 
function of e in applying L’Hospital’s rule. After a straightforward, but not 
so short, calculation, we find that 

ji e(sin 7(A — €) — x sin TÀ) T 

b0  2cos Te — (x€ +27) T2 + log? x 


Thus, letting € — 0 on both sides of (4.2.5), we find that the proposed equality 


becomes 
oo at co eat 
——— dr = e° Í dz, 
f I'(a+1) o x(n? + log? x) 


which is true, by (4.2.3) with k = 0, and so Entry 4.2.3 is valid in the limit 
as € —> 0. 

When à = 0 and = 1, then both sides of (4.2.5) are equal to e*. Numerical 
calculations also show that for \ = E, c€ = 1, and small a, e.g., a = 1,2, the 
two sides of (4.2.5) agree to at least 30 decimal places. 

We now show that (4.2.5) is not valid in general. For simplicity, we choose 
A= 4 and e€ = 1 and show asymptotically that as a — oo, the left and right 
sides of (4.2.5) have different asymptotic expansions. Similar arguments are 


valid for other fixed values of A and e. Now 


1 = n, „n—1/2 
miT š 0<a<il, 


and so by a routine application of Watson’s Lemma [238, p. 113], the right 
side of (4.2.5) has the asymptotic expansion, as a — oo, 


n=0 


et ~ 9 ER a (4.4.1) 


n+1/2 

n=0 ant | 

On the left side of (4.2.5), we use a result of Ramanujan from Chap. 3 in 

his second notebook [268], [37, pp. 57, 58, Entry 10] along with the familiar 
asymptotic expansion [1, p. 257, formula 6.147] 


-al(@+a)_, , (a—d)(a+b—1) 1 
p F@ 4d) 14 T +0(3). (4.4.2) 
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as x — œ. A complete statement of Entry 10 in Chap.3 is too long to 
give here, but it suffices to say that we are applying Entry 10 to (x) 
I'(x+1)/I'(x+3), which easily satisfies the theorem’s hypotheses. Accordingly, 


2 
we find from (4.4.2) that as a > oo, 
ye a” t1/2 Sa" r(n+1 
= ya — 
2. Tarp V2. Tup 
ra I(a+1) 1 
“el nerD *°(eA)} 
3 1 1 
a —1/2 
=e afa afa = +0(—))+0(sa)} 
3 1 
=e*s1-— — > ; A, 
ofr-240(4)} ii 


A comparison of (4.4.3) with (4.4.1) shows that the left and right sides 
of (4.2.5) have different asymptotic expansions as a — oo, and so (4.2.5) 
cannot be true in general. In conclusion, however, we remark that in his note- 
books, Ramanujan often wrote equality signs for asymptotic expansions and 
approximations; for example, he never used the symbols ~ or %. Thus, it is 
most likely that Ramanujan himself did not regard (4.2.5) as an equality. 


4.5 An Asymptotic Expansion of the Gamma Function 


On page 339 in his lost notebook [269], Ramanujan states a remarkably in- 
teresting formula for the classical gamma function. 


Entry 4.5.1 (p. 339). If x > 0, then 


9.\ 1/6 
8r? + do? +o + =) (4.5.1) 


r(i+z) = va (2)"( 


where 0, has the particular values 


o = z = 0.9675, 
9112 = 0.8071, 87/12 = 0.3058, 
65/12 = 0.6160, Og /12 = 0.3014, 
93/12 = 0.4867, 89/12 = 0.3041, 
94/12 = 0.4029, 010/12 = 0.3118, 
65/12 = 0.3509, 611/12 = 0.3227, 
06/12 = 0.3207, 61 = 0.3359, 


A= i 


118 4 Theorems Featuring the Gamma Function 


Moreover, 


fe Pe ; 1 \ 1/6 
— 4 — I 1 4.5.2 
va (=) (s0 44 ++ Tp) < I(x +1) (4.5.2) 


ee 1 1/6 
< vi (=) (si +40? +04 5) . 
e 30 
This entry is a more precise version of a problem that Ramanujan had sub- 
mitted to the Journal of the Indian Mathematical Society [260], [267, p. 333], 
[65, p. 249], [49]. 
Question 754. Show that 


e?r nri r(1 + x) = (8x3 + 4r? +x + BE), 


where E lies between = and a for all positive values of x. 

K.B. Madhava’s partial solution in Volume 12 of the Journal of the Indian 
Mathematical Society does not yield the bounds for E proposed by Ramanu- 
jan. In Volume 13, E.H. Neville and C. Krishnamachary pointed out numerical 
errors in Madhava’s solution, and consequently, Madhava’s bounds for E are 
actually better than what he had originally claimed, but still not as sharp 
as those posed by Ramanujan. Neville and Krishnamachary conclude their 
remarks by writing, “Mr Ramanujam’s assertion is seen to be credible, but 
more powerful means must be used if it is to be proved.” 

Before proving (4.5.2), we comment on the numerical values in the first 
portion of Entry 4.5.1. We checked each of the values of 0, with Mathematica 
and found them to be correct, except for 01/2 and 011/12, for which the last 
recorded digit is incorrect (when rounded off). More precisely, 01/2 = 0.320763 
and 011/12 = 0.322766. 

In considering Ramanujan’s claim, S. Ponnusamy and M. Vuorinen [240] 
defined the function 


h(x) = (g(x))® — (8r? + 4z? + 2), (4.5.3) 
where TEF, 
g(x) = (=) aa (4.5.4) 


and showed that in order to prove (4.5.2) for x > 1, it suffices to show that 
h(x) is increasing from (1,00) onto (74; 45). (See also the book [9, p. 476] 
by G. Anderson, M. Vamanamurthy, and M. Vuorinen.) (Observe that 0, 
given in (4.5.1) is the same as the definition of h(x) from (4.5.3).) Karatsuba 
[177] proved the conjecture about h(x), and so the primary purpose in the 
following sections is to provide Karatsuba’s proof and so in the process to 
prove Entry 4.5.1 for x > 1 as well. More precisely, we prove the following 
theorem of Karatsuba [177]. 


Theorem 4.5.1. The function h(x) is monotonically increasing from (1,00) 
onto (h(1), h(co)) with 
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6 
A(1) = E — 13 = 0.0111976 ... 


and 


1 
h(00) = z5 = 0.0333... 


Before proving Theorem 4.5.1, we offer some remarks on further work by 
H. Alzer [4] and C. Mortici [227, 228]. As remarked earlier, Alzer proved 
that (4.5.2) also holds for x € (0,1). However, in contrast to [1, 00), where 
Karatsuba proved that h(a) is strictly increasing, h(x) is not monotonic on 
(0,1). Computer calculations indicate that h(x) has a local maximum and a 
local minimum on (0,1). More precisely, it appears that h(a) is increasing on 
(0, a], decreasing on [a,b], and increasing on [b, 1], where 


a ~ 0.007714449 and b ~ 0.671503766. 


Moreover, 
h(a) ~ 0.033250349. 


This is very interesting. Since h(co) = + = 0.0333..., we find that the value 
at the local maximum obtained at x = a is almost equal to the absolute maxi- 
mum of h(a) obtained at co. From Ramanujan’s calculations of 6, = 30h(a) in 
Entry 4.5.1, it is not clear whether Ramanujan realized that h(x) is increasing 
near x = 0 and then shortly thereafter achieves a local maximum at x = a. 
If he had noticed this, he likely would have highlighted this behavior with a 
few values of 6, for x between 0 and b- However, Ramanujan’s calculations 
do indicate that h(x) achieves a local minimum between 2 and ł, and it is 
quite likely that he saw that 2 is very close to the point at which this local 
minimum is achieved. Alzer also showed that Ramanujan’s lower bound of op 


for h(a) can be replaced by 
min _ h(x) = 0.010045071..., 
0.6<a<0.7 
and that this is the best possible result. Karatsuba had previously shown that 
the upper bound of 5 is indeed best possible. We will not prove Alzer’s theo- 
rem here. Mortici [227-229] further improved the work of Alzer and Karatsuba 
by proving the following sharper inequality. For x > 8, 


1/6 
s 7 3 2 | 1 11 
vz (=) (s + 4a“ + a4 30 240x 


st +) <v (2) T E ME E a (4.5.5) 
x T È L T&L TTT 30 240x . +O. 
The leftmost inequality in (4.5.5) actually holds for x > 2. An improvement 
on Mortici’s theorem for positive integral values of the argument was achieved 
by Hirschhorn [161? ], who proved that 
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1/6 
n\n 3 2 1 11 5 
2 + An? 4 | 
vr ($) (sn nen + 30 ~ 240m A0 
1/6 
— (n n 3, 2, i 1 11 l 9 
<P(n+1)<va(Z) (sn Pane er 55 og” Sdn 


Yet another asymptotic formula for the gamma function has been derived 
by G. Nemes [231], who compares his formula with that of Ramanujan. 
To prove Theorem 4.5.1, three lemmas are necessary. 


Lemma 4.5.1. For x > xo = 2.4, the function h(x) satisfies the inequalities 


1 1 
— <h =. 
100 < P < 39 
Moreover, h(x) + 35, as x > ov. 
Lemma 4.5.2. For x > xı = 4.21, the function h(x) is monotonically 


increasing. 


Lemma 4.5.3. For 1 < x < max(zo, x1) = 4.21, the function h(x) is mono- 
tonically increasing. 


Our proofs naturally rely on the asymptotic formulas of Stirling for the 
functions log T (x) and y(x) = I” (x)/T (x), as well as computer calculations 
for 1 < x < 4.21. For the latter, we shall not give details but refer to the work 
of Karatsuba [177]. 


4.6 An Integral Arising in Stirling’s Formula 


We first write h(x) in terms of an integral arising from Stirling’s formula for 
log T(x). To that end, take logarithms of both sides of (4.5.4) to deduce that 


log g(x) = x — xz log x + log x — log Vr + log T (x). (4.6.1) 


Now recall Stirling’s formula for log I (x) in the form [176, pp. 342-343] 


log T(x) = (e 5) loga — x + log V2r + J(£), (4.6.2) 
where 
_ [* o(u)du 
J£) = era (4.6.3) 
a(u) =f p(t)dt, (4.6.4) 
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and 


elt) = 3- t, (4.6.5) 
and where {t} denotes the fractional part of t. Substitute (4.6.2) into (4.6.1) 
to deduce that 
log g(x) = log V2x + J(a), 
or 
g(x) = V2ae7), 

From this and from (4.5.3), we deduce the useful representation 

h(x) = 8a%e67@) — (843 + 4a? + z). (4.6.6) 


We next determine an asymptotic expansion for J(x). From (4.6.4) and 
(4.6.5), we easily see that 


a(u+1)=o(u) 


and 


Hence, forO<u<1, 


1 1 
a(u) = xu — u), o(0)=o0(1)=0, o'(u) = z7% 
Now expand o(u) in a Fourier series 
o(u) = 5 cae, (4.6.7) 
where the coefficients c(n) are given by 
c(0) =|} o(u)du =i u(1 —u)du = —, (4.6.8) 
i o 2 12 
i ; 1 
c(n) -| a(uje 7?" du = — >, n#0, (4.6.9) 
0 Ann 
upon two integrations by parts. Hence, from (4.6.9), (4.6.7), and (4.6.8), 
1 = 1 2rinu 1 = 1 
o= 2 e S 2 E cos(2rnu). (4.6.10) 
n#0 


Substituting the last expression in (4.6.10) into (4.6.3), we deduce that 
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1 f° du cos(27nu) ke 
J = 
(2) 12 f (u + x)? za 2 n? af (u + x) 


ol 1 Jo(x;n) 
Qe 2r? ^ n? 7 
where o cos(2 jd 
cos(2rnu)du 
Jolz;n):= 1 Zo 
0 (u+ x) 
Recall that the Bernoulli numbers Bn, n > 0, can be defined by the generating 
function 


x = x” 
= 5 Bn—- læ] < 2r. 
! ? 
1 r n! 


Recall also that Bən+1 = 0, n > 1, and that sgn Bən = (—1)""1, n > 1. Using 
this last fact about Bernoulli numbers and integrating Jo(x;n) by parts, we 
arrive at the well-known classical asymptotic formula 


n-1 
Box 
J(z) = D = el + Rn(z), (4.6.11) 
k= 


where, since R,(x) > 0 if n is odd and R,(x) < 0 if n is even, 


|Rn(z)| < ae ae (4.6.12) 
In particular, setting n = 3 in (4.6.11) and (4.6.12), we deduce that 
ia | 2 Rie: (4.6.13) 
12x 3607x 
where 1 
0 < R3(x) < oor (4.6.14) 


4.7 An Asymptotic Formula for h(x) 


From the last two expressions, (4.6.13) and (4.6.14), we can represent e®7() 
in the form 


eô7(2) — 1/22) e72, (4.7.1) 
where 1 
= = — — 4.7.2 
a = a(a) = 5 -R, (4.7.2) 
and where 


R= R(x), 0<R< -m (4.7.3) 
z 
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By (4.7.2) and (4.7.3), we easily see that for x > 1, 


< —.. 
<a S gor 


From the Maclaurin expansion of e~%, a > 0, we obtain the simple inequalities 


2 
E Slee 


and so, for x > 0 sufficiently large, 


1 if 4 2 
+R<e%<1 + R4 ( R) 


1 
Jl 
60x3 60x3 


from which we can deduce that 
1 1 1 9 


ee a 
6022 © © = 50x3 ` 21025 ' 39200x5 


From the last inequality and (4.7.1), we arrive at 


1 1 1 9 
1/(2x) t= < 6J (x) < 1/(22x) \ 
e ( at) <e <e 1 | . 


60x3 i 210z2° 39200x6 
From the inequalities above and from the Taylor series for e!/@*) about 
x = œ, we can deduce the bounds 


Hs (en Va a ee. E. 
= 60x3 2x 22g)?  3(2x)3 © Al(Qar)4 ` 5(2r)5 J? 


(4.7.4) 
1 1 9 1 1 
° = ( 6023 a r) ( ta a 
(4.7.5) 
We first derive a lower bound for h(x). From (4.7.4), 
h(a) = 803 e87@) — (8x3 + 4r? + x) 
1 1 1 1 
> ( 8a° + 42? 4 1 34 Ag? 
> (sx Or Gases aaa) ( a) eee Ea 
< 1 11 7 1 1 1 (4.7.6) 
= 30 2402 4802? 36023 288024 2880025" G 
We can now conclude from (4.7.6) that for x > 2.4, 
h(x) > 0.0114 > h(1). (4.7.7) 


Second, we obtain an upper bound for h(x) from (4.7.5). Set 
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: l (4.7.8) 


:= 1 — AE 
oe) 60x? | 21025" 
1 
l, TETE E ee (4.7.9) 


T =] T T T T ; 
(2) toz 8r2 | 8z 384m7 | 38407" 


9 9 1 1 
(2) = ozor + (st) = aac) Ges: Tan) * e) 


(4.7.10) 
so we can rewrite (4.7.5) in the form 
e&(®) < S(x)T (x) + 4(z). (4.7.11) 
Observe that for x > 1, 
Stage t Saag (+3 (tat) 
6!(2x)® — 7!(2a)" ~ 6!1(2x)6 7 \(2x) (2x)? 
m. ! (4.7.12) 


< = 
= 6l(2x)62 3072028” 


and also that for x > 1, 


Thus, from (4.7.10) and (4.7.9), 


297 9 1 21 
PE elia < . (4.7.18 
0S) < 75400078 ( oa. 3072008 Ś 5000008 719) 


From (4.6.6), (4.7.11), and (4.7.13), we then conclude that 


h(a) < 8r? S(x)T (x) — (82° + 4x? + 2) + ô1, (4.7.14) 
where 91 
<6, = 82° < —__, 4.7.1 
0 < ô = 84°0(x) < 625003 (4.7.15) 
Next, from (4.7.8)—(4.7.10), (4.7.14), and (4.7.15), 
82° S(x)T (x) — (8a? + 4a? + x) 
= dat det PER: TENE 1 k + : 
= 6 | 48x | 48022 60x3 | 210x5 
— (8x? + 4x? + £) 
at = a 8 4 1 1 1 1 
~ 6 48g 48022 60 602 60r? 360r3 288024 28800r5 
n 4 i 2 4 1 4: 1 " 1 4 1 
105z2 ` 10523 ` 210x4 1260x° 10080zx° 10080027 
1 11 
i (4.7.16) 


+ b2(x), 


= 30 2402 | 336022 
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where 
0 < b(n) < Al 89 i 17 p 1 1 
£ } H 
T T 2520x3 2016024 22400xr5 10080x° 100800x7 
1 
Le 4.7.1 
S (4.7.17) 


Hence, from (4.7.14), (4.7.16), and (4.7.17), we obtain the upper bound 


i i W p inl n, W 2% 
625023 ` 46x3 7T 30 240z | 3360x2 ` 10000z3` 


h(x) < | 
(2) < 30 240z t 33607? 


Rewriting the last inequality in the form 


1 11 79 251 
h(x) < 4.7.18 
(z) < 30 (si 3360x? mar) i ( ) 


we can easily test that for x > 1.04, the value of the expression within paren- 
theses on the right side of (4.7.18) is a positive number. Consequently, 


1 
< an? 
~ 30 
Moreover, from (4.7.6) and (4.7.18), we see that 


h(a) for x > 1.04. (4.7.19) 


1 
h(a) > 30° as £ —> 00. (4.7.20) 


From (4.7.7), (4.7.19), and (4.7.20), we obtain the assertion of Lemma 4.5.1. 


4.8 The Monotonicity of h(x) 
Differentiating (4.5.3) and (4.5.4), we find that, respectively, 
h'(x) = 6g'(x)g5 (x) — (24x? + 82 + 1) (4.8.1) 


and 


g'(x) = g(x) G +(x) — log) (4.8.2) 


Differentiating Stirling’s formula (4.6.2) and (4.6.3), we arrive at 
1 7 
U(x) = loge — = + J'(2), 
2x 


where 


J! (x) = -2 f Tn, (4.8.3) 


Hence, we can rewrite (4.8.1) and (4.8.2) in their respective forms 
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g'e) = gla) ( =+ J'l) 
2x , 
1 
hi (x) = 48a e84(@) & + r) — (24x? + 8x2 + 1). (4.8.4) 


To prove Lemma 4.5.2, it will be necessary for us to prove that h'(x) > 0, for 
x > x1, or that from (4.8.4), 


1 1 1 1 
— a | eats). 4.8.5 
og ot Oe (5 6x? a) ° ee) 
From (4.6.13) and (4.6.14), 
1 1 nı 
— 6J(x) = 4.8. 
(2) = -37 + 60s? Z0” ee) 
where 0 < m < 1. Inserting (4.8.6) into (4.8.5), we find that 
1 Te it 1 3 s 
— J! = | —1/(2x) ,1/(60x") „—nı /(210z°) 4.8.7 
ee (= T ast) i ° e en 


where 0 < m < 1. To prove the inequality (4.8.7), it suffices to prove it for 
nı = 0. Hence, we prove that 


i 1 1 1 1 
o (Ee) > (itg tgr) a uss) 


2x r?  48r3 


Substitute the Taylor expansions around the origin for the exponential func- 
tions in (4.8.8) and diminish the left-hand side and augment the right-hand 
side of (4.8.8), using the relations 


2 3 4 
topera ei 5 i 


Hence, in order to prove (4.8.8), it suffices to prove that 


1 1 
Iae yp L 
a) (5. (a) 
SEEE Gee ee ee (4.8.9) 
2% 6x2 ` 48273 2% | 8x2 4823 ` 38474) ` 


Using an argument similar to that used in deriving the asymptotic expan- 
sion (4.6.11) of J(x), we can deduce that 


1 1 1 n2 


J’ = } , 
(=) = -i72 + Tost 25276 12015 


(4.8.10) 
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where 0 < m < 1. It now follows that 


1 1 1 


4 | 
J (2) > -3372 + i2021 25005" 


Hence, in order to establish (4.8.9), it suffices to prove the inequality 


1 1 1 1 4 1 1 
6003 / (2x 12%? 120r* = 25226 
1 1 1 1 1 1 1 
> H H 1 ! : 4.8.11 
(5. 6x? a) ( 2x x 8r? 48x3 an} ( ) 


Multiplying the expressions in parentheses in (4.8.11), we see that (4.8.11) 
reduces to the inequality 


To l 1 l 1 x 1 i 1 
25206 ' 72025 720027 © 1512029 ~ 2304r5 ` 1843227’ 


A i a 1 89 1 
11520 ~ 252% ` 16080072 1512027" 


This last inequality holds when x > 4.21. Therefore, with x > xı = 4.21, we 
also deduce that the inequality (4.8.5) holds. From this and from (4.8.4), we 
draw the conclusion that for x > xı = 4.21, the function h(x) is monotonically 


increasing. This completes the proof of Lemma 4.5.2. 
Since by (4.8.1) and (4.8.2), 


6 
/ — e — 
h’(1) = 6G (1 — y) — 33 = 0.00558319... > 0, (4.8.12) 
it follows from (4.8.12) that to prove Lemma 4.5.3, it will suffice to prove that 
h'(x) > 0 (4.8.13) 


for each a, 1 < x < max(zo, %1) = zı = 4.21. To accomplish this, we use the 
mean value theorem in the form 


h'(a +d) —h'(x) = dh" (x + dd) (4.8.14) 


for some V such that 0 < V < 1. Karatsuba [177] applies (4.8.14) in intervals 
of length d = 0.0001. In order to show that (4.8.13) holds, bounds for the 
derivatives h(a) and J” (x) similar to those obtained for h'(x) and J’(x) 
must be obtained. Since the analysis is similar to the previous analysis, we ask 
readers to consult Karatsuba’s clear and detailed exposition for the remaining 
details of the proof of Lemma 4.5.3. 

Theorem 4.5.1 easily follows from Lemmas 4.5.1—4.5.3. Except for the 
values of 6, claimed by Ramanujan, Entry 4.5.1 is a direct consequence of 
Theorem 4.5.1. 
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Before closing this section, we comment on a related theorem of Alzer [5]. 
R. Windschitl had noted that for x > 8, the approximation 


T( +1) = Vz (2) ET E 
ee SE a] ene g0 


gives at least eight decimal places of the gamma function. This inspired Alzer 
to prove the following theorem [5]. 


Theorem 4.8.1. For all x > 0, 
: z/2 
— © 1 
Vora (=) (e sinh z) (1 + =) 
e x x 
a /2 
z 1 
<IP(a+1)< ane (=) (e sinh =) (+5). 
e $ x 
where the best possible constants are a = 0 and B = 1/1620. 


In a personal communication [6] to the second author, Alzer offered com- 
ments comparing the bounds in his Theorem 4.8.1 with those in Ramanujan’s 
Entry 4.5.1. To that end, define 


; , 1 \ 1⁄6 1\ 2/2 
R(a):= (s= 4x + 24 a) , A(x) := V2a (- sinh ~) ; 
1 \ 1/6 = 1\ 7⁄2 B 
S(x) := | 8x? +42? +24 , B(x) := vV2z | zsinh — 1+5]. 
30 x x? 


With the use of MAPLE V, he showed that 


A(x) — R(x) <0, for x € (0,1), 
S(a) — B(x) < 0, for x € (0, 0.99), 


and 


7/2 
li 5/2 _ Se 
jim 2h" (Ale) = R@)) = ag 


7/2 E _ 1v2 
tN) = aa 
Hence, for x € [0,0.99], Ramanujan’s upper and lower bounds for I(x + 1) 
are superior to the bounds given in Theorem 4.8.1, whereas for large x, the 
opposite is true. The fact that Ramanujan provided detailed calculations of 
6, for x € (0,1) indicates that he also thought that the primary interest for 
his inequalities was in this interval. 
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4.9 Pages 214, 215 


Pages 214 and 215 contain scratch work that is very difficult to decipher. 
Except for one result, all decipherable claims can be found in Ramanujan’s 
published papers. 


Entry 4.9.1 (p. 214). For0<a<b— 3, 


G55) Ee ||) (ES 
_ VaT(at i)b- a — $) 
2 F@re-fre=a) ` 


(4.9.1) 


We have quoted one of Ramanujan’s formulas from [255], [267, p. 54, 
Eq. (3)]. To obtain the formula on page 214, replace b by a + 1 and a by 
b+1 in (4.9.1). 


Entry 4.9.2 (p. 214). For a,b > 0, 


oo dx 
f {1 +x? /a2 H1 + a2/(a+1)?}--- {1+ 22/b?}{1 + 2?/(b+1)?}--- 
= VnT(at 5)P(b+ 5)L (a+b) 
2 Ta) (b) (a+b 4) 


(4.9.2) 


The identity (4.9.2) is Ramanujan’s formula (17) from [255], [267, p. 57]. 
To obtain the result on page 214, replace a by a + 1 and b by b+ 1 in (4.9.2). 


Entry 4.9.3 (p. 214). If either Re(a + b) > 3 or 2(a — b) is an odd integer 
and Re(a +b) > 1, then 


on dx 
1 T(at+a)l(a—«2)P(b+2)r(b- zx) 
T (2a + 2b — 3) 


Ta- rerio) (4.9.3) 


We have exactly recorded Ramanujan’s evaluation on page 214, which is 
the same as in his paper [266], [267, p. 226, Eq. (7.12)], except that in his 
paper [266], a is replaced by a and b is replaced by £. 

The next result is recorded on both pages 214 and 215, except that on 
page 215, the integrand is expressed in terms of product representations of 
gamma functions. The result can be found as Eq. (1.22) in Ramanujan’s paper 
[266], [267, p. 216]. 
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Entry 4.9.4 (pp. 214, 215). If Rea > 4, then 


T dx E 92a—3 
o T(a+r) (a-r) T(2a—1)' 

The other result on page 215 that we are able to read is not connected 
with the gamma function, but there is no other logical place to put it. 


Entry 4.9.5 (p. 215). Forn > 0, 


| aaa oie + sin. (4.9.4) 
0 


1— z? 


Of course, the integral in (4.9.4) must be interpreted as a principal value. 
It is interesting that for a more general result [126, p. 446, formula 3.723, 
no. 9], namely, 


°° cos(ax) Toa 
f 2r dx = F sin(ab), a,b > 0, (4.9.5) 
the editors of [126] also fail to indicate that the integral in question diverges 


and should be replaced by a principal value. Let a = n and b = 1 in (4.9.5) 
to obtain (4.9.4). 


5 


Hypergeometric Series 


5.1 Introduction 


The purpose of this chapter is to discuss two entries on page 200 and two on 
page 327 in Ramanujan’s lost notebook. All four entries fall under the purview 
of hypergeometric series. We begin with the two entries on page 200. 

On page 200 of his lost notebook, Ramanujan offers two results on cer- 
tain bilateral hypergeometric series. As we shall see, the second follows from 
a theorem of J. Dougall [113]. The first gives a formula for the derivative 
of a quotient of two particular bilateral hypergeometric series. Ramanujan’s 
formula needs to be slightly corrected, but what is remarkable is that such a 
formula exists! This is one of those instances in which we can undauntedly 
claim that if Ramanujan had not discovered the formula, no one else, at least 
in the foreseeable future, would have done so. Our proofs of these two formulas 
first appeared in a paper by the second author and W. Chu [50]. 

We first state the second formula, which requires modest deciphering, 
because of Ramanujan’s use of ellipses to denote missing terms. It will be 
used in the proof of Ramanujan’s first formula on page 200. 


Entry 5.1.1 (p. 200). Let a, B, y, 6, and € be complex numbers such that 
Re(a+ 6+7+6) > 3. Then 


CO 


y E+2n 
nooo (at E+ nL = E= n) E+ -= E= n)a -= n) 
1 
r(B8+n)I(y- n) (+n) 
E sin(ré) (a+ 8 +y+ô-— 3) 
~ WM(at+yté—-1)r(6+6-€-1)r(a+f-1r(b+y7-1) 


i Ir(y+8- 1) (8+a-1) (5.1.1) 


x 
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We secondly state a corrected version of Ramanujan’s more interesting 
formula, i.e., the first formula. At the end of Sect. 5.4, we indicate the mistakes 
in Ramanujan’s original formula. 


Entry 5.1.2 (Corrected, p. 200). Define, for real numbers s and 0, 0 < 0 < 
27, and for any complex numbers a, B, y, and ô such that Re(a+8+ y+) > 4, 


o0 e(n+s)ið 
wh 2 Tara a E A 


n=— Co 


. (5.1.2) 


Then 


d ps(0)  isin{z(s — t)} (2 sii D gil —0)(a—B-+9 5420428) /2 


dð pl) rpt(@)(at+B-VYPr(B+y—-DYP(y+6-D)r(6+a-1) 
(5.1.3) 


On page 327 in his lost notebook [269], Ramanujan offers two beautiful 
continued fractions connected with hypergeometric polynomials, which we 
now offer. 


Entry 5.1.3 (p. 327). Let 


1 
pla, x) := z z ; : 
a te == ie T 
a+1 a+3 a+5 
(5.1.4) 
Then, fora+1>0,b+1>0, and s not purely imaginary, 
z r(v+$)r(i+5)r (i+) 
J E ELE 2 3 2 
0 eee ene? 14+ sx? l+a 1+6 lt+a+b 
I; r E 
2 2 2 
1 1(a+1)(b+1)(a+b+41)s? 
a+b+1r a+b+3 
2(a + 2)(b+2)(a + b+ 2)s? 
+ a+b+5 Ho 


Entry 5.1.4 (p. 327). If s = 1, the continued fraction in Entry 5.1.3 can be 
written in the form 


1 laribus MIIO 
a+b+1 + a+b+3 + a+b+5 afta. ae 
1 
= (1 A, + A, Ag A, A2A3+---), (5.1.5) 


a+b+1 


5.1 Introduction 133 


where 7 
(a + t)(b + t) — ab cos? Z 
A= 2o. (5.1.6) 
(a +1+t)(b+1 +t) — ab cos? > 


If we set a = (a + 1)/2 and 6 = (b + 1)/2 and replace x with 2x, then 
Entry 5.1.3 can be recast in the following form. 


Entry 5.1.5 (p. 327). Let 


ola, z) := r - 7 5 . (5.1.7) 
fi (2) His (=) Haa ee ) Jo 
a atl a+t+2 
Then, fora>0, 8>0, and s not purely imaginary, 
is dx T (a+ 4)P(8+4)r(a+8) 
[ $0296.07 aor ery OO 
where 
1 2-1(2a)(28)s? 2(2a + 1)(28 + 1)(2a + 28)s? 
x8) = 9 4 apl + 2a +28+3 
3(2a + 2)(26 + 2)(2a + 28 + 1)s? (5.1.8) 
$ 2a +2845 "ER a 


These continued fractions are connected with the continuous Hahn poly- 
nomials. In his Ph.D. thesis [318], J. Wilson found a remarkably general class 
of orthogonal hypergeometric polynomials, in which all of the classical and 
several additional polynomials can be expressed as special or limiting cases. 
In particular, certain 3F> polynomials with two free parameters, called the 
continuous symmetric Hahn polynomials, were found by R. Askey and Wil- 
son [16]. They are defined for all nonnegative integers n by 


a =n, 2 26- 1,8—i 
Pa(x) := Pa(x; a, B) := i” 3 F> ( Kiki wire B a) (5.1.9) 


and are orthogonal with respect to the positive absolutely continuous weight 
function 


W(x) := |I (a + ix) (8 + iz)’, (5.1.10) 


where —co < x < œ and q, 8 > 0 or a = 8 and Rea > 0. 

In Sects. 5.7 and 5.8, we provide two entirely different proofs of Entry 5.1.3, 
and in Sect. 5.9, we prove Entry 5.1.4. These proofs are due to S.-Y. Kang, 
S.-G. Lim, and J. Sohn [175]. The first proof of Entry 5.1.3 is instructive, 
because it relates Ramanujan’s result to Hahn polynomials and the moment 
problem. The second proof is undoubtedly closer to Ramanujan’s approach 
than the first, because it relies in the beginning stages on a theorem in 
Ramanujan’s paper [255]. 
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5.2 Background on Bilateral Series 


For every integer n, define 


Pat+n) 


(a)n := Fa) (5.2.1) 


The bilateral hypergeometric series ,H, is defined for complex parameters 
@1,42,-.-,@, and by, bo,...,bp by 


@1,42,---,4p; 
rH | z 


A > (ar)n(az2)n: >: (ap)n n 
bi, b2,- , bp; E 3 --- (bp l 


n=— oo 


With the use of D’Alembert’s ratio test, it can be checked that pHp converges 
only for |z| = 1, provided that [290, p. 181, Eq. (6.1.1.6)] 


Re(b; +b +--+ bp ay—ag-":: ap) SL. (5.2.2) 


The series „H, is said to be well-poised if 
a, + by = a2 + bg = +++ = ap + bp. 


In 1907, Dougall [113] proved that a well-poised series ;H; can be evaluated 
at z = 1. In order to state this evaluation, define 


bee _ Ta) (a2) ++: T (am) 
bi, b2,..-,0n | (by) I (ba) Tbn) 


Then Dougall’s formula [290, p. 182, Eq. (6.1.2.5)] is given by 
1+ ża, b, C, d, €; 
stis [17 iu otipe celia Ieee 
-r 1—b,1—c,1—d,1—e,1+a—b,1+a-c,1+a-—d, 
E 1+a,1—a,1+a—b-c,1+a—b-d,1+a-—b-e, 
1+a-—e,1+2a—b-—c-d-e 
E S a EN) (Ba) 


where for convergence, by (5.2.2), 
1 + Re(2a — b — c — d — e) > 0. (5.2.4) 


We need one further result, namely, the bilateral binomial theorem. If a 
and c are complex numbers with Re(c — a) > 1 and if z is a complex number 
with z =e”, 0 < 0 < 27, then 

ieira 
ap- ea ae 


E aa (5.2.5) 
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It would seem that Ramanujan had discovered (5.2.5), but we are unaware 
of any mention of it by him in his papers or notebooks. We remark that 
the bilateral binomial theorem can also be recovered from another bilateral 
hypergeometric series identity [11, p. 110, Theorem 2.8.2] due to Dougall [113], 
namely, 


sH k b; ja ra-ara -drr (e+d-a-—b-— 1) 


a Te-ar e- d-a- 


i (5.2.6) 


where Re(c + d — a — b) > 1 for convergence. In fact, in the identity above, 
first replacing b by dz and second, letting d > +00, we derive (5.2.5) in view 
of Stirling’s asymptotic formula for the I-function. 

The first appearance of (5.2.5) of which we are aware is in T.H. Koorn- 
winder’s paper [187, p. 91 (middle of the page)] in 1994. When the second 
author and W. Chu gave their proof of Entry 5.1.2 in [50], they used a formu- 
lation of (5.2.5) given by M.E. Horn [164] in 2003. His original formulation is 
incorrect, but it is corrected in the proof by J.M. Borwein, which follows the 
statement of the problem, and indeed the correct version (5.2.5) was used by 
Berndt and Chu in [50]. In addition to the proof accompanying the original 
problem, another proof published on the aforementioned website [164] is by 
G.C. Greubel. 

In the sequel, we very often use the classical reflection formula 

T 


r(2)r(1-—z)= 


aa (5.2.7) 


5.3 Proof of Entry 5.1.1 
We show that (5.2.3) leads to a proof of Entry 5.1.1. 
Proof. Let S denote the series on the left-hand side of (5.1.1). Define 


R= sin{r(8 — €)} sin{r(ô — €)} sin{ra} sin{ry} 


mé 


(5.3.1) 


Using (5.2.7) and (5.3.1), we see that we can write § in the form 


(€4+2n)P(1+é+n—-—/H)P(1+E4+n—-4)F(1+n- a) 
=e - ETia+€E4+n\l(y+E4n\l(G+n)(6+n) 


n=—co 


x P(l+n-7) 
Pure opie oer larly 
Y 


=N 
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Note that the series (5.3.2) is well-poised, and so we can invoke (5.2.3) with 
a=€,b=1-a,c=1+€-f6,d=1-y7, and e =1+€&-—o. Thus, for 
Re(a + 8 +y + ô) > 3 for convergence, we deduce that 


ri-@#ri+e— ArU- y+ E- ô) 
Pat ETEY +E) 
D(a) P(B)P(y)L(5) 
Tiat+y+€—-lP(B+6—-€-1) 
P Ta + ETB -ET HE -Elay 3) 
rd +r —Ol(at+B—-r(6+y—-Dr(yt+6—-)Dlr(6+a-1) 
E sin(7é) (a +8 +y +ô- 3) 
~ M(at+yt+€-1)P(6+6-€-1F(at+f-1r(b+y7-1) 
1 
“Tea tres n= l)’ 


S= 


where we applied (5.2.7) five times, used the value of 2 from (5.3.1), and 
simplified. 


5.4 Proof of Entry 5.1.2 


We first replace the functions in Entry 5.1.2 by another pair with which it 
is easier to work. With four applications of (5.2.7), we see that we can write 
s(9) in the form 


B e5? H, (0) 
AU = er e-o re-a oat) 
where 
Gye | TE Pea, (5.4.2) 


ats, +s; 


Thus, we prove an analogue with ys, and y replaced by H, and H+, respec- 
tively. At the end of our proof, we convert our result to (5.1.2). 
For brevity, we introduce the notation 


In particular, we can then write 


1—@+3,1-—0+5; ; in 
0) = ath ES et] = So telnet 
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Proof. By the quotient rule for derivatives, 


d H, (9) s—t)i A 
te H, (0 ‘a ae = T e249 H2 (0) (5.4.3) 
where 
A= GORA {e° H.(0) } — e"? H, OF { e" H (0)}. (5.4.4) 


Using the notation above and in the previous paragraph and setting 
k =m +n in the second equality below, we find that 


A=i SO (s—t+n—m) (s)n (tm errr” 


m,n=—oo 


=i 5 (s—t— k+ 2n) i), Oger 
k,n=— o0 
5 a e(stt+k)id s—t—k+2n 
=? 5 (s—t—k) (t)k ə Sate lkt t-n 
k=—0o n=— oo 


(5.4.5) 


Observe that the inner sum above is a well-poised 5 Hs, requiring that Re(a+ 
G+7+6) > 3 for convergence. Thus, we can use (5.2.3) to obtain the evaluation 


H 14 +(s—t ee a a 

sHs | "(s-t-k), ats, B-t-k, y+s, ö-t-k; 
a+t+k, y+t+k, B-t-k, ô-t-k 

E 1+s—t—k, 1—s+t+k, a+y+s+t+k-1, 8+6—-—s—t—k-1 


ats, B-s, yts, 6-8, a+B+ 7+6-3 
r| pO. Pte l seer e Pe 


Using the evaluation (5.4.6) in (5.4.5) and simplifying the expressions involv- 
ing gamma functions and rising factorials, we find that 


_.nlatt, B-t, y+t, ô-—t 
7 pac MA t—1,68+6-s-t il 
xI a+s, 8-s,y+s,6-s,a+8+7y+6-3 
atia, Bt+y-1,7+6-1,6+a-1 
x eil(s+t)@ y (s+t-p-04 2)k siko, (5.4.7) 


o (Sstt+a+y-1)k 


We next apply Koornwinder’s bilateral binomial theorem (5.2.5) with 
a=s+t—ß-—ô+2 and b = s+t+a +y- 1, subject to the condition 
Re(a + 8 +7 +ô) > 4. Thus, 


138 5 Hypergeometric Series 


S (stt-B-6+2)e ino ei b—04 2) i 
5 e = ,H, z€ 
(stttaty—l1)z st+tttat+y-1; 


k=—0o 
E (a a eid at b+yt+6—4 
T(at+yts4+t—-1r(6+6-—s—t-1) 
I'(a+6+7+6-83) 


(5.4.8) 


Now substitute (5.4.8) into (5.4.7), use (5.2.7), and cancel common gamma 
function factors to arrive at 


A = elstt)ie Layer (1 — eiatb+14+5—4 


«ir | a+s, p—s, y+s, ô 5, Q t, B t, ytt, 6 t A 


a—t,l—e+t,a+0=—1, 84% l ytó 1, +a 


= sin{r(s — t)} (2 sin a a eee tier eae 
T 


a +s, s, y+s,ô—s,a+t, B-t,y+t, d-t 
«P| epee Lie ke =| Pee 


Lastly, substituting (5.4.9) into (5.4.3) and then reformulating the result 
according to the relation (5.4.1) between ;(@) and H;(@), we derive the 
identity 


d pea) _§ sin{m(s — t)} (2sin 8) tE TIt- eile 0)(o—B 495428420) /2 
dbp! Orate- Dry y+ toal) 


which is (5.1.3). The proof is thus complete. 


Let (0) = e~"%y,(0). We end this section with Ramanujan’s rendition 
of Entry 5.1.2 given by 


wal Gray) 6410) 


isin{r(s — t)} |2 sin [°F T7194 pila B+1—5+ 25-20) { (m6) /24+-m 0/ (2m)]} 


7e(OF(a+B—-D)I(B+y—-)r(y+6—Dl(6+a—1) 


Note that Ramanujan’s function ¢,(8) does not have the factor e*’® in y,(6), 


defined in (5.1.2). The second major difference between the two formulas is 
in the exponent of e on the right-hand sides. One would guess that [x] in 
Ramanujan’s exponent denotes the greatest integer less than or equal to zx. 
The powers of 2sin(40) in both (5.1.3) and (5.4.10) are the same, except that 
Ramanujan has absolute values around 2sin(4@). In conclusion, except for 
multiplicative expressions of absolute value equal to 1, the other parts of the 
formulas (5.4.10) and (5.1.3) are identical. 
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5.5 Background on Continued Fractions 
and Orthogonal Polynomials 


Any set of polynomials {p,,(x)} that is orthogonal with respect to a positive 
measure satisfies a three-term recurrence relation 


Hp, (a) = OnPn+1(£) + BnPn(£) + YnPn—1(2), (5.5.1) 


where an, Bn, and Yn are real and Qn_1Yn > 0, n = 1,2,.... Conversely, 
Farvard’s theorem informs us that if a set of polynomials {p,(x)} satisfies 
(5.5.1) with an, Bn, and Yn real and with an-1%n > 0, n = 1,2,..., then 
there is a positive measure d(x) such that [10, 17] 


—co 


~ o, m#n, 
[oo pm(2) dba) = 4 n Papan C2 


Qo Anai zro 


We next review some basic properties of continued fractions. For the con- 
tinued fraction 
ay a2 an 


oe ee ETTER ae eer 


the nth approximant fn is given by 


ay a2 an Un 
=b+— ,— — =. 
TOON Ag Sean dh Oe 
We call U,, and Vn, the nth numerator and denominator, respectively, of the 
continued fraction. If we define U_; = 1, V_1 = 0, Uo = bo, and Vo = 1, then, 
for n = 1,2,3,..., the recurrence relations 


bnUn—1 Dg anUn-2 = Un, brVn—1 T an Vn-2 = Vn, (5.5.3) 


are valid [312, p. 15], [218, p. 8]. Using the recurrence relations in (5.5.3) 
and mathematical induction, one can easily deduce the following equivalence 
transformation [312, p. 19]. 


Proposition 5.5.1. Let co = 1 and c; £0 fori > 0. Then the two continued 
fractions 
a a2 a3 


ba 
Pe E e e 


and 
coci a1 C1, C2a2 €2C3a3 
cıbı + C2b2 F c3b3 ae Fe 


have the same sequence of approximants. 


Cobo + 
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The continuous symmetric Hahn polynomials P,,(x), defined in (5.1.9), 
satisfy a three-term recurrence relation [16] 


£P (£) = An Pn1 (£) + YnPn-1(2), (5.5.4) 


where 


_ (n+28)(n+2a + 26 — 1) o 
w= anp apl ant S 


n(n + 2a — 1) 


2(2n + 2a + 28 — 1) Pe) 


Hence, by (5.5.3) and Proposition 5.5.1, the continued fraction corresponding 
to the orthogonal polynomials P,, (a) with yo = —1 is given by 


1 aoy a2 A273 


x(x) : = me 
BE. 1 - (2a) (28) 2. (2a + 1)(28 + 1)(2a + 28) 
~ x — 4r(2a+28+1)-— x(2a + 28 + 3) 


3 - (2a + 2)(28 + 2)(2a + 26 + 1) 
= 4a(2a + 26 + 5) =en 


(5.5.6) 


In other words, P,,(a) is the nth denominator of x(x). 
On the other hand, (5.5.2) along with (5.5.4) and (5.5.5) provides the 
L?-norm of the continuous symmetric Hahn polynomials [16, p. 653], namely, 


i : 2 7 (1)n(2a)n(a@ + 8 — 4)n 
[Paleo BPW) de = a Wr 
where 


where W(x) is defined by (5.1.10). The integral in (5.5.7) is a special case of 
Barnes’s beta integral [22]. This particular evaluation was also established by 
Ramanujan [255], [267, pp. 53-58], and R. Roy [273] using Fourier transforms 
and Mellin transforms, respectively. 

It follows from (5.5.7) that the normalized weight function of the contin- 
uous symmetric Hahn polynomials P,,(x) is given by 


r(a+ 6+ ET (a + ix) r (8 + ix)|? 


M= Tre OEA eA (ape 
Since [255], [267, p. 54] 
eiw 
pla, x) = Eo ” (5.5.9) 


Entry 5.1.5 is equivalent to the following entry. 


5.6 Background on the Hamburger Moment Problem 141 
Entry 5.5.1 (p. 327). Fora>0 and 8>0, 


© Wy(x)dr 1 2(2a)(28)s? 2(2a+ 1)(28 + 1)(2a + 28)s? 


o 1+4s22? 2+ 2a+28+4+1+ 2a+284+3 ferea" 


Entry 5.5.1 gives a representation for the Stieltjes transform of the weight 
function of the continuous symmetric Hahn polynomials in terms of a contin- 
ued fraction. A more general continued fraction with five free parameters was 
found by M.E.H. Ismail, J. Letessier, G. Valent, and J. Wimp [165]. Using 
contiguous relations for generalized hypergeometric functions of the type 7F6, 
they derived explicit representations for the associated Wilson polynomials 
and computed the corresponding continued fraction. 


5.6 Background on the Hamburger Moment Problem 


Let {un}, 0 < n < œ, be a sequence of real numbers. The Hamburger moment 
problem seeks to find a bounded, nondecreasing function w(x) on the interval 
(—oo, 00) satisfying the equations 


bn = | a" dyla), n=0,1,2,.... (5.6.1) 


Throughout this section, it is assumed that a solution y(x) of the Hamburger 
moment problem (5.6.1) is increasing on an infinite number of points. If this 
solution is unique, the moment problem is said to be determinate; otherwise, 
it is indeterminate. 

For any solution 7(x) of the moment problem (5.6.1), let 


I(z,w) := T ae (5.6.2) 


7 
vzg 


where z € H := {z : Imz > 0}. The following two lemmas show that there is a 
one-to-one correspondence between the elements of a certain class of functions 
to which I(z,w) belongs and those in the class of solutions y(x) of the moment 
problem (5.6.1). 


Lemma 5.6.1. [286, Theorem 2.1] The function I(z, p) is analytic, Im I(z, w) 
<0 on H, and 


I(z,4)~ >> nd O<e<argz<am-6€, 0<e€<7/2, (5.6.3) 


gnt+l? 


where un, n > 0, is defined by (5.6.1). 
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Lemma 5.6.2. [286, Theorem 2.1] If F(z) is analytic, Im F(z) < 0 on H, 
and 
F(z) ~ ae) O<e<argz<m-e, 0<e€<7/2, (5.6.4) 
z 
n=0 
where un, n > 0, is defined by (5.6.1), then there exists a unique solution (x) 
of the moment problem (5.6.1) such that F(z) = I (z, 4%). 

The integral I(z,%) is also closely related to a continued fraction. 
Lemma 5.6.3. [286, Theorem 2.4] There exists a function F(z) such that 
F(z) is analytic, Im F(z) < 0, and F(z) has a representation (5.6.4) if and 
only if there exists an associated continued fraction 

ao ay a2 
by +z = bg +z = b3 +z mi 
such that an > 0, n > 0, bn ER forn > 0, and 

ao a, An 
bitz = byta = te — Fayi(z) +2’ 


bo 4 (5.6.5) 


where Fr41(z) is an arbitrary analytic function, Im Fn+1(2) < 0, and Fn41(2) 
= o(z) as z > œ on H. 


In fact, the nth approximant, say gn(z)/pn(z), of the continued fraction 
(5.6.5) can be expanded in the form [286, p. 35] 


Qn(Z) _ po _ Ma H2n-1 , Han , Ponp 

Pn(z) z : z? kii Pai EL gee ve ae 
where uj, 0 < j < 2n — 1, is defined in (5.6.1). (The definitions of u/, can be 
found in [286, p. 35]. Because their definitions are somewhat complicated and 
are not important in the present context, we do not give them here.) As we 
have seen in Sect. 5.5, the denominators p,,(z) comprise a set of orthogonal 
polynomials of degree n by (5.5.3), and by (5.5.1) and (5.5.2) in Farvard’s 
theorem. Moreover, the orthogonality relation 


f emo = ie deat (5.6.7) 


hn, m= n, 


is satisfied by the solution y(x) of the moment problem (5.6.1), [286, p. 35]. 
Next, we state two lemmas that provide, respectively, a sufficient and a 
necessary condition for a unique solution to the moment problem (5.6.1). 


Lemma 5.6.4. [286, Theorem 2.9] The moment problem (5.6.1) is determi- 


nate if 
co 
DIAAN 
n=0 


diverges at a nonreal number z. 
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Lemma 5.6.5. [286, Theorem 2.10] If the moment problem (5.6.1) is determi- 
nate, then the associated continued fraction (5.6.5) converges for all complex 
numbers z. 


5.7 The First Proof of Entry 5.1.5 


Using the lemmas in Sect. 5.6, we prove the following theorem. 
Theorem 5.7.1. Let a >0, 8 > 0, and let z be nonreal. Then 


© Wy(x)dr 1 1(2a)(28) 2(2a+1)(26+1)(2a+28) 
ZX z — 4z(2a+2641) — 2z(2a+28+3) aa? 


—Co 


where Wy(x) is defined in (5.5.8). 


S. Wite) dr = 22 f 
0 


Since 


w =e 


Wy(x) 
da, 
=a z2 -gr . 


Theorem 5.7.1 is equivalent to 


© Wn(x) oa 1 2(2a)(28) 2. (2a + 1)(28 + 1)(2a + 28) 
o 2—a? — 222 — A(2a+28+1) — z2(2a + 28 + 3) 
3- (2a + 2)(28 + 2)(2a + 26 + 1) 
= 4(2a + 28 +5) al et) 


from which Entry 5.1.5 or Entry 5.5.1 immediately follows after replacing z 
by i/2s. Therefore, Theorem 5.7.1 implies that Theorem 5.1.5 holds for every 
complex number s except when s is purely imaginary. 

In order to complete the proof of Theorem 5.7.1, we need a lemma of 
Stieltjes that gives the power series representation of a continued fraction of 
the type in (5.6.5). 


Lemma 5.7.1. [312, Theorem 53.1] The coefficients in the J-fraction 


1 ay, ag 
bb +z = bo +2- bg 4+2-°°° 


and its power series expansion 
co 
5 b (—1)”cn 
n+1 
n=0 4 


are connected by the relations 


Cp+q = ko,pko,g + a1k1 pki, q + aiako pk2qg +--+, 
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where koo = 1, krs =O ifr >s, and krs, for s >r, is recursively given by 
the matrix equations 


ko 0 0 0.. b 1 00.. koy ku 0 0 
koy ku 0 0>- a, b 10- ko2 kı2 ko2 0 


ko2 kig k22 O -|` | 0 ag bg 1 ---| = | kos hig k23 k33 => 


Proof of Theorem 5.7.1. Note that the continued fraction in Theorem 5.7.1 
is x(z) in (5.5.6), the continued fraction corresponding to the continuous sym- 
metric Hahn polynomials P,,(z). In the case of y(z), an = Qn—19n > 0 and 
bn = 0 for n > 1. It is therefore easy to see that kij = 0 when ¿i+ j is odd, and 
thus Con41 = 0 and can > 0. Let Qn(z) be the nth numerator of x(z). Then 
for positive real numbers cən obtained from Lemma 5.7.1, 


Qn(z) _ 1, 2 peaa n2 i C2n aoe 
Pal) z 28 g2n-1 ' z2n+1 ' 


Consider the moment problem 


= J x” dy(x) (n=0,1,2,...) (5.7.2) 
for the sequence of real numbers c, given above. 

Observe that Po(Gi) = 1 and that more generally, by the Chu-Vander- 
monde theorem [11, p. 67, Corollary 2.2.3], P4,(87) = 1 for n > 0. Hence, 


Co 


S |Pan(Bi)|? 


n=0 


diverges, and thus the moment problem (5.7.2) has a unique solution Wy(2) 
by (5.6.7) and Lemma 5.6.4. It now follows from Lemmas 5.6.1—5.6.3, Lemma 
5.6.5, and (5.6.6) that the continued fraction x(z) converges to I(z,~), for 
every nonreal number z, where d(x) = Wy(a)dx. 


5.8 The Second Proof of Entry 5.1.5 


Recalling the definition of ¢(a, x) from either (5.1.7) or (5.5.9), set, for t > 0, 


CAT Te | EE ay costa de (5.8.1) 


Then, with the use of the elementary evaluation, for x > 0 and s > 0, 


S 
s2 + x2’ 


J cos(xzt)e™* dt = 
0 
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the integral in Entry 5.1.5 can be rewritten in the form 


I: ay ola, x)b(8, x) (+ [ e ts) cos(at) it) dx 
5 ere t pla, x)o(B, x) cos(tx) dx ) dt 
= 7 * e125) (a, B, t) dt, (5.8.2) 
0 


2s 
where we inverted the order of integration by absolute convergence. 
Ramanujan [255], [267, p. 53] showed that by integrating termwise the 
partial fraction decomposition of the integrand, 


L ola, x) cos(yx) dz = va Tt D sci (4) 


Hence, from the theory of Fourier cosine transforms, 


| | 


y>0. 


mech ee (Y — _T(a) 
f sech (5) cos(ay) dy = VT Ta g); z>0. (5.8.3) 
Consequently, 
1 Tr(a + 5) = 2a (Y 
ọla, £) = ve ra I sech (2) cos(ay) dy. (5.8.4) 


Applying (5.8.4) to (5.8.1), we deduce that 
1 I(a+$) I(8+$) 


PEN Tey, ECB) 


where 7 is the triple _— 


T := [ [ [ sech?® ( Z) sech?” (5) cos(xzy) cos(xz) cos(tx) dz dy dz. 


(5.8.6) 


Using the elementary trigonometric identity 2 cos(xy) cos(xz) = cos(y + z)x 
+cos(y — z)x, replacing —z by z in the integral involving cos(y — z)a, setting 
u = y+z in the second equality, inverting the order of integration with respect 
to x and y, and then replacing —u by u in the integral over —oo < u < 0, we 
find that 


T= sf f T sech?® ( Z) sech?? (5) cos((y + z)x) cos(ta) dz dy dx 


= sf i. 1. sech?® ( Z) sech?? (4*) cos(ua) cos(tx) du dy dx 
a aa y 28 (Ytu 
= sf m i’ sech (3) _ ( 5 ) 


+ sech?? (==) cos(ux) cos(tx) du dx dy. (5.8.7) 


T, (5.8.5) 
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Utilize the Fourier integral formula [305, p. 2] 
| cos(nx) de | f(u) cos(ua) du = 510) 
0 0 


n (5.8.7) to deduce that 


Tf yaa (¥ op (ytt op (y-t 
r= sech (2) (sech ( 5 ) + sech 5 dy. (5.8.8) 


In summary, so far, we have shown from (5.8.1), (5.8.5), and (5.8.8) that 


(a, B,t) = “ ae (5.8.9) 


ae y 2p (ytt 28 Zt 
f sech (2) (scn (= 5 ) + sec (2 5 dy. 


The equality (5.8.9), which is a generalization of the integral of W (x) in 
(5.5.7), was established also in [38, p. 226] as a consequence of Parseval’s 
theorem, (5.8.3) above, and Legendre’s duplication formula. In [38, p. 226], 
it was mentioned that M.L. Glasser [124] evaluated integrals like that on the 
right side in (5.8.9). Glasser used contour integration, but we use the binomial 
theorem and Euler’s beta integral below. 

Using the elementary identity 


h (Ytten (¥=*) — cone ft). 28 (2) 
sech ( 5 ) + sect ( 5 sech 5 sech 5 


fil 


(ore ) tanh (Sy 1 | (aaa) 


and the binomial theorem in (5.8.8), we find that 


T= “sech?? (5) i sech?0+28 (2) ə GE tanh?” (5) tanh?” (4) dy. 


Setting v = tanh? (Sy) in (5.8.10), we arrive at 


T= Ssech?? (5 ) JE T tanh?” (5) f (1 — wy yn dy. 
n=0 0 


(5.8.11) 


Using Euler’s beta integral B(x, y) = I'(x)I'(y)/I'(a + y), we deduce that 
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) ‘ (2B) om tanh?” (5) Eine a akp) (5.8.12) 
re 


= (2n)! 2 T(a+B+n+3) 


a T(5 B) sop (t\ COn) an ft 
= irer Bak sech?4 (5) 5 etiri tanh (5 
I( 


) n=0 
_ al(3)F(a+B) pft 1 i; sft 
2 To. Mai (5) oF (6,84 5.0494 Stamm G) 


Set w = tanh (4t), so that 
t 1 1 t 
F(t): = sech?” (5) 2F1 (2.B+ yete + 5i tanh” G) 


I=” 1 1 4w? 
={ ) fi (88+ posto). (5.8.13) 


Using the quadratic transformation [11, p. 128, Eq. (3.1.9)] 


2F; (a,b;a —b+ 1; = 014ta ( 


a a+1 4z 
2” 2 5a T 7 ) 


with z = w?, a = 28, and b = 8 — a + 4, we find that 


Ft) = (1- uR (-a4 8+ 5280+ B+ Siu"), 
and using Pfaff’s transformation formula |11, p. 68, Theorem 2.2.5] 
(1 — z)" oF) (a,b; c; z) = oF (a.0- b; c; =) 
with a = 28, b = -a + 8 + 4, c= a + 8+, and z = w°, we find that 


1 2 
F(t)= oF (20, 28;0+ 8+ zi sa) (5.8.14) 
2 w*-1 


2 
Therefore, by (5.8.12)—(5.8.14), 


a I(3)I'(a+t B) 
2T(a+B+3) 


From (5.8.5) and (5.8.15), we now see that 


T= 


1 t 
oF; (2a 28;a+ 8+ zT sinh? 3) . (5.8.15) 


T I(at+ $)(8+ $)L(a+ 8) 
2 T(a)P(B)I'(a+B+4) 


1 t 
x oF, (20,280 + B4 z sinh? i): (5.8.16) 


(a, 8, t) = 
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Then, it follows from (5.8.2) and (5.8.16) that 


_ VaPlat Pb + (a+ 8) 
4s Ta) (Ba++) 


2e 1 t 
a oF, (2a 28a +8 +3; sinh? t) et/(s) dt. (5.8.17) 
0 


Recall the continued fraction expansion of Stieltjes [297], [298, pp. 282-291], 


ii b+1 
| oF (at adini sinh? 7 a dt 
0 


a he 
í iai 2 (a $14 1)(a+b)-4 
2+ (a+b+1)z + (a+b+3)z 
3- (a+2)(b+2)(a+b+1)-4 
.8.1 
+ (a+b+5)z per? BREN; (5.8.18) 


from which, upon replacing t by 4t and setting a = 2a and b = 26, we deduce 
that, for s > 0, 


7 oF, (2a 2B;a+ B+ — sinh? i) e™t/ Cs) dt (5.8.19) 
0 
o4 1-(2a)(28)-4 2- (2a +1)(28 + 1)(2a + 28) -4 
~ 2/s + (2a +28 +1)2/s + (2a + 28 + 3)2/s pess 
By (5.8.17) and (5.8.19), we finally deduce that 
teyr z3) T(8+3) (a+) 
rœ) T) Tat+8+35) 
1 2.1-(2a)(28)s? 2.-.(2a + 1)(28 + 1)(2a + 28)s? ) 
Ga (2Qa+26+1) + (2a + 26 + 3) arty 


which completes the proof of Entry 5.1.5 for s > 0. By (5.5.7), Entry 5.1.5 
holds for s = 0. Since both sides of Theorem 5.1.5 are even functions of s, 
Theorem 5.1.5 is valid for all real s. 


5.9 Proof of Entry 5.1.2 


We use the recurrence relation (5.5.3) and induction to prove that for all 
integers n > 1, 


7 1 1-(a+1)(6+1)(a+b+1) 
~~ at+b+1+ a+b+3 Pi 
n-(a+n)(b+n)(at+b+n) 
+ a+b+(2n+1) 
1 


= p to At AA o (AAA) Ra, 


Jn 


(5.9.1) 
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where A, is defined in (5.1.6). Entry 5.1.2 then readily follows from (5.9.1). 
First, observe from (5.1.6) that 


(a+t)(b+t) 


if t is odd 
_ | CLEA eL isa i 
A= nena ae pan (5.9.2) 
: if t is even. 
(a+b+t+1)(t+1) 
From the recurrence relations (5.5.3), we find that 
Uı 1 
= = = R 
harapa 
U2 a+b+3 1 
By, (a+b+1)(a+2)(b +2) TFF 1) = Ra, 
h= Uz3 3(a+b+3)} +2(a+1)(b+1)(a+b+2) 
5 V3 3(a+b+1)(a+b+3)(a + 2)(b +2) 
1 
= 1— A; + AAs) = R3, 
TITER 1 T 2) R3 
ie U,  3(a+b+3)?(a+4)(b+ 4) + 2(a+ 1)(b+ 1)(a+b+2)(a+b+7) 
a a 3(a+b+1)(a+b+3)(a+2)(b+2)(a+4(b+4) 
1 
= idaga" Ay } A, Ag A, A2A3) = Rg. 


Assume that (5.9.1) holds up to k. Then by (5.5.3), 


Urzi (a+b+(2k+1))Uk + k(a+ k)(b+ k)(a +b + k)Uņ-1ı 


fro = Viti  (a+b+ (2k +1))Vp + k(a + k)(b + k)(a +b + k)Vk-1 ` 


By the induction hypothesis, the numerator above equals 


+b+(2k+1 
- ie Ma Ay + Ay Ag +++ + (—1)*7" Ay Ag +++ Ak) Ve 


k(a + k)(b + k)\(a+b+ k) 
l a+b+1 
x (1 = Aj + A, Ao ++ (—1)*-?.A, Ao b3 - Ak—-2)Vk—1. 


Hence, we may write 


1 7 
fri = ba — Ay + Ay Ag + +++ + (=1)*7* A Ag+ ++ Ak) 
(—1)*- 1A Ag+ ++ Agi 
a+b+1 
` kat ROE BG) OVe4 


(a+b+(2k+1))V,+k(atk)(b+k)(atb+k)Vy_1 
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It therefore suffices to prove that 


k(a+k)(b+k)\(atb+k)Vi-1 


Gobet Oh Dy A a O a (5.9.3) 
We claim that 
V, = G +b+2k-1+(k-1)(a+b+k-1)), if k is odd, 
Vk-ı(a +b+2k -1+ (at+k—1)(6+k—1)), if k is even. 
(5.9.4) 


We shall defer the proof of the claim above until the end of the proof (5.9.1). 
Assuming the truth of (5.9.4) for the moment, let k be odd. Then the left 
side of (5.9.3) is equal to 


k(a + k)(b + k)(a +b + k)Vg—1 
ee 
+k(a + k)(b + k)(a +b + k)Vp_1 

B k(a+k)(b+k)(a+b+k) 
~ (at+b+2k4+1)(ak + bk + k2) +k(at+k)(b+k)(a+b+k) 
E (a+ k)(b + k) (a+k)(b+k) 


= = = k; 


a+b+2k+1+(a+k)\(b+k) (a+1+k)(b+1+k) 
as desired. When k is even, the left-hand side of (5.9.3) takes the shape 


k(a + k)(b + k)(a +b + k)Vk-1ı 
Galan +b+2k—-1l+(at+tk—1)(b+k a0) 
+k(a + k)(b + k)(a +b + k) Vki 

k(atk)(b+tk)(atb+k) 
(atb+2k+l(atkh(b+k) +katkhb+h(at+b+k) 
k(a+b+k) 


= =A 
(atb+k+1j(k+1) P 


which again is what we wanted to prove. It remains to prove the claim. 
We can recast (5.9.4) in the equivalent form 


(5.9.5) 


Ve _ J(atk)(b+k), if k is even, 
Ve-1 |k(a+b+h), if k is odd. 


We now prove (5.9.5). The first few instances of (5.9.5) are 
V> (a+ 2)(b4+ 2)(a+6+4+1) 


Vi a+b+1 = (a + 2)(b + 2), 

Vs 3(a+2)(b+2)(a+b+1)(a+b+3) 3 | 

a (a+ 2)(b+ 2)(a+b+1) = 3(a+b+3), 
“i L (a+4)(b+4). 


V3 
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Assume that (5.9.5) is true up to 2k. Then, by (5.5.3) and the induction 
hypothesis, 


Vək+1 — (a +b+ 4k + 1)Vox + 2k(a + 2k) (b+ 2k)(a + b+ 2k)Vox—1 


Vor Vor 
= (a +b+ 4k +1) + 2k(a + 2k)(b + 2k)(a + b+ 2k)- 


1 
(a + 2k)(b + 2k) 
=(2k+1)(a+b+2k+1), 


which is in agreement with (5.9.5). Assuming that (5.9.5) is valid up to 2k +1 
and using (5.5.3) again, we find, upon the use of the induction hypothesis, 
that 
Vok+2 
V2k+1 
= (a +b + 4k + 3)Vzk+1 + (2k + 1)(a + 2k + 1)(b4+ 2k + 1)(a+b+2k +1) 
Vor 
V2k+1 
= (a+b + 4k +3) + (2k +1)(a+2k+1)(b+2k+1)(a+b+2k +1) 
1 
* Qk+i(atb+2k+1) 
= (a+ 2k + 2)(b4+ 2k + 2), 


which again is in harmony with (5.9.5). This then completes the proof of 
Ramanujan’s assertion in (5.9.1) and Entry 5.1.2. As mentioned in the intro- 
duction, this proof is due to S.-Y. Kang. 


6 


Two Partial Manuscripts on Euler’s Constant y 


6.1 Introduction 


Like many mathematicians, Ramanujan was evidently fascinated with Euler’s 
constant y. He wrote only one paper on Euler’s constant [264], [267, pp. 163- 
168], but published with his lost notebook [269, pp. 274-277] are two partial 
manuscripts devoted to y. 

First, on pages 274 and 275 in [269], there is the beginning of a manuscript 
that probably was to focus on integrals related to Euler’s constant y and 
p(s) := I" (s)/T (s), and on integrals and series related to Frullani’s integral 
theorem [37, p. 313, Eq. (2.15)], [142]. This fragment contains only two short 
sections, comprising one and a half pages. Afterward, Ramanujan wrote “3.” 
to indicate the beginning of a third section, but the manuscript ends abruptly 
at this point. 

The second partial manuscript is related to the first problem that Ra- 
manujan submitted to the Journal of the Indian Mathematical Society [241], 
(267, p. 322] and to the first six entries of Chap.2 in his second notebook 
[267], [37, pp. 25-35]. Moreover, the second partial manuscript gives Ramanu- 
jan’s solution to another problem [243], [267, p. 325] that he submitted to the 
Journal of the Indian Mathematical Society. No solution to this problem was 
ever published in the Journal of the Indian Mathematical Society. The formula 
for y in this problem was also recorded in Ramanujan’s second notebook as 
Entry 16 of Chap.8 [268], [37, p. 196]. In [37], we gave a solution based on 
material in Chap.2 of Ramanujan’s second notebook [268], [37, pp. 25-35], 
where he considers a more general series and derives several elegant theorems 
and examples. The solution that Ramanujan gives in his lost notebook is not 
fundamentally different from that given by the second author in [37], but 
since it is more self-contained and independent of our considerations in [37, 
pp. 25-35], for those readers not desiring to read the aforementioned material 
in Chap. 2 and only interested in a direct route to Ramanujan’s formula for 
Euler’s constant, we provide Ramanujan’s solution in this chapter. We mildly 
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correct Ramanujan’s claim and give his proof while providing a few additional 
details. Lastly, we employ Ramanujan’s formula to numerically calculate y. 

The proofs in this chapter were first published in papers that Berndt wrote 
with D. Bowman [46] and T. Huber [55]. 


6.2 Theorems on y and ~(s) in the First Manuscript 


We first prove the primary theorem in the first section of the first-mentioned 
incomplete manuscript. Applications of this result have been made by H. Alzer 
and S. Koumandos [7] in deriving series representations for y, Catalan’s con- 
stant, ¢(3), 7”, and other familiar constants. 


Entry 6.2.1 (p. 274). Let p, q, and r be positive. Then 


[ = E a) dx = Y(q/r) — y(p) + logr. (6.2.1) 


1-2 1 


Proof. (Ramanujan) Using the continuity of the integrand on the right side 
below for 0 < z,s < 1, a well-known integral representation for the beta 
function, the change of variable t = x” in the second part of the integrand, 
and L’Hospital’s rule, we find that 


1 p—1 q—1 
f (z org je 
o khow Dg 


= Jim, f fee eye yet a) de 
= im, [TOTO apar) 

s>0 | '(s+p) T 

T(p) -s _T (a/r) 5 

Mo d iai r a) 

s—0 
aig _T(p)l"(s +p) r—*logr r—*I"(s+q/r) 
=i {Re 77 (regan t Pera) 


=—V(p)+logr+v(qa/r), 


which completes the proof. 


Entry 6.2.2 (p. 274). Suppose that a, b, and c are positive with b > 1. Then 


1 / perl bze- 1 oo abk a a 
| =- >) De de = (+c) -log $. 


k=0 
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Proof. By Entry 6.2.1 and the facts that b > 1 and w(x) ~ log z, as z tends 
to co (see (13.2.28)), 


1 c-1 b be—1 n n 1 ctab®-1 b betab*—1 
| T o a So at" de E >| x z - dx 
p \l-a 1-2 ar 0 Lae l= 9 


k=0 

= (F +e) w (ab” +c) + (n + 1)logb 

= (F +e) — log (ab" + c) + (n + 1)logb + o(1) 
= (7 +e) nlogb-— loga + (n+ 1) logb + o(1) 
ns (Ed mitta 


as n tends to oo. Letting n —> oo, we complete the proof. 


Entry 6.2.3 (p. 275). We have 


i co 
2 
| oa de =i», (6.2.2) 
0 l+r e 
i 
1+ 22 3 

dz =1-¥4, 6.2.3 

f ee j 2 ( ) 


; 1+ 5Vv@ (3/2) de — 
h oar” dx =1-— y. (6.2.4) 


Proof. In Entry 6.2.2, set, respectively, c = 1, a = b = 2; c = 1, a = b = 3; 
and c = 1, a = b = 3/2. Use the fact that [126, p. 954] 
y(2)=1- y (6.2.5) 


to complete the proof. 


According to Bromwich [80, p. 526], (6.2.2) is due to E. Catalan. Parts 
(6.2.3) and (6.2.4) may be new. H. Alzer and S. Koumandos [8] have em- 
ployed (6.2.2) in deriving further representations for y; several references to 
the literature on y can be found in [8]. 

Before discussing the very brief second section of Ramanujan’s fragment, 
we offer some alternative proofs, references, and connections with further work 
of Ramanujan, as well as others. 


Lemma 6.2.1. For x >0, «1, and any integer n > 1, 


Co 


1 1 (n — 1) + (n—2)a/™ + (n — 3)x?/"Ă 4... 4 gl(n-2)/n* 
logr l-r nE (1+ gl/n® 4 g2/n* 4... 4 0n) 


(6.2.6) 
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Proof. It is easy to verify that 


1 1 ((n—1) + (n— 2)a + (n—3)a? +--+”? 1 
= sfe K 
l=” n Lae a eae E l-g 
(6.2.7) 
Replacing x by xt/” and iterating m times, we find that 
2)x 1/në 4 +(n =x 3)x2/"" + eae + gp (r—2)/n* 
4S J+ Toa + g2/n* +- eIn") 


1 


n™(1 = gi/n™) g 


If we now let m tend to oo and apply L’Hospital’s rule, we complete the proof. 


The special cases n = 2,3 of Lemma 6.2.1 can be found in Ramanujan’s 
third notebook [268, p. 364], and proofs can be found in Berndt’s book [40, 
pp. 399-400]. Our proof here generalizes these proofs. 


Lemma 6.2.2. For every integer n > 1, 


l n 1 E ky 
= — — —— x” "da. 6.2.8 
7 f => a)? i ( ) 


Proof. Integrate (6.2.6) over O < x < 1 and employ the well-known integral 
representation [80, p. 507], [126, p. 955] 


-f E 
= o \logr 1-2 


Accordingly, replacing x by r”, we find that 


fS (n= 1) + (n—2)x/™ + (n — 3)x2/™ +- 4 e072)" i 
x 
0 pay nk (1+ al/n* + g2/n* free + eD") 
7 a 1 1 (n=1)+ (n—2)a/™ + (n —3)x2/™ +- 4 02n" P 
E 0 nk 1+ gi/nk 4 2/n* eee fg (n—1)/n* % 


a . (n= 1) + (n= 2)z + (n= 3)z? +: +a? ntig 
0 Ll+taotar+---tanr-t 


by (6.2.7). This completes the proof. 
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Lemma 6.2.2 is equivalent to Entry 6.2.2 in the case c = lla = b = n. 
To see this, first make these substitutions in Entry 6.2.2 and use (6.2.5) to 


deduce that 
l 1 narl\ & k 
l-yvy= — — ——_ "dx. 6.2.9 
Y f = Tm) 5 ( ) 


Adding (6.2.8) and (6.2.9) and simplifying, we readily find that 


1 œ 
1=(n— nf Soa ae, 
0 


k=1 
which is trivially verified by termwise integration. 
The arguments in the proof of Lemma 6.2.2 lead to another formula for y. 


A proof of this formula can be found in the paper by Berndt and Bowman 
[46] and in the Master’s Thesis of C.S. Haley [140]. 


Theorem 6.2.1. If b is an integer exceeding 1, let 


aadh yaln (6.2.10) 
—1, if bt r. 


Then 


= 3 Er E a 
4 r |logb]’ 
where |x] denotes the greatest integer < zx. 
Corollary 6.2.1. We have 


y= 3 =i Ha . (6.2.11) 


r 


r=1 


Proof. Let b= 2 in Theorem 6.2.1. 


The representation for y given in (6.2.11) was discovered in 1909 by 
G. Vacca [307] and is known as Dr. Vacca’s series for y. Corollary 6.2.1 
was rediscovered by H.F. Sandham, who submitted it as a problem [274]. 
M. Koecher [185] obtained a generalization of (6.2.11) that includes a for- 
mula for y submitted by Ramanujan as a problem [243], [267, p. 325] to the 
Journal of the Indian Mathematical Society, and found in his notebooks [268], 
[37, p. 196]. Further series in the spirit of those of Ramanujan and Koecher 
were found by F.L. Bauer [25]. A result similar to that of Bauer was found by 
A.W. Addison [2], with a simpler version later established by I. Gerst [121]. 
For alternative versions of Vacca’s series for y, for generalizations, and for 
approximations to y, see papers by J. Sondow [293], Sondow and W. Zudilin 
[294], and Kh. Hessami Pilehrood and T. Hessami Pilehrood [154-156]. 

J.W.L. Glaisher [123] generalized Theorem 6.2.1. We offer a theorem that 
is equivalent to his theorem. For a proof, we refer to the paper by Berndt and 
Bowman [46]. Another proof has been found by Haley [140]. 
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Theorem 6.2.2. Let a and b be positive integers with b > 1, and let €, be 
defined by (6.2.10). Then 


won BE Se [ney 


We complete this section with a remark about Entry 6.2.1. After replacing 
x by e~* in (6.2.1), we obtain an integral of Frullani type. In his third quarterly 
report, Ramanujan found a beautiful generalization of Frullani’s theorem. 
In particular, the formula 


oo x)? — =q 
f (1 +azx) (1 + ba) de 
0 T 


=y(a)- vp) +1og2, (6.2.12) 


where a,b, p,q > 0, is a special instance of Ramanujan’s theorem [37, p. 314]. 
In view of the right sides of (6.2.1) and (6.2.12), one might surmise that (6.2.1) 
can be derived from (6.2.12), or Ramanujan’s generalization of Frullani’s the- 
orem, and this was accomplished by J.-P. Allouche [3]. 


6.3 Integral Representations of log x 


Section 2 in Ramanujan’s first unpublished fragment is devoted solely to the 
statements of the following theorem and (6.3.1) below. 


Entry 6.3.1 (p. 275). If a,b, and c are positive with b > 1, then 


= = -Doede = lo 1+ 
0 log x j 7 j 


Proof. As indicated by Ramanujan, we begin with the equality [126, p. 575] 


1 p—1 _ »q-1 
i 2 “de = log A (6.3.1) 
0 log x P 


where p,q > 0. Thus, since b > 1, 


getab”—1 octab 1 


1 gzel — goc-1 Th pk k = 
ce” dx = 1 dx 
f log x » 2 0 log x 


2 be + ab 
= og Ea 
k=0 


c+ abk 


=> (log b + log(c + ab™t+) — log(c + ab*)) 
k=0 


= (n + 1) logb + log(c + a/b) — log(c + ab”) 
= (n + 1) logb + log(c + a/b) — n log b — loga + o(1) 
= log(1 + bc/a) + o(1), 


as n tends to oo. Letting n tend to co, we complete the proof. 


6.4 A Formula for y in the Second Manuscript 159 


Entry 6.3.2 (p. 275). We have 


Proof. Set c= 1 and a = b = 2 in Entry 6.3.1. 


Observe that if x is replaced by e~* in (6.3.1), we obtain an example 
of Frullani’s integral theorem. Ramanujan’s ideas can be extended to other 
examples of Frullani-type integrals found by, among others, Ramanujan in his 
quarterly reports [37] and Hardy [142], [151, pp. 195-226]. For example, we 
note the integral [142, Eq. (29)], [267, p. 200] 


© 8 cos(ax) — e™®™ cos(x) 1, a +a? 
= l .3.2 
f P da 5 8 ggr’ (6.3.2) 
where a,b, a, 8 > 0. 
6.4 A Formula for y in the Second Manuscript 
At the top of page 276 in [269], Ramanujan writes 
2 1 1 1 
= log2 4 H 
TEOT ee (o stm) 
6 1 m 1 l p 1 
1535—15 ` 188-18 | 393 — 39 i 
1 
the last term of the nth group being (6.4.1) 


Ramanujan’s assertion (6.4.1) needs to be slightly corrected. The first, not 
1 


the last, term of the nth group is z- We give a more precise 


n 3 34 
(3 +3) 3”4+3 
2 2 

statement of Ramanujan’s claim. 


Entry 6.4.1 (p. 276). 


3”—1 
co 2 
1 
y=log2—-S02n X a. (6.4.2) 
(3k)3 — 3k 
nah Be 


Proof. It is easily checked that for each positive integer k, 


a ee S. 2 
3k—1° 3k 3k+1 k (8k)3—3k 


(6.4.3) 
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Set k = 1,2,...,n in (6.4.3) and add the n equalities to find that 


5 : = 3 : 3 : 
= 5 , 
= k = k = (3k)3 — 3k 
i.e., 
2m+1 m 
1 2 
——_ =1 — m. 6.4.4 
2O mak +). Ga ak eae 


The first three cases, m = 1, 2,3, of (6.4.4) are, respectively, 


TE TE eee ee 

23 4 38 — 3” 
Le ae Geer ee N E 
5 6 13 33-3 ' 68-6 9-9 123-12’ 
Fe a eet a, 

15 40 33 — 3 393 — 39 


More generally, taking m = 1,2,...,n in (6.4.4) and adding the n equalities, 
we find that 


1 $i 1) 2 ( 2) 2 i 2 : 2 
= = n + (1 
k 33 — 3 68-6 98-9 122-12 


2 2 2 
L(n—3 ! n+), (645 
[i ) a 18? 187 +a) oe 


where there are n expressions on the right-hand side of (6.4.5). Now, from the 
standard definition of Euler’s constant, as n > oo, 


w 
3 
| 


1 


Z 
1 5 =I 
7 = tos ( 5 ) ++ o(1) = nlog3 = log? + y+ o(1): (6.4.6) 
k=1 


If we use (6.4.6) in (6.4.5), divide both sides of the resulting equality by n, 
and then let n —> oo, we deduce that 


oO 


2 


log3 =1+ 5° EDIPE (6.4.7) 
k=1 


(The identity (6.4.7) is also found in Sect. 2 of Chap. 2 in Ramanujan’s second 
notebook [268]; see also [37, p. 27].) Lastly, using (6.4.6) in (6.4.5), letting 
n — oo while invoking (6.4.7), and rearranging, we readily arrive at (6.4.2) to 
complete the proof. 
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6.5 Numerical Calculations 


Define 
gti 
j 2 1 
i 2n > Gh? 3k (6.5.1) 
mal 37 1+1 
2 
The first 14 values of —y + log 2 — S} are given in the following table. 
j | —y +log2 — Sj j | —y + log2 — Sj 
1 | 3.25982 x 107? 8 | 3.14043 x 1078 
2 | 5.66401 x 107° || 9 | 3.87176 x 107° 
3 | 8.37419 x 1074 || 10 | 4.72684 x 107*° 
4 | 1.15710 x 1074 || 11 | 5.72414 x 1071 
5 | 1.53668 x 1075 || 12 | 6.88472 x 1071? 
6 | 1.98621 x 1076 || 13 | 8.23230 x 1071 
7 | 2.51665 x 1077 || 14 | 6.05812 x 10714 


These calculations were carried out using Mathematica 5.2. The partial 
sums in (6.5.1) are taken with respect to the index n of the outer sum. 
Thus, (6.4.2) converges quite rapidly, with only 14 terms needed to deter- 
mine y up to an error of order 10714. If we regard (6.5.1), or (6.4.2), as a 
single sum, i.e., each partial sum contains only one additional term from the 
inner sum, then the computations take much longer. 

Ramanujan’s series for y converges much more rapidly than the standard 
series definition for y, namely, 


n 


35 loen 


j=l 


y= lim Cy, CA = 


n— co 


(6.5.2) 


To compare the use of (6.5.2) with that of (6.5.1), which we used in computing 
the previous table, we list the first 14 values of Cn — y in the following table. 
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n|C,-Y¥ n|C,-y¥ 

0.42278 8 | 0.061200 
0.22964 9 | 0.054528 
0.15751 10 | 0.049167 
0.11982 11 | 0.044766 
0.09668 12 | 0.041088 
0.081025 || 13 | 0.037969 
0.069731 || 14 | 0.035289 


NO Tm A W N KF 


For several years, the most effective algorithm for computing y has been 
that of R.P. Brent and E.M. McMillan [77]. The current world record, at the 
writing of this book, for calculating the digits of 


y = 0.57721566490153286060651209008240243104215933593992... 


is held by Alexander J. Yee and R. Chan [320], who calculated 29,844,489,545 
digits. 

Another representation for y can be found in Entry 44 of Chap. 12 in 
Ramanujan’s second notebook [268], [38, p. 167]. Asymptotic expansions for 
y are located in Corollaries 1 and 2 in Sect.9 of Chap. 4 in his second note- 
book [268], [37, p. 98]. An extension of these results along with an interesting 
discussion of them has been given by R.P. Brent [75, 76]. 


T 


Problems in Diophantine Approximation 


7.1 Introduction 


In this chapter, we examine three partial manuscripts on Diophantine 
approximation found in [269]. All are untitled and in rough form. 

The first partial manuscript is on pages 262-265. At the top of page 262 
are two appended notes. The first, possibly in the handwriting of G.H. Hardy’s 
former research student, Gertrude Stanley, reads (in part) “Paper a lit- 
tle difficult to understand after the first page.” The second, definitely in 
the handwriting of Hardy, surmises “Odd problem. I don’t profess to know 
whether there’s much to it.” 

On these four pages, Ramanujan considers the problem of finding the 
maximum value of a certain polynomial when the variable x is a rational num- 
ber with prescribed denominator. We do not know what motivated Ramanujan 
to consider this particular problem, and it is natural to ask whether Ramanu- 
jan’s analysis can be extended to other algebraic numbers. Probably, this is 
the case, but it appears to be complicated to state and prove a general the- 
orem. Although this problem is outside the scope of contemporary research 
in Diophantine approximation, because only elementary number theory and 
elementary calculus are involved, we hope that readers will find Ramanujan’s 
problem and its analysis to be appealing. We have decided that it would 
be unwise to dwell on every inaccuracy or vague statement in Ramanujan’s 
manuscript. We emphasize that the principal ideas are due to Ramanujan, but 
that it took considerable effort to interpret and make them precise. The proofs 
are substantially due S. Kim and the second author [56]. 

The second manuscript is on pages 266 and 267 of [269]. This short 
manuscript is more precisely and clearly written. Ramanujan considers the 
Diophantine approximation of the exponential function e?/*, where a is 
a nonzero integer. Remarkably, he obtains the best possible Diophantine 
approximation to e?/*, a result that was first established in the literature 
by C.S. Davis [102] in 1978, probably about 60 years after Ramanujan had 
proved it. Our account of this manuscript is taken from a paper [61] that 
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Berndt coauthored with S. Kim and A. Zaharescu. This paper contains 
further results. In particular, the authors examine how often the convergents 
to the (simple) continued fraction of e coincide with partial sums of e. More- 
over, they prove a conjecture of J. Sondow [292] asserting that only two partial 
sums of the Maclaurin series for e coincide with partial quotients of the simple 
continued fraction of e. 

We have been unable to provide meaning to the third manuscript, which is 
on page 343. Its claims are wrong, and so it remains a challenge to determine 
whether something meaningful can be ascertained. 


7.2 The First Manuscript 
7.2.1 An Unusual Diophantine Problem 


We begin by quoting Ramanujan at the beginning of his manuscript. 


Let us consider the maximum of 


€m(1 — €m)(1 — 2em) (7.2.1) 


when € is a positive proper fraction and m and Mem are positive 
integers. Let um be the maximum of (7.2.1). If we do not assume that 
MeEm is rational, we get that 


3- V3 1 
Em = ; Um = —=: 
m 6 m 6/3 
Here, as a positive proper fraction, Ramanujan intends €m to be a rational 
number (not necessarily in lowest terms) with denominator m. If 


(7.2.2) 


f(z) := a(1 —2)\(1— 22) = z — 3x? + 22°, (7.2.3) 


then it is easily seen that x = (3 — V3)/6 yields a local maximum of f(z). 
Ramanujan desires to find the maximum value vm of (7.2.3) when approxi- 
mating (3 — /3)/6 by a rational number em with denominator equal to m. 


He then claims that €m is either 
m (58) -e m (258) 
) := 1) = : 
m 
(7.2.4) 


Gm(E) : = 

Here, we can see that € is completely determined by m. We can assume that 
0 < €< 1, so that the two values in (7.2.4) give the two best rational approxi- 
mations to (3—V/3)/6 with denominator m. In the first instance of (7.2.4), the 
approximation is from below, while in the second instance, the approximation 
is from above. Ramanujan then claims the following. 


or Im(€ 
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Proposition 7.2.1. If 


3- 4/3 
mM- 6 iE i 2 3 
= _ then Um= a oe (7.2.5) 


m 6/3 m2 3° 
and if 
iJ 
m( a) 0-0? g (1-6) 
1 1l-e l-e 
En = = , then Um = ER 7a V/3+2 3 


(7.2.6) 


Proof. With the use of (7.2.3), both of these calculations are straightforward. 


We note that by replacing € by e— 1 in the value of vm in (7.2.5), we obtain 
the value of vm in (7.2.6). 


Proposition 7.2.2. 


1 m-vVm2-1 
i e< ; then Vm in (7.2.5) is greater; 7.2.7 
fxg (7.2.5) is g (7.2.7) 
1 m—-vm2-1 
i e> ; then Vm in (7.2.6) is greater; 7.2.8 
fo ea (7.2.6) is g (7.28) 
and 
1 ~ Vm? —1 
if e= mm — vin , then the values of vm in (7.2.5) and (7.2.6) 
2 2/3 


are identical. (7.2.9) 


Proof. An elementary calculation shows that 


ie a v3 ma > 5 - v3 +2 = (7.2.10) 
if and only if 
6e? + (2mvV3 — 6)e + 2 — mv3 < 0. (7.2.11) 
It is easily checked that the roots of 6e? + (2mv3 — 6)e +2 — mv3 = 0 are 
1 -m + Vm? —1 ; 
T1, T2 E H NE ; with rg < rı. 


Thus, (7.2.10) is true if and only if rə < € < rı. Since the root that we seek is 
rı, we see that the statements in Proposition 7.2.2 follow. 
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Now, if 


1 — 2—1 
0<e< m m ; 


2 2/3 


then 


m— 1 m—1 3-V3 m+1 m? —1 
7 12 < MEm < M < ; 


6 2 12 
Also, if 
1 m—-Vm?2-1 
5 NWE <e<l, 
then 
m—-1 feet mB < me Zid m? —1 
2 12 6 Á 2 12 ` 
Thus, if 
1 m-vm-1 
eF ; 
2 2/3 
we conclude that the maximum vm occurs when 
1 |m+l1 m? —1 
Em = — ; a (7.2.12) 


We also note that for those values of m for which 
1 — 2 
ga ee : (7.2.13) 
2 2/3 


by (7.2.9), we can choose either expression from (7.2.4) for em. Thus, 


1 =Ï asi 1 1 2_ 4] 
ee = = or m = (7.2.14) 
m 2 12 m 2 12 


We remark that by (7.2.4) and (7.2.13), we do not need greatest integer 
functions in (7.2.14). Hence, we have established the following proposition. 


Proposition 7.2.3. The formula for em in (7.2.12) is valid for all values of 
m, and in the case of (7.2.13), €m can be determined by the alternative choices 
im (7.2.14). 


In conclusion, we use (7.2.12) to calculate em. We then return to (7.2.3) 
to determine Vm. 

In Table 7.1, we list the values of €m for each m, 1 < m < 10, which were 
obtained from (7.2.12) or (7.2.14). We also add the corresponding values of e 
in the table. 

Ramanujan next discusses the minimum order and maximum order of Um. 
He does not define these concepts, but in different words we relate what we 
think he intended. 
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m Em Value of € Vir 
1 1 
1] 0,1 aaa 0 
2 2/3 
1 3- V3 
2 _ 
0, 5 0 
al 1 | 3x3 | 2 
3 2 27 
4| i 2_ 2v8 3 
4 3 32 
5 1 3 5v3 12 
5 2 6 125 
1 20 
6 = 2-3 — 
6 v3 63 
7 i 2 5 73 30 
T 2 6 T 
3| ê£ł 3 43 3 
4 3 32 
4 2 7 373 70 
9 2 2 36 
1 5V3 12 
10 = 3-— = 
5 3 53 


Table 7.1. Table of values for um, 1 < m < 10 


Proposition 7.2.4. For all values of m, 


2_4 m =i 
Um > T5 Z 3 ; (7.2.15) 


with equality holding when 


1 m-vym?—]I 
EE E a L , (7.2.16) 
2 2/3 


and the corresponding value of €m is given by 


1 =i 2a] l 1 2] 
EA (ble m or = = » (7.2.17) 
m 2 12 m 2 12 


Proof. From (7.2.12), we have 


m-—1 e =i 1 f/m+l1 CA 
LEnS * 
m 2 12 
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If the maximum vm occurs at €m < (3 — V3)/6, then 


1 {m-1 |m? —1 m?—4 m? —1 
Um = f = ; 
m 2 12 6m? 3 
since f(x) is increasing when x < (3 — V3)/6. On the other hand, f(x) is 


decreasing when (3 — /3)/6 < x < 1. Thus, if the maximum vm occurs at 
€m > (3 — V3)/6, then 


ie 1 f/m4+l1 m?— 1 om4 im? —1 
a m 2 V p 6m3 3.7 


which completes the proof. 


The previous proposition gives a lower bound for vm. The next two 
propositions give upper bounds, with Proposition 7.2.5 due to Ramanujan; 
Proposition 7.2.6 was not given by Ramanujan in his partial manuscript. 


Proposition 7.2.5. If em = g(€), then 


221 [m+? 
Um < T 2 > , (7.2.18) 


with equality holding above when 


1 f/m m? +2 
én = = ( ; > (7.2.19) 
Proof. We first note that 
3-V3 m m? m m +1 
6 2 i 2 4 EF 

cannot be integers, whereas 

m |m +2 (7.2.20) 

2 12 
is an integer for m = 1,5,19,.... Also, it can easily be verified that 


m m? _ tm m? +1 _ jm m? +2 em m? +2 
2 12 2 12 2 12 = 2 12 


Thus, we obtain 


ifm m? +2 m2—1 /m?+2 
Um < f = 5 
m \ 2 12 6m 3 
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Proposition 7.2.6. If em = g(e—1), then 


249 [m4 
vm s V= (7.2.21) 


with equality holding when 


Em = . (7.2.22) 


Proof. First, it can be easily verified that for 0 < i < 3, 


m m’ —i 


2 12 


does not take any integral values. So, we have 
m m m m“ — 2 
= > 
2 / 12 2 12 7 12 


Thus, we obtain 


N 
w| š 
3 
| 
iN 


1 [m™m m? —4 m+2 /m?—4 
Um < f = 3 . 
m \ 2 12 6m 3 


This concludes the first section of Ramanujan’s partial manuscript. 


7.2.2 The Periodicity of vm 


In the second and last section of his draft, Ramanujan considers the periodicity 
of Um. To motivate the remainder of our paper, we move his table from the 
end of the manuscript to the beginning of this section (see Table 7.2). 

We observe that there exist sequences of values that are periodic, e.g., 


U5 V10 v15 V20 U25 v30 U35 V40. (7.2.23) 


Ramanujan then seeks to determine the maximum value of k such that 


Um V2m U3m ne? Ukm- (7.2.24) 


Theorem 7.2.1. As in (7.2.19), consider only those values of m for which 


2 
ee (3 = 2) (7.2.25) 
m 


2 12 
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v1 =0 v26 = 0.0955849 
v2 = 0 v27 = 0.0960219 
v3 = 0.0740741 v28 = 0.0962099 
va = 0.0937500 v29 = 0.0961909 
vs = 0.0960000 v30 = 0.0960000 
ve = 0.0925926 u31 = 0.0958679 
v7 = 0.0874436 v32 = 0.0961304 
vg = 0.0937500 v33 = 0.0962239 
vg = 0.0960219 v34 = 0.0961734 
vio = 0.0960000 v35 = 0.0960000 
vi1 = 0.0946657 v36 = 0.0960219 
viz = 0.0937500 v37 = 0.0961838 
v13 = 0.0955849 v38 = 0.0962239 
via = 0.0962099 v39 = 0.0961581 
V15 = 0.0960000 vao = 0.0960000 
vis = 0.0952148 va1 = 0.0961100 
vız = 0.0952575 v42 = 0.0962099 
Vig = 0.0960219 va3 = 0.0962179 
vig = 0.0962239 vaa = 0.0961448 
v20 = 0.0960000 vas = 0.0960219 
v21 = 0.0954541 vag = 0.0961617 
v22 = 0.0957926 va7 = 0.0962215 
v23 = 0.0961617 vas = 0.0962095 
v24 = 0.0962095 vag = 0.0961334 
v25 = 0.0960000 vso = 0.0960960 


Table 7.2. Table of values for Um, 1 < m < 50 


is a rational number. Let k be the maximum value such that (7.2.24) holds. 
Then 


ky [=| = 4/3m2+ 6 — 1, (7.2.26) 


where x is determined by 
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1 [fz-1 qa 1 /m  [m?+2 
2( 2 12 (3 12 smi 220) 


Proof. From (7.2.12), recall that for every m 


1 
Em = 
m 


m+1 m?—1 
2 12 , 


or in terms of the least integer function, 
o ljm-l1 m?-1 
mml 2 ES 
With these values in mind, we first examine, for x > 1, the two functions 
= 1fx+1 Ta _ifz=1 = 
neeg ( 2 12 and yat) =: 2 12 j’ 
An elementary calculation shows that 
1 1 -1 
/ 
= 0 
fi) = -37T jog ( 12 ) en 


1 1 fee 
/ 
= 0 
fle) = zz a ( 12 ) oat 


provided that x > 2/./3. Thus, fı(x) is monotonically decreasing and fo(2) 
is monotonically increasing for x > 2/./3. Also, we see that 


11 MQM 1 “Bae 1 1 fo 


< = ; 
2% V2 22 6 fi@) = 3t NDE ioe 


(7.2.28) 


fo(x) = 


Now we verify (7.2.26). Suppose that we have the sequence of equal val- 
ues (7.2.24), which, in turn, implies that 


Em €2m €3m a Ekm: 


Since €m = €km, by (7.2.12) and (7.2.27), 
km = 1 gee —1 


1f{a-1 a—-1\ 1 
x 2 12 km 
1 km—1 k?m? — 1 
> ; 

T~ km 2 12 


Since fə(x) is monotonically increasing, it follows that x > km, which 
proves the first equality in (7.2.26). 
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Now we solve (7.2.27). Let 


o1 m m? +2 
o=m\ 2 m | 


Then, a straightforward calculation shows that 


3(1 — 2a) + V1 + 12a — 1202 
aes T acy (7.2.29) 
3(1 — 2a)" — 1 


= 
Since a = 4 — L m F2, we easily find that 


1 2 3m?-—2 
1+12a- 120 =4-12(3-a) T 


m 
2 
3(1 2a) = VIM +6 
m 
> R 152 2 
3(1 — 2a)? — 1 =2— 120 + 120 =12(a 1= 5. 
2 m 


Hence, by (7.2.29), we deduce that 


CA /3m2 +6 + V3m2 — 2 


m 2 


However, by (7.2.25), we see that (m? + 2)/3 is a perfect square, which is 
equivalent to 3m? + 6 being a perfect square. Thus, 


k< [=| = V3m? +6 -1, (7.2.30) 
m 


which verifies the second equality in (7.2.26). 


In the next result, Ramanujan removes the restriction on (7.2.25) from 
Theorem 7.2.1 and claims a formula that is valid for all m. 


Theorem 7.2.2. Assume that x is chosen so that either 


1/x+l1 g= adl 
x 2 12 m 


1fa-1 x—1 1 
x 2 12 m 


(7.2.31) 


m+1 m?—1 , B= v3 
2 12 6 


m+i1 T= 3—43 
: 2.32 
2 12 < 6 23?) 


or 
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Then 


k= [=| (7.2.33) 


m 


Moreover, if 3m? + 6 is a perfect square, then 
k = /3m? +6-1. (7.2.34) 


Proof. Observe that the last statement in Theorem 7.2.2 follows from (7.2.33) 
and (7.2.30). 

In order to prove (7.2.33), we first need to show that k < [a/m] for 
arbitrary m. In the case of (7.2.32), we can use the same argument from the 
proof of (7.2.26). For the case of (7.2.31), if we assume Em = €2m =+** = Ekm, 
then we have 


1fe+i a i 
c\ 2 12 } km 


| 
y[4 
aN 
> 
| 
m= 
3) 
T 
RE 
aa 
= 
NS 


Since f(a) is monotonically decreasing, we conclude that km < x, or k < 
[x/m]. 

We now show that for every 1 <t < [x/m] , €m = €tm, which proves (7.2.33). 
We first consider those values of m for which (7.2.31) holds. Since all the 
rational numbers with denominator tm include the rational numbers with 
denominator m, we have vim > Um. Since €m > (3 — V3)/6 and the function 
f(x) = (1 — x)(1 — 2x) is decreasing on the interval [(3 — /3)/6, 1], we have 
Etm < €m. On the other hand, since fı(x) is decreasing, by (7.2.31), 


m+1 m2 —1 <1 (tm+i = 
2 12 |> tm 2 12 


m+1 Im? = -| 2 
2 1 = 
which implies that €m < €m, upon dividing both sides above by tm. Hence, the 
inequalities €m > €tm and Em < €tm imply that €m = €tm for all 1 < t < [a/m]. 
For those values of m that satisfy (7.2.32), we apply a similar argu- 
ment. Since vim > Um and the function f(x) is increasing on the interval 


[0, (3 — V3)/6], we have em < etm. Since f2(x) is increasing, by (7.2.32), 


m+1 m?—1) 5 1 (tm—1 Ca 
2 12 |—tm 2 12 ' 


t 


~ tm 


Em 


Thus, 


t 


2 12 


tm+1 a 


t 


tm 


Em 
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m+1 = s tm— 1 t?m? —1 
2 12 7 2 12 , 


which implies that €m < €m, upon dividing both sides above by tm. Thus, 


since we also had observed that €m < €#m, we conclude that €m = Etm, which 
completes the proof of (7.2.33). 


Thus, 


t 


In summary, if 3m? + 6 is a perfect square, then we use (7.2.34) to calcu- 
late the length k of the period. If 3m? + 6 is not a perfect square, then we 
use (7.2.33), with x defined by (7.2.31) or (7.2.32), to calculate the period 
length k. 

If m = 1, then by (7.2.34), k = 2. In our initial calculations above, we 
had observed that vı = vg = 0, but v3 Æ 0, and so Ramanujan’s periodic 
assertion is corroborated in this case. Ramanujan then gives seven peri- 
odic sequences corresponding to the values m = 5,9, 14,19, 71, 265, 989, with 
periods 8,5, 12, 32,122, 458, 1,712, respectively, namely, 


U5 = Vio = V15 = +++ = U40, 

Ug = Vig = V27 = +++ = U45, 

U14 = V28 V42 + = U168; 

Vig = V38 = U57 = +++ = V608, 

U71 U142 V213 “7+ = U8,662, 

U265 = V530 = V795 = ''* = U121,370; 
V989 = V1,978 = V2,967 = *** = V1,693,168- 


The first, fourth, fifth, sixth, and seventh sequences arise from (7.2.34), but 
for the second and third, we must use (7.2.33) and (7.2.31) to determine the 
values k = 5 and k = 12, respectively. 

It is interesting to examine how often 3m? + 6 is a perfect square. If we 
let 3m? + 6 = n? or n? — 3m? = 6, then n + mv3 is an element of Z[V3] 
with norm 6. Since 3 + V3 is such an element with positive smallest values 
of n and m, and 2+ V3 is the fundamental unit of Z[/3], all the values of 
n and m generated by (3 + V3)(2 + V3)" with r € Z are solutions. In fact, 
we can also show that they are the only solutions, using the LMM algorithm 
as described by K. Matthews [221], for example. We remark that the values 
m = 5,19, 71, 265, 989 are generated by (3 + V3)(2 + V3)" with1 <r <5. 

We complete our discussion of this first manuscript by adding an 
explanation for those readers who are reading this chapter in conjunction 
with Ramanujan’s original manuscript. In fact, instead of (7.2.27) in Theorem 
7.2.1, Ramanujan had written 


1 /x+1 = 1 [m Er 
= : 2 
= 2 12 (3 12 (raan 
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Now, the right-hand side of (7.2.35) is 


1 f/m m? +2 1 1 1 _3-7v3 
= l ‘ 7.2.36 
m (3 12 ) 2 D'o g ( ) 
while the left-hand side of (7.2.35), by (7.2.28), is equal to 
1 1 1 1 3- v3 
+ = fılx) > L ; (7.2.37) 


2 Ww 12 122? 6 


Clearly, (7.2.36) and (7.2.37) are incompatible. This mistake caused confu- 
sion for the writer of the first note appended to Ramanujan’s manuscript. 
She (or he) writes, “I don’t see where eqn (7.2.26) (the second equality) comes 
from, e.g., m = 5, k = 8 does not come from the value of k given [a/m], as x 
is negative.” 


7.3 A Manuscript on the Diophantine 
Approximation of e?/¢ 


In this section, we discuss the partial manuscript on pages 266-267 of [269], 
in which Ramanujan examines the Diophantine approximation of e?/“ when 
a is a nonzero integer. At the top of page 266 is a note, “See Q. 784(ii) in vol- 
ume. This goes further,” which is in G.H. Hardy’s handwriting. Question 784 
is a problem on the Diophantine approximation submitted by Ramanujan to 
the Journal of the Indian Mathematical Society [261] [267, p. 334]; “volume” 
evidently refers to Ramanujan’s Collected Papers [267]. It took more than 
a decade before A.A. Krishnaswami Aiyangar [203] published a partial so- 
lution and T. Vijayaraghavan and G.N. Watson [309] published a complete 
solution to Question 784. In Question 784, Ramanujan improved upon the 
classical approximation. But in the partial manuscript on pages 266 and 267, 
Ramanujan made a further improvement and moreover derived the best pos- 
sible Diophantine approximation for e?/*. As remarked in the introduction, 
such a theorem was first proved in print by C.S. Davis [102] in 1978, approxi- 
mately 60 years after Ramanujan discovered it. Of course, Davis was unaware 
that his theorem was ensconced in Ramanujan’s lost notebook. As we indicate 
in the sequel, Ramanujan’s proof is different, and considerably more elemen- 
tary, than Davis’s proof. Thus, Hardy’s remark is on the mark. Using methods 
similar to those of Ramanujan (but of course, without knowledge of Ramanu- 
jan’s work), B.G. Tasoev [300] established a general result, for which Davis’s 
theorem is a special case. In regard to Ramanujan’s original problem, readers 
might find a letter from S.D. Chowla to S.S. Pillai, written on August 25, 
1929, of interest [20, p. 612]. 


176 7 Problems in Diophantine Approximation 
7.3.1 Ramanujan’s Claims 


Ramanujan established three different, but related, results, which we relate in 
a moderately more contemporary style. As customary, [x] denotes the greatest 
integer in z. 


Entry 7.3.1 (p. 266). Let e > 0 be given. If a is any nonzero integer, then 
there exist infinitely many positive integers N such that 


(1 + €) loglog N 


Ne? — [Ne?/* 7.3.1 
ae as ja] N log N ( ) 
Moreover, for all sufficiently large positive integers N, 
1 — €) log log N 
Nek ajah > Lao eN, (7.3.2) 


|a|N log N 


Entry 7.3.1 might be compared with a theorem of P. Bundschuh established 
in 1971 [84]. If t is a nonzero integer, then there exist positive constants c1 
and infinitely many rational numbers p/q such that 


log log q 
c ; 
q ! @logq 


ay) 
a 
~ 
+ 
R 


and there exists a positive constant c2 such that for all rational numbers p/q, 


log lo 
aut 2 > C2 - Be 
q q’ log q 


In his next theorem, Ramanujan considers two cases, — a even and a 
odd. His result for a even is identical to that for Entry 7.3.1, except that 
he formulates his conclusion in terms of 1 + [Ne?/*] — Ne?/*. We therefore 
state Ramanujan’s claim only in the case that a is odd. 


Entry 7.3.2 (p. 266). Ifa is any odd integer and € > 0 is given, then there 
exist infinitely many positive integers N such that 


(1 + €) loglog N 


1+ [Nee] — Ne? T33 
POAN E EN (Ra) 
Furthermore, given € > 0, for all positive integers N sufficiently large, 
1 — €) log log N 
14 [Ne2/4] yes Uo) loglog N (7.3.4) 


4ļa| N log N 


It will be seen, from the proofs of these entries below, that the constants 
multiplying 
log log N 


N log N 
on the right-hand sides of (7.3.1)—(7.3.4) are optimal. 
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We now provide a precise statement of Davis’s theorem [102, Theorem 2], 
which readers will immediately see is equivalent to Ramanujan’s Entries 7.3.1 
and 7.3.2. In his paper, Davis, in fact, proves his theorem only in the special 
case of e, indicating that the proof of the more general result follows along 
the same lines. Although both the proofs of Davis and Ramanujan employ 
continued fractions, they are quite different. Davis uses, for example, inte- 
grals, hypergeometric functions, and Tannery’s theorem. On the other hand, 
Ramanujan utilizes only elementary properties of continued fractions. 


Theorem 7.3.1. Let a = +2/t, where t is a positive integer, and set 


ee if t is even, 


1/(4t), if t is odd. 


Then, for each e > 0, the inequality 


log lo 
a_ P| (e+e) & 108g 

7 logq 
has an infinity of solutions in integers p,q. Furthermore, there exists a number 
q', depending only on € and t, such that 


a P log log q 
È = (g É 
q | Goa q? log q 


for all integers p,q, with q > q‘. 


7.3.2 Proofs of Ramanujan’s Claims on Page 266 


Proof. We begin with the continued fraction 


r2 r2 r? 


x 
tanh z = ; 
1+3+ 54+ 7 pr 


zec, (7.3.5) 


first established by J.H. Lambert, and rediscovered by Ramanujan, who 
recorded it in his second notebook [268, Chap. 12, Sect. 18], [38, p. 133, Corol- 
lary 3]. Write 

2 


tanh 2 = 1- ——— 
ann gr ee +1 


in (7.3.5), solve for 2/(e?” + 1), take the reciprocal of both sides, and set 
x = 1/a, where a is any nonzero integer. Hence, 


Teg) tt 1 1 1 
“+1)= â 
5 (¢ 1-at3at+5a+ a+: = 
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Now consider the nth approximant u,,/v, of (7.3.6) [218, pp. 8-9], [38, 
p. 105, Entry 1], i.e., for n > 3, 


1 1 1 1 1 1 Un 
a + 3a + 5a + Ta +: + (Qn-—3)a vn 


Then, provided that |a| > 2, 
w=l, v= l; uz = |a|, v= |a- 1l. (7.3.7) 
Also, from standard recurrence relations [218, pp. 8-9], 
Unt — Un—1 = (2n — 1)lalun; Until — Un—1 = (2n—1)lalun. (7.3.8) 
From the second equality in (7.3.8), we can deduce that 
Unti ~ 2lalnv, and logu, ~ nlogn, (7.3.9) 


as n > oo. 
Now in general, if we define vo = 1, then [38, p. 105, Entry 1] [312, p. 18] 


fe ae tee  (=1)* araz: -ak 
bi bgt dba Tn l 


Uk—1V 
i k-1Uk 


If we use the formula above in (7.3.6), we easily find that 


7h | 1) =a th 1" ( f — e) (7.3.10) 


UnUn+1 Unt1Un4+2 


It follows from (7.3.9) and (7.3.10) that as n tends to oo, 


2un (—1)" 
Un jaļnv2 


e/a 41 (7.3.11) 


We now subdivide our examination of (7.3.11) into two cases. First, sup- 
pose that a is even. Then, using the fact that vı and v2 in (7.3.7) are odd, the 
recurrence relation for v,, in (7.3.8), and induction, we easily find that vn is odd 
for all n > 1. Now choose N = vn. By (7.3.9), we see that n ~ log N/ log log N, 
as N > oo. Hence, by (7.3.11), as N > ov, 


(—1)” log log N 


Nig) = oy, ~ 
ee ae |a|N log N 


(7.3.12) 


Second, suppose that a is odd. Ramanujan then claims that if n is odd, 
then vn is odd, while if n is even, then vn is even. However, these claims are 
incorrect. By (7.3.7), (7.3.8), and induction, we find, instead, that 


Uzm and UV3m41 are odd; v3m+42 is even. 
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Thus, choose N = v,, when n = 3m or n = 3m + 1. In these cases, as 
in (7.3.12), we conclude that 


(—1)” log log N 


Nie +1) — 2un ~ 
e Pea ja] N log N 


(7.3.13) 


However, if n = 3m + 2, we can choose N = $U3m-+42- Hence, in this case, 


(—1)” log log N 


N 2/a 1 TAR 
ARIA 4al N log N 


(7.3.14) 


Turning to Ramanujan’s claims in Entries 7.3.1 and 7.3.2, from the asymp- 
totic formulas (7.3.12) and (7.3.14), we see that all of Ramanujan’s claims in 
these entries readily follow. This completes the proof. 


7.4 The Third Manuscript 


Page 343 in the volume [269] containing Ramanujan’s lost notebook is devoted 
to an unusual kind of approximation to certain algebraic numbers. Ramanu- 
jan’s claims are surprising, and, indeed they do not appear to be valid. We 
copy page 343 verbatim below, and afterward we briefly discuss Ramanujan’s 
claims: 

£,m,n are any integers including 0. 


6= 72. 
1 = v5 
-J21 ~ (1+ /4)5/2 


a™b”8 = Pm,n + Em,n 


where —} Lenn $ and Pm,n is an integer. Then 


5n/2 
Em,n = O — z 5 
i (rn 278 41)m/2(Y16+2 4/4 cos m] 
(7.4.1) 


where s is the most unfavorable of the integers 1, 2, 3, 4. 


0 = 72 
1 if 4/9 41 
a =-~- TT = [ey] ai C= Se Fe? 
2-1 (78-1) y4- V2 +1 


Lim nn 
abc" = Pe,m,n + ELm,n 
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o 7™ (V4 + 2/2 cos 222 + 1)?" 
ElL m,n = 
m (V64 — 2/8 cos 228 + 1)4/2 


1 
x 
(9/64 — 24/8 cos SES + 1)7™/2( 4/64 + 24/8 cos 3s + =] 
(7.4.2) 


where s is the most unfavorable of the integers 1, 2, 3, 4, 5, 6. 


We do not know for certain what Ramanujan meant by the term 
“unfavorable.” We think that Ramanujan was indicating that we should 
choose that value of s that makes the displayed error term the largest. It is 
unclear why Ramanujan listed s = 1, 2, 3, 4 below (7.4.1) instead of just 
writing s = 1, 2, because cos 2s = cos = and cos is = cos Srs, Of course, 
a similar remark holds for the corresponding phrase below (7.4.2). It is also 
unclear what roles 0 play in Ramanujan’s thinking. 

In order for Ramanujan’s claims to have some validity, the numbers a™b”0 
and afb™c”9 would need to become close to integers as £, m, and n become 
large. It would be astounding if such were the case. Table 7.3 provides some 
calculations of Pm,n, €m,n, and the error terms for s = 1,2. We first notice that 
with increasing m and n, the remainders €m,n do not appear to be tending to 
0, but, as we might expect, appear to be randomly distributing themselves in 
the interval |-ż4, 5]. Also, note that if we set m = 0 and choose s = 1, then 
the error terms in these apparently “unfavorable” instances actually tend to 
infinity as n tends to infinity. In other words, in order to obtain a meaningful 
claim in the case s = 1, both m and n would both need to tend to infinity. 
Thus, Ramanujan’s claim is meaningless in these cases. Moreover, if we set 
m = 0, then pon = 0 and €9,, — 0. Thus, for another reason, to obtain a 
meaningful claim, both m and n would need to tend to infinity. 

If Ramanujan’s assertions were correct, then £, m, and n would need to 
tend to infinity on very special sequences. However, it is doubtful that such 
sequences exist. 
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m,n a™b"6 Pm,n Em,n Error, s = 1 | Error, s = 2 
1,0 7.725 8 —0.27 0.7882 0.4892 
2,0 51.951 52 —0.05 0.6213 0.2393 
3,0 349.372 349 +0.37 0.4897 0.1171 
4,0 2,349.532 2, 350 —0.47 0.3860 0.0573 
5,0 15,800.658 15, 801 —0.34 0.3042 0.0280 
6,0 106,259.805 106, 260 —0.19 
7,0 714,599.734 714, 600 —0.27 
8,0 4,805,700.336 4, 805, 700 +0.34 
9,0 | 32,318,449.897 32, 318, 450 —0.10 
10, 0 |217,342,349.872 |217, 342, 350 —0.13 
0,1 0.2729 0 +0.27 4.1813 0.4578 
0,2 0.0745 0 +0.07 | 17.4833 0.2096 
0,3 0.0203 0 +0.02 | 73.1028 0.0960 
0,4 0.0055 0 +0.01 
1,1 2.108 2 +0.11 3.2958 0.2240 
2,2 3.869 4 —0.13 | 10.8621 0.0502 
3,3 7.100 7 +0.10 | 35.7988 0.0112 
4,4 13.031 13 +0.03 | 117.9842 0.0025 
5,5 23.914 24 —0.09 
6,6 23.887 24 —0.11 
Tat 80.543 81 —0.46 
8,8 147.815 148 —0.18 
9,9 271.274 271 +0.27 
10, 10 497.849 498 —0.15 


Table 7.3. Values of pmjn and €mjn 
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Number Theory 


8.1 In Anticipation of Sathe and Selberg 


In the top portion of page 337 in [269], Ramanujan offers the following entry, 
which we quote. 


Entry 8.1.1 (p. 337). d(x) is the number of numbers (not exceeding x) 
whose number of prime divisors does not exceed k. 


x _logloga _ (log log a)? (log log x)™ 


This is true when k is infinite. Is this true when k is a function of x? 


At the start, it should be pointed out that ġ(x) is not well-defined, because 
it is not clear if Ramanujan is counting multiplicities of prime factors or 
not. We shall assume that he did count multiplicities. If k is bounded, then 
the asymptotic formulas are identical, but if k > clogloga for any positive 
constant c, then they are not. 

As an asymptotic formula, only the last term in (8.1.1), which is the largest, 
is relevant. In fact, with this interpretation, (8.1.1) needs to be slightly cor- 
rected. Assuming that k is a positive integer, we should replace the last term 
in curly brackets by (log log x)*~1/(k — 1)!. One could also interpret (8.1.1) 
as an asymptotic series, as Ramanujan did in his first sentence below (8.1.1). 
In the latter interpretation, for an elementary proof of this asymptotic formula 
(8.1.1), see the text by G.H. Hardy and E.M. Wright [153, §22.18, pp. 368- 
370]. Undoubtedly, Ramanujan realized that the last term in (8.1.1) is dom- 
inant for k = o(loglogx). As pointed out by A. Granville [128], (8.1.1) is 
correct for k < o(loglog x) and for (k — log log x) /.\/log log z — oo. For an ac- 
count of recent developments on this asymptotic formula and related results, 
see G. Tenenbaum’s books [302, Chaps. II.5, II.6, I.5], [303, Chaps. II.5, II.6, 
11.5). 
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Part IV, DOI 10.1007/978-1-4614-4081-9_8, 
© Springer Science+Business Media New York 2013 


184 8 Number Theory 


If we consider only distinct prime factors, then our knowledge of the 
corresponding asymptotic formula is not as complete. In such a case, see 
papers by A.J. Hildebrand and Tenenbaum [157] and by S. Kerner [181], as 
well as Tenenbaum’s book [303, Chap. II.6]. 

The question about uniformity was first settled by L.G. Sathe in a se- 
ries of papers [275-278], and slightly later and more succinctly by A. Sel- 
berg [281], [282, pp. 418-422]. We offer one of Selberg’s theorems in the 
formulation given by G. Tenenbaum [303, p. 298, Theorem II.6.4]. As usual, 
let Q(n) denote the total number of prime factors of n. Let 


Nz (x) := {n < z : R(n) = k}I. 


Theorem 8.1.1. Let0 < 6 < 1. Then, there exist positive constants cı = c1 (ô) 
and c2 = c2(ô) such that, uniformly for x > 3, 1 < k < (2 — ô) log log x, and 
N >0, 


yeei Q;, k (log log x) + Os (Cares? n) f 


are x log’ zr k! 


where Q; p is a polynomial of degree at most k — 1 and 
i N 1 N+1 
Ry (a) = eV PRE 4 (a i ) 
log x 


Further extensions have been accomplished by, among others, H. De- 
lange [103], J.-L. Nicolas [232], and M. Balazard, Delange, and Nicolas [21]. 
For a thorough discussion of results on this important and famous problem, 
see Tenenbaum’s book [303, Chap. II.6]. 


8.2 Dickman’s Function 


Dickman’s function p(u) was introduced by K. Dickman in 1930 [106], and is 
defined as follows. For 0 < u < 1, let p(w) = 1. For each integer k > 1, p(u) is 
defined inductively for k < u < k + 1 by 


atu) = 8) = [wy (8.2.1) 


Dickman’s function is continuous at u = 1 and differentiable for u > 1. Differ- 
entiating (8.2.1), we readily find that p(u) satisfies the differential-difference 
equation 
up’ (u) + p(u— 1) =0, u>l. (8.2.2) 
Dickman’s function arises naturally in prime number theory. Let P+ (n) 
denote the largest prime factor of the positive integer n, and set 


W(x, y) := {n < z: P(n) < y}. (8.2.3) 
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Let u = logz/logy. Then [302, pp. 365-367], uniformly for z > y > 2, as 
£T — OO, 


2 
Ww = O | —— }. 2.4 
(2.9) = zo +0 (=) (8.2.4) 
In particular, for yx < y < x, 
(x,y) ~ «(1 — logu), (8.2.5) 


and for 2/3 < y < y7, 


c d 
W(x, y) ~r (1 — logu +f log(v — 1) z) : (8.2.6) 
2 
With this background, we now record the entry on the lower portion of 
page 337 in [269]. 
Entry 8.2.1 (p. 337). Let (x) denote the number of numbers of the form 
2272335 «6p, pcx, 


not exceeding x. Then, for $ <e<l, 


plz) ~ sli- f 2h, (8.2.7) 


= 

J 
2 
8 


i= | oe dui E- u = 
s ža- u2) l— ui 
-f ef =| dui . (8.2.9) 


ui i uo 
and fort <e< t 
5 SES a 
i 3 a l=ur we 
plz) ~ x ae 
1 i 
j duz po dui po “1 dug 
€ U2 Juz U1 Jui uo 
1 
3 


1 1 
a di (1-us) di 3 (1—-uz) d l-uy d 
+f = | = | =f Auo K, (8.2.10) 
é 3 Jus U2 uz U1 ur Uo 


and so on. 
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In the notation (8.2.3), Ramanujan’s function ¢(x) is equal to W(x, x°). 
Dickman [106] and N.G. de Bruijn [82] proved the now famous asymptotic 
formula 

P(x, £!/”) ~ xp(u), LO. (8.2.11) 


For a lucid account of de Bruijn’s contributions to prime number theory and, 
in particular, to Dickman’s function, see P. Moree’s papers [224] and [225]. 
From [303, p. 507, Corollary 5.19 (due to Hildebrand); p. 511, Theorem 5.21 
(due to Hildebrand and Tenenbaum)], we have, for any € > 0, 


PA) = uSp fo e` ae S| 


uniformly for x > 2 and (logx)'** < y < x. This result contains all previous 
results on smooth approximations to W(a, y). 

We now show that Ramanujan’s asymptotic formulas (8.2.7)—(8.2.10) are 
the first four instances of (8.2.11). Thus, although technically Ramanujan did 
not define Dickman’s function p(w), if he had stated a general theorem (which 
he clearly possessed), he obviously would have needed to define a function 
equal to or equivalent to p(w). We are extremely grateful to Hildebrand for 
the following analysis, including the heuristic argument near the end of this 
section. 

First, we prove Theorem 8.2.1, which, in fact, is a special case of a result 
of Tenenbaum [301, Eq. (12)]. Second, after stating Theorem 8.2.1, we show 
that this theorem is equivalent to Entry 8.2.1 of Ramanujan. Third, upon the 
conclusion of our proof, we give a heuristic approach to Theorem 8.2.1, and we 
conjecture that this is the method used by Ramanujan to deduce Entry 8.2.1. 


Theorem 8.2.1. Define, for u > 0, 


lo(u) :=1, Ik (u) := - k>1. (8.2.12) 
ty ++ +te 
Eiye tp>i 
tyt--+t,<u 
Then, for u > 0, 
el? 
pu) => z Klu). (8.2.13) 
k=0 


The series on the right-hand side of (8.2.13) is finite, since if k > u, then 
I,(u) = 0, for the conditions t1,...,t, > 1 and tı +--+- + tk < u are vacuous 
in this case. 

If we make the changes of variable €e = 1/u and uj = et; = t;/u, 1 < 
j < k, and use the symmetry of the integral J(u) in the variables t1,..., tk, 
then, as shown below, we see that the kth term on the right-hand side of 
(8.2.13) is identical to the kth term in the expressions in curly brackets in 
(8.2.7)-(8.2.10). To that end, for e = 1/u, u > 1, and k < 1/e, 
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i; 1 -5 / | = 
kL Ee] K Uys Uk 


€<U1,...,UR <1 
uit +uk <1 


_ / ‘| du,---dur 
z Ui °° ' Uk 


ELUL Sup Sl 


uit +up Sl 
7 J“ duy (1-u1)/(k-1) duz —_ dug 
€ Ui Ju U2 up-i Uk 


The integrals I,(u) have recently appeared in the study of the “Dickman 
polylogarithm.” See papers by D. Broadhurst [79] and K. Soundararajan [296]. 


Proof of Theorem 8.2.1. Our proof hinges on the identity 
k 
I, (u) = —Ip-1(u — 1), k>lu>k. (8.2.14) 
u 


Assuming (8.2.14) for the time being, we proceed with the proof of Theo- 
rem 8.2.1. 

For 0 < u < 1, p(u) = 1, by definition, while the series on the right side of 
(8.2.13) reduces to To(u), which equals 1, by definition. Thus, (8.2.13) holds 
forO<u<1. 

Next, observe that the right-hand side of (8.2.13) is a continuous function 
of u. Thus, to show that it is equal to p(w) for u > 0, it suffices to show that 
for nonintegral values of u > 1, it satisfies the same differential—difference 
equation as p(w), i.e., (8.2.2). By (8.2.14) and the fact that I;,(u) = 0 for 
k > u, we find that for u > 1 and u nonintegral, 


CO 7 _4)\k ayk 
5 (>. y neo) = 1+ Dy i Ta(u) 


k=0 l<k<u 
= 
= Saw 
l<k<u 
(-1)" k 
= 5 kl Tp_-1(u 1) 
1<k<u 
ji z] k+1 
u k! 
0<k<u—1 
Lv C 
= 7a k! Fite 1); 
k=0 


and so we have shown that the right-hand side of (8.2.13) satisfies (8.2.2), 
which was our goal. 
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It remains to prove (8.2.14). For k = 1, 
=) dt 
1 t 


1 1 
T(u) = > = zbu- 1), for u > 1. 


Thus, 


Thus, (8.2.14) is valid for k = 1. 
For k > 2, write 


dt, ---dt 
Il (u): =f fs aid a) 
~u t-te 
ti,...,th>1 
tit +th <u 


=: p-lt); (8.2.15) 


where Z,—-1 is a (k — 1)-dimensional integral, namely, the k-fold convolution 


of the function 
1/t, t>1, 
t= = 
© { t< I, 


with itself. 

Recall from (8.2.14) and (8.2.15) that our goal is to express Z,_1(u) in 
terms of Tķ—ı(u — 1). Since in the integral definition of Zķ—ı(u) in (8.2.15), 
the sum t;+---+t, is equal to u, multiplying the integrand by (tı +---+t,)/u 
does not change the value of the integral. Hence, 


tı +--+ +t, dti -dtk 
Taw = ff u ty --+ te 
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=k fof 1 dty-+-dty—1 


u ti Sas tk=í 
t1,...,th-121 


tyte-+t,_1<u-1 


k 
= —Ip—ı(u = 1). 
u 


By (8.2.15), we see that (8.2.14) has been proved, which was our intent. 


We now offer a heuristic argument for (8.2.13). Perhaps this was the 
argument that was used by Ramanujan. Let x > 0 and u > 1. Set 


T= Íp : p prime, ol <p< ae 
A={neN:n<at}, 
A,p={nEN:n<a,p|n}. 
Then, by the inclusion—exclusion principle, 


P(x, x1“) = | Al — | U A,| 


pEP 
= |A| — 5 |Ap| + |Ap, N Apo | 
pEP Pi<p2 
pj EP 
= 5 |Ap, N Aps N Apl hee 
Pı <P2<P3 
pjEP 


= So — S1 + S2 — S3 +, 


say. We now show that the kth term, (—1)*S;, above, can be approximated 
by the kth term on the right-hand side of (8.2.13), multiplied by the factor x. 
For k = 0, 


So al |A] T [æ], 
which is our claim in this case. For k = 1, using a familiar estimate [302, p. 16] 
for the sum of the reciprocals of primes and making the change of variable 
y = z'/“ below, we find that 


agw- D E 


pEP gzt/u<p<r 
1 s d “ dt 
zgr 5 Txef 2 =a) — = xh (u). 
S xı/u ylogy 1 t 
For k > 2, we first note that 
x g 
|Ap, A-N Ap, | AEN À if pı <+++ < py and pi+> pe < T, 
a Pie l= jas 


0, if py <+++< pk and pı -Pk >T. 
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Summing over p1,..., px and later setting yj = x" /u 1< j< k, we find that 


— Pitt Pk 


a Jo dy, +--+ dy 
yı log y1 +++ Yk log Yk 


al cy Se yp Sa 
Y1 YR IT 


7 J J dty -- -dtp 
= titg 
1<t1ı <- <tk <u 

tit tte, <u 


1 
where Jj,(u) is defined in (8.2.12). Thus, up to the multiplicative factor (—1)*, 
this is the kth term in the series (8.2.13). This completes our heuristic argu- 
ment, which, with effort, can be made rigorous. 

R.C. Vaughan has informed us that p(s) = (s + 1)(F(s+1)— f(s+1)), 
where F(s) and f(s) are familiar sieving functions [129, p. 113], and that, 
moreover, G. Greaves [129, p. 220] had shown that F(s) and f(s) can be 
represented by integrals similar to those in Theorem 8.2.1 below. Greaves 
further remarks [129, p. 220] that these representations for F(s) and f(s) are 
implicit in the work of E. Bombieri [73] and H. Siebert [287]. 

A representation of p(u) similar to that in Theorem 8.2.1 was developed 
by S. Chowla and T. Vijayaraghavan [97, p. 34, Eq. (5)], [96, pp. 682-688] and 
can be found in Moree’s dissertation [223, p. 30, formula (10)]. Their formula 
was (slightly) corrected and simplified 2 years later by A.A. Buchstab [83]. 
Evidently, without any knowledge of its connection with prime number theory, 
W. Gontcharoff [125] independently discovered an integral representation for 
Dickman’s function in his study of the largest cycle in a random permutation. 
Another representation for p(u) as a sum of multiple integrals of the sort 
appearing in (8.2.7)—(8.2.10) was posed as a problem by H.G. Diamond and 
F.S. Wheeler [105]. An extension of (8.2.4) has been made by J.-H. Evertse, 
Moree, C.L. Stewart, and R. Tijdeman [117] to wx,r(x,y), which is defined 
to be the number of ideals in a number field K of norm < X composed of 
prime ideals that lie outside a given finite set of prime ideals T and that 
have norm < Y. Excellent sources for information on the Dickman function 
and its prominence in prime number theory are Tenenbaum’s treatises [302, 
Chap. II.5], [303, Chap. II.5] and Moree’s dissertation [223]. 

We close this section with a brief mention of analogues of the foregoing 
work. Consider the number of polynomials over a finite field of degree n, 
where all their irreducible factors are of degree < d. Then n/d is the analogue 
of loga/logy, and one can give an argument in this setting analogous to 
what we have given above. Readers might consult M. Car’s paper [85] for 


8.3 A Formula for ¢(3) 191 


further information on this theory. An analogue of the Dickman function also 
arises in studying the length of the largest cycle of a random permutation 
in the symmetric group of degree n, Sn; see, e.g., a paper by L.A. Shepp 
and S.P. Lloyd [285]. The Dickman function also occurs in the theory of the 
Poisson—Dirichlet distribution [15]. 


8.3 A Formula for ¢(3) 


On page 332 in [269], Ramanujan states two versions of a formula, one of which 
can be found as Entry 8 of Chap.15 in Ramanujan’s second notebook [268], [38, 
p. 314]. Although the formula may be regarded as a representation for Ç(4), it 
also can be viewed as in identity for an infinite sum of theta functions. After 
stating the first version, we give a brief survey of the activity generated by 
the proof of R.J. Evans and the second author [53] in their examination of 
all the theorems found in Chap.15 of Ramanujan’s second notebook. Then 
we offer Ramanujan’s elegant reformulation of the formula, which had been 
missed by all other authors, except S. Wigert [316, p. 9], who in 1925 proved, 
in fact, a more general formula that includes Entry 8.3.2 below as a special 
case. Of course, he had no knowledge that a special case of his discovery 
can be found in Ramanujan’s second notebook or lost notebook. In another 
paper [317], he generalized his work even further. 


Entry 8.3.1 (p. 332). Let a and B be positive numbers such that aß = 47°. 
Then 


z 1 mid 
4 


era — = 6a 


vi = cos(VnB) — sin(Vn) - eV"? 
tar f (3 J p a (VnB) — cos(\/nB)) y (8.3.1) 


The factor yn in the denominator on the right-hand side of (8.3.1) is 
missing in the formulation in the lost notebook. 

D. Klusch [182] published a different version of (8.3.1). However, 
S. Kanemitsu, Y. Tanigawa, and M. Yoshimoto [170, 173] pointed out that 
a mistake in the proof vitiated the formulation given by Klusch. M. Kat- 
surada [178] generalized (8.3.1) in two different ways. In the first, he extended 
Ramanujan’s result by considering a class of generalized Hurwitz zeta func- 
tions that are hypergeometric in nature, and by deriving a generalized formula 
involving the values of these functions at 4. Second, he extended (8.3.1) by 
establishing a corresponding formula for the Lerch zeta function. Kanemitsu, 
Tanigawa, and Yoshimoto in [169] and [170] proved formulas in which ¢($) is 
replaced by the Riemann zeta function at any rational argument. Wigert [316], 
in fact, had established a formula for ¢ (4) for any positive even integer 
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k. Kanemitsu, Tanigawa, and Yoshimoto [173] next established formulas in 
which ¢ (4) is replaced by a multiple Hurwitz zeta function evaluated at 
rational arguments in (0,1). S. Egami [114] proved an analogue of (8.3.1) 
for Dirichlet L-functions L(4, x). Kanemitsu, Tanigawa, and Yoshimoto [174] 
extended Egami’s result by establishing a formula for L($,x), where a/b is 
rational with a odd and b even. They also provided two numerical examples 
showing how the rapidly convergent series appearing in their formulas can be 
used to accurately calculate L-series at 4 and +. 
We now provide Ramanujan’s second formulation. 


Entry 8.3.2 (p. 332). Let a and B be positive numbers such that aß = 47°. 
If O(n), n> 1, and y(n), n> 1, are defined by 


5 E Y o(n)a” (8.3.2) 


j=l n=1 
and 2 p 
ja! = i 
j=l n=1 
then 
S o(m)e"? = 2 4 - (8.3.4) 
nm 6a 4 


AE ($) 232 Mev (cont -siaty 


2° 2 = vn 


The term } on the right-hand side of (8.3.4) was inadvertently omitted by 
Ramanujan in [269]. 

It is not obvious that (8.3.1) and (8.3.4) are different versions of each other, 
and so we now demonstrate this. First, 


Hence, from (8.3.2), 


Similarly, 
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i.e., from (8.3.3), 


j?|n 
Second, 
see YF (cos(V/nB) — sin(/n8)) 
oo — 2 
inn vF (cos( vng) — sin( (/nB)) 


a Le J FP (cos(j/kB) — sin(j RB) . (8.3.5) 


k=1 


m 


Elementary calculations give 


OS —r =r 
= ; e~” (cosy — e~?) 
1? cos = 
2 i Gy) 1 — 2e-* cosy + e7?” 


and 


e ın = . 
: oe 1 — 2e-* cosy + e~ 2% 


Using these last two identities in (8.3.5), we find that 


a pay. | ev (cos( VEB) = mie — e- VFB sin( VEB) 
g = uh 1 — 2e-V*F cos( ykp) + e~2v¥F 
cos(/kB) — sin(./kB) — e~2V*F 
= | Vk zd cosh(/k3) — cos( vk) | . (8.3.6) 


If we now use (8.3.6) in (8.3.5), and then substitute this in (8.3.4), after a slight 
amount of rearrangement, we obtain (8.3.1). This then completes the proof 
that Ramanujan’s elegant formulation (8.3.4) is equivalent to the identity in 
(8.3.1). 


8.4 Sums of Powers 
The contents of this section first appeared in a paper by the second author and 


D. Schultz [67]. On a page published with Ramanujan’s lost notebook [269, 
p. 338], Ramanujan records the following seven equalities. 
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Entry 8.4.1 (p. 338). 


1 
1 1 = 
xr+(x—1)+(z-2)+- -= =r? +r ++ tg’ 
2 2 |40 
1 
1 1 , 
z? +(x- 1) + (x-2) +- =P har £+ 36/3 
36/3 
1 1 1 +0, 
64 
1 1 1 1 
r + (#—1)4+(«¢—-2)*4 = 32° 50 ma 39% 
1 
ae 15 + 44/8, 
7 tay 5 
1 
-74/15 + 44/8, 
any 5 
1 
1 1 a 
n° + (2-1)? +(@— 2)? +--+ = ea + 5a + oa! ae 4 ae 
1 1 1 1 
a +(e = 1) + @— Ay Dd st z” au E 


-+ a > A : = 
{ 7358 (292 + 1172) 21 — TVZ + (292 — 112) </21 + 7V2- 11, 


1 1 7 7 1 
1 = 1)" Q)? p. = L978 7 6 4 2 
a +(e 1)" +(x- 2) go oe Gag? ag? Get 
+0, 
Pi 
2,048 


After these equalities, Hardy has appended a handwritten note, “I’m not 
clear what this means.” 

Because Ramanujan had recorded these equations only for his own use, 
he did not provide interpretations for the left-hand sides or for the brackets 
on the right-hand sides. However, there is an interpretation that is consistent 
with the displayed equations (except for a slight error in the equation for sixth 
powers). We interpret the left-hand side of each equation as the sum of powers 
of only positive terms, and we interpret the right-hand side as a polynomial 
Pn(x£) plus bounds for the “error term” R,,(x), which we shall explain later. 
Thus, write 
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lz] 
Sn(x) = ` (x — i)” = pa (x) + Rn (£), 1<n<7. (8.4.1) 
i=0 


We now interpret and discuss Ramanujan’s claims. Ramanujan is claiming 
values for the extrema of R,(x) given by the upper and lower values in the 
brackets. To confirm this, notice first that if x is a positive integer, then 


Pala) =X” we (8.4.2) 
j=0 
Secondly, 
le+1] 
s(a +1)= X @+1- i) 
j=0 
lej+1 
=> @+1-57 
j=0 
[a}+1 
=(e@+1)"+ D0 @+1-5)" 
j=l 
= (x +1)" + Sp(x). (8.4.3) 


We also know that the polynomial pn (x) satisfies the same functional equation 
for all natural numbers, namely, pn(x +1) = (x + 1)” + pn(x). However, since 
a polynomial is uniquely determined by its values on a finite set of points, 
Pn(a +1) = (x +1)" + pn(x) for all x. This, (8.4.3), and (8.4.1) then imply 
that R,(a+1) = R,(x). So, we can compute its extrema by examining R,(2) 
on the interval [0,1]. Observe that for 0 < z < 1, 


Ry (x£) = £” — pr (£), (8.4.4) 


and so the minimum and maximum can be found from elementary calculus. 
We now reformulate Ramanujan’s assertions in terms of the familiar 
Bernoulli polynomials B,,(a), n > 0, which are defined by 


te** = te 

aug D Bala) 5, |t| < 27. 
n=0 

Recall that the Bernoulli numbers Bn, n > 0, are defined by Bn = B,,(0), 

n > 0. It is easy to show that for n > 1, Bon41 = 0. It is well known that [1, 

p. 804, Eq. (23.1.4)] 


m Bn 1) = Bn 
Yr= qa) H oO o m,n>l. (8.4.5) 


fal n+1 
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Furthermore |1, p. 804, Eqs. (23.1.5), (23.1.6), (23.1.8)], 


and 


Bn(l—2) =(-1)"Br(z),  n>0. (8.4.8) 


In particular, B,(1) = (—1)"B,, n > 0, which, since Bən+1 = 0, for n > 1, 
implies that 
Ba) = Bn, n>2. (8.4.9) 


By (8.4.4), (8.4.2), (8.4.5), and (8.4.7), for n > 1, 


Bn (x + 1) = Bn+1 


Ria) =2 E 
a Bunla) — (n +12” = Bap 
= n+1 
— Bata a, (8.4.10) 
n+1 
Hence, by (8.4.6), 
Bry (2) 
4 = SIN >i; .4.11 
Ra) =-— B(s), n21 (8.4.11) 
Also, from (8.4.10) and (8.4.9), 
R,(0)=0 and R,(1)=0, n>1. (8.4.12) 
Lastly, since [1, p. 805, Eq. (23.1.21)], 
Ba (4) = —(1— 217”) Bn, n> 0, (8.4.13) 
we can conclude from (8.4.10) that 
o 2-27 


n+1 


We now establish Ramanujan’s claims. We first examine the sums for odd 
powers n. 
For n = 1, from (8.4.11), 
Ry(z) = —Bi(z) = 5-2, 
which has the critical point x = L. Since Bə = t, we see from (8.4.14) that 
Rı(4) = 4. Since Rı(0) = Ri(1) = 0 by (8.4.12), Ramanujan’s first claim is 
established. 
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Let n = 3. From (8.4.11), 
R(x) = —Bs(x) = -x(x — 1)(x — 5). 
Since the critical points are 0,1, and 4, since R3(0) = R3(1) = 0 by (8.4.12), 
and since R3 = -4 by (8.4.14), because By = — 55, we verify Ramanujan’s 


assertion for third powers. 
Put n = 5. Then from (8.4.11), 


Rs (2) = —Bs(x) = -x(x — 1)(x — 5)(x” — 2 — 3), 


which has the critical points 0,1, $, A = 4/2. Since Bg = = we find from 


(8.4.14) that 
1 


1 
Rs (5) = Tog = 0.0078125. 


1 1/7 
Rs E oe 19 = 0.00308.... 


Hence, the maximum and minimum of R5(x) are TE and 0, as claimed by 


Ramanujan. 
For n = 7, by (8.4.11), 


Furthermore, 


Ry (2) = —Br(x) = —x(x — 1)(x — 5)(x* — 20° +£ + 3), 


which has the real roots 0, 1, $, and the complex roots 


3 + 4/3(9 + 2i v3) 
5 


Since Bg = —=4, we find from (8.4.14) that 


30° 
1 17 
ms (5) ~ 9 
2 il 
and so the last assertion in Ramanujan’s list has been verified. 
We now turn to the cases for even powers n. First, if n = 2, 


Ri (x) = —Ba(x) = -2 +2 — 4, 


which has the roots $ (1 E 3). Thus, from (8.4.10), 


a (iff) -ia (3 (usy)) -agty 
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Thus, Ramanujan’s claim for the sum of squares has been verified. 
If n = 4, then 


R, (£) = —Ba(x) = -xf +22? — 2? + 4 


15 + ,/15(15 + 2/30) 


which has the roots 


30 
Now 
15 F 4/15(15 — 2/30) 1 s+ 0.00489164 
= a 1 eo =e E 
Rs 30 0V + AV 5 
and 


P 15 + \/15(15 495/30) l iE se 
= 15 — 4,/— = +0.00362062.... 
3 30 900 \ 1° 5 


Thus, again Ramanujan’s claim is justified. 

The calculations for the case n = 6 are the most involved, and this is the 
only case in which the results do not agree with Ramanujan’s. Let the roots 
of the polynomial 


5a. x? 1 
/ _ =S 5 
R;(x) = — Be (x) T?’ + 3r 5 + 5 DD 


be denoted by x;, 1 < i < 6. Write the roots of this polynomial as x; = styi, 
where the y; are roots of 


6 4,7 9 31 


5 
8.4.15 
oS ae 1,344 ( ) 


The roots of this polynomial can be found by Cardano’s formula, and they 
are 
12y; = 5 — 2thte — 2t1t2, (8.4.16) 


t= 4) aie t2 = į) = (8.4.17) 


Observe that to obtain real roots of (8.4.16), we need to take the real cube 
roots for tı and tz in (8.4.17). We find numerically that these real roots, say 
yı and yo, are yı = 0.2524593... and y2 = —0.2524593.... 

We would now like to determine the values of Re(4 + yi), i = 1,2. To do 
this, observe that Rg(5 + y) is a polynomial of the seventh degree in y, and 


where 
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that if y; is a root of (8.4.15), we can use this equation to reduce the seventh 
and sixth powers on y; to fifth-degree expressions. After elementary algebra, 
we find that 


1 \—_ fi 2, A 
Re (5+u) = [104 (93 — 392y? + 336y;) . 
Square both sides, expand, then substitute the values given for y? from 
(8.4.16), and finally reduce the exponents on the t; using the values given 
in (8.4.17). We thus find that 


1 
Re(m) = = av 259 — (9 — 10V2)t2t2 — (9 + 10V2)t1t2 = 0.0037236..., 


and Re6(x2) is the negative of this. An equivalent expression, more in line with 
that given by Ramanujan, is 


1 = 
syi — (47 + 39/2) \/ 21 — 7V2 — (47 — 39-2) \/ 21 + 7V2, 


which is not equal to the expression given by him. It therefore appears that 
Ramanujan made an error in his calculations, which in view of the computa- 
tional difficulties above is not surprising. The authors had the advantage of 
being able to use Mathematica. 

In examining the polynomials B3(x), B5(x), and B7(x) above, we note 
that 0, 1, and ł are trivial zeros of each, and in general, it is easy to see 
(e.g., from their Fourier expansions) that these three points are trivial zeros 
for Bən+1(£), n > 1. Moreover, J. Lense [212] has shown that these are the 
only zeros of Bən41(x), n > 1, in [0,1]. On the basis of four examples above, 
we might conjecture that Ranş1(4), n > 0, yields the maximum value of 
R,,(x) on (0,1) and that Ran43(4), n > 0, provides the minimum value of 
R,(x) on (0,1). Indeed, this is true and was evidently first established by 
D.H. Lehmer [211]. 


8.5 Euler’s Diophantine Equation a? + b? = c? + d? 


On page 341 in his lost notebook [269], Ramanujan offers a truly remark- 
able method for finding an infinite family of solutions to Euler’s diophantine 
equation a? + b? = œ + dè. 


Entry 8.5.1 (p. 341). If 


1 + 53x + 9x? a 
1 — 82x — 82x? + x3 =a i 


2 — 26x — 122? = 
= bn re 
1 — 820 — 82x2 4+ 23 2 i 
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and 
2+ 8x — 102? = A 
1— 822 — 82x2? +} x3 D ; 
then 
ad +b? = c3 + (-1)”. (8.5.1) 


This is another of those many results of Ramanujan for which one won- 
ders, “How did he ever think of this?” M.D. Hirschhorn has devoted four 
papers [141, 158-160] (the former with J.H. Han) to examining Entry 8.5.1. 
In the remainder of this section, we offer Hirschhorn’s approach from [158]. 
At the close of Sect.8.5, we offer a few further comments on the work of 
Ramanujan and Hirschhorn. 


First Proof of Entry 8.5.1. For brevity, set 


64+ 8/85 64 — 8/85 43 
fn Rie = = 5.2 
i 835 i gL = gp? (Saa) 
77 +7V85 77 — 7/85 16 
Ap = — By Bias Za 5. 
2 85 ; 2 85 , C2 85’ (8 5 3) 
93 + 9\/85 93 — 9\/85 16 
A3 = ~ 35 5 Bg = ~z ; C3 = 85. (8.5.4) 


With the use of partial fractions, it is a straightforward, albeit somewhat 
tedious, task to show that 


an = Aja” A28” Cı( 1)”; 
bn = Aga” + BoB” + C2(-1)", 
Cn = A3a” + B38" -T C3(—1)”, 


where 
ae 834+ 9V85 
aa 


_ 83 — 985 


and B 5 


It follows that 
1 
aè = T { (1,306,624+141,824V85)a°" +(1,306,624—141,824V85) 3 
—(1,230,144+132,096V'85)(—a”)”"—(1,230,144 — 132,096V85)(—6?)” 
+(96,960+12,120V85)a" + (96,960—12,120V85) 3" +267,245(—1)"} 
1 
bo = 7 { (1,418,648+153,664V85)a°" +(1,418,648—153,664V85) 6” 
+ (484,512+51,744V85(—a?)"+(484,512—51,744vV/85)(— 87)” 
+ (466,620 + 42,420/85)a" + (466,620—42,420V85) 3" +173,440(—1)"} 
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Í 
C= aes { (2,725,272+295 488 VB5)a°" + (2,725,272 — 295,488 V85) 83” 


—(745,632+80,352/85)(—a?)”" —(745,632—80,352V/85) (— 67)” 
+(563,580+54,540V/85)a" + (563,580—54,540V85)3"—173,440(—1)" } 


from which, after some algebra, (8.5.1) follows. 


It is clear that Ramanujan must have had a more insightful, more in- 
teresting, and less tedious proof. Since Ramanujan had previously devoted 
considerable effort to finding solutions to Euler’s diophantine equation [49, 
246, 249, 252], [65, pp. 224-226], [268], [39, pp. 197-200], [40, pp. 52, 54-56, 
107-108], he could have used previously discovered parameterizations of solu- 
tions that he had found, probably along with recurrence relations, to establish 
Entry 8.5.1. One of Ramanujan’s families of solutions [246, 268], [40, p. 56] to 
Euler’s diophantine equation is given by 


(3a?+5ab—5b?)?4 (4a?—4ab+ 6b")? +(5a?—5ab—3b")? = (6a?—4ab+4b”)?. 
(8.5.5) 


Hirschhorn [141], [158]-[160] studied Ramanujan’s claim over a period of 
several years and proposed that Ramanujan may have proceeded along the 
following lines. In [141], at the suggestion of Maurice Craig, the authors make 
the change of variables a = A+ B and b = A — 2B to deduce (8.5.6) below. 
We now present a version of the proof that we just described. 


Second Proof of Entry 8.5.1. Begin with the identity (8.5.5) and make the 
aforementioned changes of variable a = A+ B and b = A — 2B to deduce that 


(A?+7AB-9B?)?+(2A?—4AB+12B7)? = (2A?+10B7)?+(A?-9AB—B?)?, 


(8.5.6) 
Define the sequence {hn} by 
hn+2 = 9hn+1 + his n > 0, ho = 0, hy a (8.5.7) 
Then 
oe — hn+2ħn = he a4 = (Qhn41 + hn)hn 

= —(h2 = hn+1ħn-1) 

= -< = (—1)"(h2 — haho) = (-1)". (8.5.8) 
Set 


Acha oe Bale 
Then, by (8.5.8), 


A? — 9AB — B? = h? 1 — An (9hn41 + hn) = (-1)”. (8.5.9) 


202 8 Number Theory 


Let 
an = A? + 7AB — 9B? = h? +Thn41ħn — 9h?, (8.5.10) 
bn = 24? — 4AB + 12B? = 2h? 1 — ARngihn + 12h2, (8.5.11) 
Cn = 2A” + 10B? = 2h? 1 + 10h23. (8.5.12) 


Then, by computer algebra and (8.5.9), 
ay, + bn = Ca + (—1)”. 


Next we must show that an, bn, and cn satisfy the expansions given in 
Entry 8.5.1. The characteristic polynomial for the recurrence (8.5.7) is x? — 
9x — 1 and its roots are 3(9 + v85). Using the initial conditions given in 
(8.5.7), we can conclude from the general theory of linear recurrence relations 


that Z z 
a! 9 + V85 9 — v85 
n 85 2 2 4 


and hence that 


nl { (S43) | (=5) X wr}, 
85 2 2 


n+1 n+1 
42 1 (=) (==5) aeh, 


n+1 RB 2 2 
and 
1 9+ v85 83 + ov” 
hnħn+1 = 
85 2 
9 — v85 83 — 9/85 
9(—1)">. 
It follows that 
oo 2 
L-2x 
h2 n— 
2 ne 1 — 82a — 82x27 + 3’ 
1-2 
h2 n 
2 nti? = I 82r 82r? +203" 
and 
= m 9x 
2 hnhnsi®” = a5 aoa Fz 
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Hence, using (8.5.10)—(8.5.12), we easily find that 


3 n (1—z)+7(9x)— 9(a — x?) 1+ 53a + 92? 
Ant = = ’ 
— 1 — 82x — 8227 + 23 1 — 82x — 8227 + x3 
2 pan 2(1 — x) — 4(9x) + 12(x — z?) — 2- 26x — 122” 
a 1=82r— 82r? +3 1 — 82g — 8227 + 2°? 
and 
S n  2(1— zx) + 10(a — z?) 2+ 8x — 10x? 
Cnt = = 7 
1 — 827 — 822? + z3 1 — 827x — 82x? + x3 


n=0 


which are the claims of Ramanujan in Entry 8.5.1. 


Ramanujan also offers a companion to Entry 8.5.1. 


Entry 8.5.2 (p. 341). Jf 


1+ 53a + 9x? 0°. E 
1 — 82a — 82x2 + x3 = 2, naia 3 


2 — 26x — 1272 [ee] T 
1 — 82x — 8272 + T3 = 2 fei j 


and 
2+ 8a — 10r? = En 
1 — 82x — 8272 + 23 59 eit f 
then 
a + 62 = y — (-1)*. (8.5.13) 


We have corrected Ramanujan’s formulation of (8.5.13), because he had 
written +(—1)” instead of —(—1)” in (8.5.13). 


Proof. The proof follows along the same lines at that for Entry 8.5.1. Using 
the notation (8.5.2)—(8.5.4) and expanding the left-hand sides in Entry 8.5.2 
into partial fractions, we are led to the formulas, for n > 0, 

On = Ay 8" + Bya™*! + Cy (-1)", 

Bn = AoB"** + Boa®tt + C2(-1)", 

Yn = A3p"t} =F Bza” t! = C3(—1)”. 


If we replace n by n — 1, then, for n > 1, we are led to 
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i oe ee Ya 

= (A B" + Bia” — C1 (—1)”)? + (A268 + Boa” — C2(-1)")° 

— (A38" + Bza” — C3(-1)")° 

= (Aj + A3 — A3)6°" + (BY + B3 — B3)a°” 
+ (—C? — C3 + C3 — 641 B,C, — 6A2B2C2 + 6.A3B3C3)(—1)" 
3AIC, — 342C + 3A3C3)(-1)"8?" 
3B?C, — 3B2C2 + 3B3C3)(—-1)"a?" 
3A? Bi + 3A2Bo —3A2B3 + 3410? + 34203 — 3A3C?)8" 
+ (341 B? + 3A2B? — 3A3B? + 3B,C? + 3B202 — 3B3C?)a” 
= (-1)", 


which is what we wanted to prove. 


+( 
+( 
+ ( 


In [159], Hirschhorn used an idea of D. Zeilberger to show that it suffices 
to check the first seven cases of (8.5.1). 

A beautiful generalization of Entry 8.5.1 has been developed by J. McLaugh- 
lin [222], who established the following theorem. 


Theorem 8.5.1. Define 11 sequences of integers ak, bk, cr, dk, €k; fk; Pko 
dk, Tk; Sk, and th, k > 0, by 


r’ are 1 = Ya enn 1 Spee 
FE a e Fg 
— = i Feest, z? Tipe T i Yrest, 
C CT O 


3x? + 2582 — 5 ae 3 Ai 
= Cex, =: thx ; 
x? — 99a +99 — 1 Dh i= 2% 
—3a7 + 94x — 3 ee 
= sW a 
z? — 99a? + 99x — 1 dt 
Then, for 1 < j < 5 and each k > 0, 
al +b +A +d tel + fip ql ri sl ot =. (8.5.14) 


Note that (8.5.14) holds for each integer j, 1 < j < 5, in contrast to Ra- 
manujan’s theorem, in which the exponent is fixed at 3. McLaughlin provides 
the following example to illustrate his theorem. If 
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{ ay, b1, €1, d1, €1, f1, P1; Mis f1, S1; t1} 
= {—461, —233, — 199, 465, 237, 203, —435, —343, 439, 347, 3}, 


then 


(—461) + (—233)! + (—199) + 465? + 2377 + 2037 
(—435)? — (—343)? — 4399 — 3477 — 37 = 1, 


for l<j <5. 
Following Entry 8.5.1, Ramanujan records the following six examples: 


Entry 8.5.3 (p. 341). 


9? + 10? = 12° +1, 
6 +8? = 9? — 1, 
135° + 1383 = 1727 — 1, 
11,1613 + 11,468° = 14,258? + 1, 
7913 + 8123 = 1,010 — 1, 
65,601 + 67,402? = 83,802? + 1. 


Readers will immediately recognize the taxicab-number representations 
in the first example above. For further information about the taxicab-number 
1729 in Ramanujan’s work, consult the second author’s book [39, pp. 199-200]. 


8.6 On the Divisors of N! 


On page 326 of [269], Ramanujan offers four disparate claims in the theory 
of numbers. We examine three of them in this and the following two sections. 
(The remaining claim is discussed in Chap. 6 of [14].) 

Except for notation, we quote Ramanujan in his first claim. 


Entry 8.6.1 (p. 326). If d(N!) be the no. of divisors of N!, then 


ett fi N pies 
Cs NO-® < q(Nt) < Chen Ot) (8.6.1) 
where 
CHAs yl +i 1+1 (8.6.2) 


To the right of (8.6.1) in [269] is an appended note that reads, “old arith- 
metical conjecture,” which was probably written by Hardy. We are unable to 
trace the origin of this conjecture. However, in fact, Ramanujan proved a more 
precise version of (8.6.1) in his paper [259, Eqs. (265)-(267)], [267, p. 127]. 
Namely, he proved that [259, Eq. (266)] 
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N N 
d(N!) = Clog +? (tog? F). 
P. Erdős, S.W. Graham, A. Ivić, and C. Pomerance [116, p. 339] have, in 
fact, established an asymptotic series for d(N!). 
Theorem 8.6.1. Define the sequence of integrals ck, k > 0, by 


© log(ft] +1), + 
Ck =| EE Uad (8.6.3) 
1 


Then, for any fixed integer K > 0, 


K 
n Ck n 
d(n!) =e —— + O | —3 i 8.6.4 
(n!) fe (ate) ( ) 


k=0 


In particular, 
co 


logk 
= —? — & 1.25775. 8.6.5 


In order for Ramanujan’s claim (8.6.1) to be compatible with (8.6.4) and 
(8.6.3), in particular with (8.6.5), it would be required that 


logC = co. (8.6.6) 


To that end, as observed first by M. Tip Phaovibul, we see that 


<1 1 <1 
l = -l 1+-)= —{log(k + 1) —logk 
ogC =X plog (1+ 5) = Do float +1) — logt) 


8.7 Sums of Two Squares 


We quote from the second claim on page 326 in [269]. 


Entry 8.7.1 (p. 326). If S(N) be the no. of integers in which N can be 
expressed as the sum of 2 squares, then the maximum order of S(N) 


= \/max. order of d(N? + aN +b) - P08 aes (8.7.1) 


Perhaps needless to say, “the number of integers” is best replaced by “the 
number of ways.” As Ramanujan must have indeed also assumed, we take a 
and b to be positive integers. The error term in (8.7.1) is under the assumption 
of the Riemann Hypothesis. Our attention therefore is focused on “max order” 
on both sides of (8.7.1). 
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In the sequel, we frequently employ the following inequalities for the 
logarithmic integral Li(x) without comment: 


ier eee + 20 Nos 4 9 ( z ) 


log x log? x log? x 


E ER EN, (=) (8.7.2) 
logx log’ x log? x 

We first address the maximum order of S(N), for which the notation 
Q2(NV) is used in Ramanujan’s unpublished manuscript that was to form part 
of his paper [259]. This handwritten manuscript was published with the lost 
notebook [269, pp 281-308] in 1988, while an annotated version was pub- 
lished in the first volume of the Ramanujan Journal by J.-L. Nicolas and 
G. Robin [233]. It was revised and included as Chap. 10 in the present authors’ 
third volume on the lost notebook [14]. Using the prime number theorem, Ra- 
manujan showed that the maximum order of Q2(N) is 


max Grades oF Qo(N )= g3Li(2log N)+0{log Ne~* VEN } 


_log N _ 
= 20 t0) Togtog N (8.7.3) 


where a is a positive constant. The Q2-highly composite numbers were defined 
by Ramanujan in [233], [14, Chap. 10]. A number N is Q2-highly composite if 
whenever M < N, then Q2(M) < Q2(N). They are of the form [14, Sect. 52, 
p. 362] 

N = qi"q5? +++ ap", (8.7.4) 


where q1 = 5, q2 = 13,... are the primes congruent to 1 modulo 4 in increasing 
order. For such numbers N, Q2(N) = d(N). 

Now suppose that a = b = 0 in (8.7.1). Then Ramanujan proved in [259, 
Sect. 49, Eq. (256)] that 


fl 2 ö og N 
man Ged oh a2) a a ag Gree, (8.7.5) 


Hence, in comparing (8.7.3) with (8.7.5), we see that 


max. order of Q2(N) > ymax. order of d(N2 + aN + b) - ee ae 
(8.7.6) 
for a = b = 0. Thus, in this instance, Ramanujan’s assertion in Entry 8.7.1 is 
incorrect. 
In general, Ramanujan proved that for infinitely many n [259, Sect. 5], [267, 
p. 86], 


log N 
d(n) = g1+°()) fog log N f 


Thus, if N? +aN +b factors over Q into (N +r1)(N +r2) and we apply (8.7.7) 
to each of the factors, then [259, Sect. 49, Eq. (256)] 
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2 204001) eA 
d(N* +aN +b) <d(N+71)d(N +r2)=2 glog N, (8.7.8) 


and so we see, in view of (8.7.3), that Ramanujan’s claim in Entry 8.7.1 may 
hold. Of course, (8.7.5) shows that, at least in this special case, there is a 
strict inequality in (8.7.8), vitiating the possible validity of Entry 8.7.1. 

Let us now discuss the case that N? + aN +b is irreducible, in which case 
we might expect that d(N?+aN +b) is “small.” Consider the case a = 0 and 
b = 1. The prime factors of N? + 1 are all congruent to 1 modulo 4, and so, 
invoking (8.7.3) twice, we find that 


d(N? + 1) = Qo(N? + 1) < max. order of Qo(N? +1) 


Š 9 gLi(2(log(N?+1))) yy 93 Li(4log N) 
log N 
< Qhi@2log N) — 92(1+0(1)) iglo N . (8.7.9) 


Thus, again, we see the possibility of Entry 8.7.1 being valid. However, the 
first inequality of (8.7.9) is likely quite crude, for it is possible that N? + 1 
has relatively few divisors. 

In summary, we see that Entry 8.7.1 is likely valid for some choices of a 
and b but not valid for other choices. In contrast to Ramanujan’s assertion, it 
seems probable that in all cases, 


max. order of Q2(N) > ymax. order of d(N?2 + aN +b) - c0 llog N)? 
(8.7.10) 


8.8 A Lattice Point Problem 


On page 326 of [269], Ramanujan considers an analogue of the famous circle 
problem for higher powers. For each positive integer k > 2, let 


Rplz) = 5 1, (8.8.1) 


mtn" <a 
m,n>0 


where Ramanujan does not consider m* + n* and n* + m* to be distinct. He 
then asserts the following asymptotic formula. 


Entry 8.8.1 (p. 326). 


_ o* {FA /k)P 


Real) = a TON +0 (ate), (8.8.2) 


as x — co, for each fixed € > 0. 
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In a parenthetical remark after (8.8.2), Ramanujan writes, “Assuming the 
equation x” + y” = u” +v” (x and y being different from u and v) has not 
got an infinite no. of solutions.” Perhaps Ramanujan wanted to determine 
the number of distinct integers N that are the sum of 2 kth powers. If fact, if 
there were only finitely many solutions to uë + v* = x*+y*, then this number 
would equal Rk (£) + O(1). 

We are uncertain who first considered this lattice point problem. The ear- 
liest reference known to us is a paper by J.G. van der Corput [100] in 1923. 
Van der Corput [100], E. Kratzel, in a series of three papers [197-199], and 
B. Randol [270] proved that for k > 3, 


glk 2 7 
Ry 2(2) = Ge +0 (aie) (8.8.3) 


Moreover, in [199], Kratzel showed that the error term in (8.8.3) is sharp. 
More precisely, he proved that 


x2/k {P(1/k)}? 


Rg (£) = 4k T(2/k) 


+R Cea 


8.9 Mersenne Numbers 


A Mersenne number is a number of the form 2? — 1, where p is a prime. If in 
addition 2? — 1 is prime, then it is called a Mersenne prime. In a two-page 
manuscript published with the lost notebook [269, pp. 259-260], Ramanu- 
jan uses a different definition for a Mersenne prime; he calls p, not 2? — 1, a 
Mersenne prime when the latter is prime. We adhere here to Ramanujan’s defi- 
nition. So, the first Mersenne primes are p = 2,3, 5,7, 13,17, 19,31, 61, 89, 107, 
127, 521, 607, 1,279, 2,203, 2,281, 3,217. As of this writing, 47 Mersenne primes 
are known. A famous and long outstanding conjecture is that there are in- 
finitely many Mersenne primes. 

The aforementioned pages 259-260 are not part of the original lost note- 
book, and so it is difficult to assess precisely when they were written. 
None of Ramanujan’s claims on these two pages are correct, as observed by 
P.G. Brown [81], who evidently was the first person to examine the pages and 
write about them in print. However, most likely, Ramanujan knew that his 
thoughts were speculative and so wanted to stimulate further discussion and 
computation. At the time of his writing, very few Mersenne primes had been 
computed. In fact, the 10th, 11th, and 12th were computed in 1911, 1914, 
and 1876, respectively, and so he had at most a list of 12 Mersenne primes 
at his disposal. With such little numerical data, Ramanujan certainly was 
aware that any assertions he might make would be tenuous at best. Thus, 
ending the paper [81] with the statement, “Clearly even the great Ramanujan 
had his ‘bad days” seems uncharitable, since Ramanujan was undoubtedly 
trying to stimulate discussion. 
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Ramanujan thought that Mersenne primes were either of the form a? 


ab +b? or a? + b°. It is well known that every odd prime p that is congruen 
to 1 modulo 4 can be represented by the form a? + b? [234, p. 164] and that 


every prime p with p = 1 (mod6) can be represented by the form a? + ab 4 
b? (234, p. 176]. Thus, Ramanujan speculated that there are no Mersenne 
primes congruent to 11 modulo 12. Among the 12 Mersenne primes that were 
known up to Ramanujan’s death in 1920, only 107 is congruent to 11 modulo 
12, and since 107 was not discovered until 1914 by R.E. Powers, it is not clear 
that at the time Ramanujan recorded his speculation, he even knew of this 
Mersenne prime. In fact, the second Mersenne prime congruent to 11 modulo 
12 is the 28th Mersennne prime, namely 86,243, which was discovered by 
D. Slowinski in 1982. Of the 45 known Mersenne primes exceeding 3, only 5 
are = 11 (mod 12). On the other hand, 9 are congruent to 1 modulo 12, 18 are 
congruent to 5 modulo 12, and 13 are congruent to 7 modulo 12. On the basis 
of this limited data, it could be speculated that the Mersenne primes congruent 
to 11 modulo 12 have smaller density than those in the remaining three residue 
classes modulo 12. Other than the fact that the quadratic forms a? + ab + b? 
and a? + b? avoid primes congruent to 11 modulo 12, we do not have any 
explanation for Ramanujan’s bringing these forms into the theory of Mersenne 
primes. Nonetheless, representations of Mersenne primes by the quadratic 
form z? + 74? are relevant. In particular, if Mọ = 2°~1 is a Mersenne prime 
with £ = 1 (mod 3) and we write Me = x? + 7y?, where x and y are integers, 


then z is divisible by 8 [213]. 


We now quote Ramanujan’s ten statements on Mersenne primes and com- 
J P 


ment on each. Most of our remarks are those supplied by Brown [81]. 


1. “All Mersenne’s primes are either of the form a? + ab + b? or of the form 
a? + b?. Then since a number of the form 12n — 1 cannot be expressed in 


any one of the above two forms, we infer that” 


As we indicated above, 107 provides a counterexample, since 2107 — 1 is 
prime, and as we also indicated above, Ramanujan may likely not have 


had access to this fact when he wrote. 


2. “A Mersenne’s prime is never of the form 12k — 1. Thus for example 


211 1, 223 1, 947 1, 959 1, 971 1, 983 1, 2107 1, 9131 1, 9167 


1 


? 


2179 — 1, 2191 — 1, 2227 — 1, 2239 — 1, 2251 _ 1, ete. should be composite 
numbers. Hence we may divide all Mersenne primes into two classes, one 
comprising primes that can be expressed as a? + ab + b? and the other 


containing primes that cannot be expressed as a? + ab + b?.” 


It is unclear how many of these numbers Ramanujan had actually calcu- 


lated. 


3. “Hence the Mersenne’s primes of the 1st class except 1 and 3 are of the 
form 6n +1, while those of the 2nd except 2 are of the form 12n +5. Thus 


we have, 
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Nos. of the 1st class : —1, 3,7, 13, 19, 31, 61, 127, etc. 
Nos. of the 2nd class : —2, 5, 17,89, 257, etc.” 


Observe that 27°" — 1 is not prime. It is curious that Mersenne made the 
same mistake. 


. “Theorem. If P be any prime, and p any odd prime and if either of = 
Py 


or P happens to be a prime, then that prime will be a Mersenne’s 


prime of the 1st class. As a particular case we have when p = 3.” 
This claim is incorrect. For example, 


7-1 
T= 


= 2,801, 


which is prime. However, 278°! — 1 is composite. Also, 


313 —1 


= 331, 
3(31 — 1) 


which is prime. However, 2331 — 1 is composite. It might be remarked that 
one can find the factorizations of 2” — 1 for n < 1,200 in [78]. 


. “If P be any prime and if either of P? + P +1 or PeeP yl happens to 
be a prime, then that prime will be a Mersenne’s prime of the 1st class. 
As another particular case when P = 2 we have” 


This claim is also not true. For example, 17? + 17+ 1 = 307, which is 

2 
prime, but 2307 — 1 is composite. Also, 3+* = 331, which, as seen 
above, is not a Mersenne prime. 


. “If p be a Mersenne’s prime then 2? — 1 will be a Mersenne’s prime of the 
1st class. As examples of (5) and (6) we have 
1741+1=3; 2?+241=7;374+34+1= 13; 574+5+1= 31; 
Pret = 19; (11? +11 + 1 = 133 composite); 1g? 413+ = 61; 
17241741 = 307; 1419+! — 197; and so on. Again 2? — 1 = 3; 
hence 2° — 1 = 7 a prime; hence 27 — 1 = 127 a prime; hence 
2127 _ 1 is a prime. 2° — 1 = 31; hence 2°! — 1 is prime.” 


This statement is false. For example, 13 is a Mersenne prime, but 218 — 1 
is not. 


. “From (3) we can infer that the number of Mersenne’s primes of the 2nd 
class is always about z of the number of those of the 1st class. There may 
be a general theorem like (4) for the Mersenne’s primes of the 2nd class 
of which the particular case analogous to (6) will be.” 


Of the first 44 Mersenne primes exceeding 3, 22 are in the 1st class and 
17 are in the 2nd class, which does not support Ramanujan’s speculation. 
As indicated earlier, 5 is not in either class. 
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“Tf 2? + 1 be a prime, then 2? + 1 will be a Mersenne’s prime of the 2nd 
class. Thus for example we have 
2+1=3; hence 23 — 1 is a prime; 2? +1 = 5 hence 2° — 1 is a prime; 
2441 = 17 hence 2!” — 1 is a prime; 28 + 1 = 257; hence 2257 — 1 
is a prime and so on.” 


9257 


This claim is false, because, as we remarked earlier, — 1 is not prime. 


“Mersenne’s primes of the 2nd class are always of the form (2°)? + (4b+1)? 
where a assumes all integral values, 0, 1, 2, 3 etc. without an exception, 
b is a positive integer including 0, 4b + 1 is never greater than 2° and 
for every value of a, there is at least one value of b. Thus we have, when 
a = 0, b = 0 hence 2? — 1 is a prime; when a = 1, b must be 0 hence 2° — 1 
is a prime; when a = 2, b must be 0 hence 2!” — 1 is a prime; when a = 3, 
b may be 0 or 1, but when b = 0, (2°)? + 1 becomes composite, hence b 
must be 1 since (2°)? + 5? is a prime, hence 28° — 1 is a prime.” 


This statement is also false. Consider the prime 4,253 = 5 (mod 12). Then 
24:253 _ 1 is prime, and we have the unique representation (up to order 
and the signs of the summands) 4,253 = 53? + 387, but neither summand 
is a power of 2. Furthermore, if a = 4, then b = 0,1,2, or 3, and then 
(27)? + (4b + 1)? = 257, 281, 337, 425, respectively, and none of these four 
numbers is a Mersenne prime. It should be noted that the Mersenne prime 
4,253 was not discovered until 1961. 


“Another theorem analogous to (8) is, if 2? + 1 is a prime then 2?” +1 is 
also a prime.” 


A counterexample to this claim is given by 28 + 1, which is prime, but 
22 + 1 is composite. 
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Divisor Sums 


9.1 Introduction 


Pages 270 and 271 in [269] are devoted to sums involving o;,(n), the sum of the 
kth powers of the divisors of the positive integer n. At the top of the page is a 
note, possibly written by Gertrude Stanley, indicating that these pages were 
intended to be a conclusion of Ramanujan’s paper [265], [267, pp. 179-199]. 
Indeed, this is most certainly true. In the upper right-hand corners of the 
two pages are the numbers (29) and (30), respectively, and the pages are 
written in 918; the last section of [265] is numbered 17. We do not know why 
Ramanujan deleted Sect. 18 from his paper, but perhaps he thought that the 
content of Sect.18 strayed slightly from that of the remainder of the paper. 
The last result in the omitted section appears to be incorrect, but it is easily 
corrected. The two primary results in this section are of the same type as 
five theorems on pages 277 and 278 of his second notebook [268], which were 
first proved in print by P. Bialek and the second author [45]. These proofs 
can also be found in [41, pp. 426-444]. Although, as usual, he did not supply 
hypotheses for the aforementioned theorems in his notebooks, in the partial 
manuscript at hand, Ramanujan indicates that his proofs are valid for (real) 
s > 2, while in [268] and [45], s = n is restricted to be an integer. 

Pages 272 and 273 of [269] also have some relation to [265], and so evidently 
for this reason, the editors placed the pages at this juncture. We discuss these 
pages in Sect. 9.4. 

Page 255 is also connected with §17 of [265]. However, Ramanujan ev- 
idently did not include this material in his paper because his claims are 
imprecisely stated. We have put two of them on a firmer foundation. 

In Sect.9.6, we examine a short, elementary partial manuscript on the 
divisor function d(n). The results proved here are at the level of exercises 
in an introductory graduate (or undergraduate) course on analytic number 
theory. 


G.E. Andrews and B.C. Berndt, Ramanujan’s Lost Notebook: 213 
Part IV, DOI 10.1007/978-1-4614-4081-9_9, 
© Springer Science+Business Media New York 2013 
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Lastly, page 368 is an isolated page that we address in Sect.9.7. It is 
devoted to some of Ramanujan’s musings on the Dirichlet divisor problem, 
which we discuss in detail in Chap. 2. 


9.2 Ramanujan’s Conclusion to [265] 


We first record Ramanujan’s Sect. 18 on pages 270 and 271 of [269] exactly 
as he wrote it. Then in Sect.9.3, we supply more details, as well as further 
comments. 

I shall conclude this paper by finding an expression for 


co co 
5 a5(n)x", Xo rs(n)a” 
n=1 n=1 


which shows the asymptotic nature for large values of s. If Re(a#) > 0, Re(x) 
being the real part of x, it is well known that 


n+ 2n(e 2r Le ara e Oma egi) 


1 1 1 1 1 
= alr ~ - -feee, (9.2.1) 
x£ ett x—i xr+2i x—2?2i 


Differentiating the two sides of (9.2.1) s — 1 times we obtain 
ps-le-2re ae gs-1,—4rex + 35- le- 6T te ara g 


= #8) - 1 | 1 fi 1 Ws sos navies 
~ (2n)s \= (x + i)§ i (x —i)s j (x + 2i)" \ (9.2.2) 


if s is an integer greater than 1. This result is quite elementary. But it can be 
shown by the theory of residues that (9.2.2) is true for all values of s greater 
than 1. It follows from this that 


o0 o0 
X G-a(nje = X (1t en nna Ae gs—-1,—4nnx ih ) 
n=1 n=1 


o Is Sf 1 ae ae 
7 pacar T (nz +i)s (nx —i)s | I 


The double series in the last equation is absolutely convergent if s > 2. From 
this we easily deduce that 


as—1(1)e + mae Hok 
7 = ov) fe 2 Terr, y= (uz E F) 
cos (s tan7! i) 


1 
(42a? + v2)?" 


= C(s) 7 +2 (9.2.3) 
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where s > 2 and yw and v assume all positive integral values which are prime 
to each other. 
Let us consider some particular cases of (9.2.3). Suppose x = 1. Then 


` =LI i -1 V —1 H 
5 cos (stan i) 7 cos (stan z) + cos (stan b) 
i -7 T 
(u2 +12)3° (u2 +v2)3° 
-1~—V 
ee a8 cos (stan rs) 
= T 
í (u? + v?)2" 


It follows that if s > 2, then 


Gale" Beg fey G\e- fe (9.2.4) 


-1 Lt 
cos (stan ead 


= ¢(s) 1+ 2cos > i 
(4? + v2) 


T 1 2 cos (stan? + 
2 Seo {1.4 20002 ( + elena) 
(27) 4 \ 93 52° 
_2cos(stan7! 5) 2 cos (s tan“! 5) +! 
} T j 1 i 
102° 132° 


where u and v are positive integers that are prime to each other and 2, 5, 10, 
13,... are sums of two squares that are prime to each other. 
Similarly putting « = $(V/3 + i) in (9.2.3) we can show that if s > 2 then 


Lr 
Gabe" =e, 4a eee —... = —2 aes ¢(s) 
cos | stan7! “S— 
1) font) 08 (st 5) 
x 4 cos z + 2 cos net ) cos e ) NE (9.2.5) 
(u? + uv + v?)2* 


9.3 Proofs and Commentary 


Up to the two examples given by Ramanujan, the argument is straightfor- 
ward. The identity (9.2.1) is equivalent to the partial fraction decomposition 
of coth(za). Ramanujan’s remark that (9.2.2) is valid for s > 1 is correct. 
In fact, this more general version is called the Lipschitz summation formula 
[183, p. 65]. 

Let us consider the first example in which x = 1. To obtain the sec- 
ond equality in the display prior to (9.2.4), we use elementary trigonometry. 
To that end, 
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cos € tan! z) + cos (s tan7! 2) 
u v 


= cos (s tan! z) + cos (s 5 = tan! z) 
H 2 H 
TS T V 
= 2 cos cos — —tan! 29) . 9.3.1 
G 4 3 (s {3 u (9.3.1) 


= tan! 1 — tan”! Z = tan”! ( 
H 


=) ae BS 
1+v/u E 
9:3:2 


V 
H 


If we put (9.3.2) into (9.3.1), we find that the proof of (9.2.4) is finished. 

Note that on the right-hand side of (9.2.5) there are two undefined con- 
stants, K and à. Unfortunately, we are unable either to identify them or to 
obtain an identity of the form given by Ramanujan. However, we are able to 
obtain an identity for the left side of (9.2.5), which appears to be somewhat 
simpler than that given by Ramanujan. 

Using the first equality in (9.2.3), following Ramanujan, we set x = e 
but we also invoke (9.2.3) a second time, now with x = e~*’/®. For the first 
application, we need the elementary calculations 


ri /6 
? 


t; 2 
(ue™/6 + vi)® = (u? + uv + v?)2° exp (is tan! eiz) f 
v3 u 
, 1 —2 
; 1 . HH- 2v 
(we™®/® — vi) = (u? — uv + v?) 2° exp (is tan! ) , 
V3 u 
and for the second application, we need 
1 —p+2 
(peT? S + vi)! = (p? — uv + v?)2° exp (is tan! ae) 
V3 


l 1 2 
(we 7/6 — vi) = (u? + py + v?)2* exp (is tan”! ez) ; 
u 


Using these calculations, we now add the two equalities arising from (9.2.3) 
and find that 


jeza v3 _ T (s) TS 
20 "G5-1(n)e - BSL eof 2m ( a] (9.3.3) 
P) — 
œ 2cos (s tan! sy œ  2cos (s tan! ez) 
v3 u v3 u 
E2 rA m 
uwv=1 (+ pv + V7) 2° uw=1 (Wu? — pv + v7) 2° 


(u,v)=1 (u,v)=1 
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We now replace v by —v in the second sum on the right-hand side of (9.3.3), 
observe that the first expression on the right-hand side of (9.3.3) corresponds 
to the term v = 0 in either double sum, and lastly divide both sides by 2 
Hence, we conclude that 


4 ae 
V3 u 


1 
p=1,v=—00 (u? + pV + y?)2* 
(H,v)=1 


oo cos (s tan 


> _ noy —=nr V3 _ I (s) 
EO D'osilne A = stl) 


n=1 


9.4 Two Further Pages on Divisors 
and Sums of Squares 


Some of the pages published with the lost notebook have been numbered and 
arranged in consecutive runs, especially in the latter portions of [269]. We do 
not know who provided the numbering, but it was not Ramanujan and most 
likely not G.H. Hardy either. After pages 270 and 271, there is a string of nine 
consecutive pages beginning with number 22. The editors evidently designated 
pages 22 and 23 as pages 272 and 273 in [269], because their content pertains 
to pages 270 and 271. We first discuss page 273, which contains two asymptotic 
formulas. If k | n, then in the sequel we interpret 


sin(mn) lim sin(nx) 


sin(4rn) z>n sin(¢7x) 


Entry 9.4.1 (p. 273). If s > 1, then, as n > oo, 


(n) = n" sin(a) | ae + St a 
Tsn ENTRY TFI sin(mn) 28+! tan(S$an) 3st! sin(37n) 


1 1 1 
+ 4 Leena Se, 
tn tan(ġnrn) 55+! sin( da nn) 6s+I tan(4 mn) \ 


Entry 9.4.1 is identical to (14.3) in Ramanujan’s paper [265], [267, p. 193]. 
Entry 9.4.2 (p. 273). Let s be an integer greater than 1, and let r2s(n) 


denote the number of representations of the positive integer n as a sum of 2s 
squares. Furthermore, set 


Then, as n > œ, 

nns! 1 1 
s(n) = rreg Ï - + 
T2 (n) (s — DIR(s) sin(7n) { 1s sin(n) 98 sin(4 Tn + Irs) 


1 1 1 
+ eis 
i 3ssin(inn+rs) 45sin(żnn+ łžns) 5ssin(ł4rn + 2rs) \ 
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Entry 9.4.2 is the same as (14.4) of Ramanujan’s paper [265], [267, p. 193]. 

On page 272 of [269], Ramanujan offers an asymptotic formula for r,(n) 
in three related guises. This asymptotic formula is originally due to Hardy 
[146], [149, pp. 345-374]. To the best of our knowledge, all the theorems 
that Ramanujan recorded in his earlier notebooks [268] and lost notebook 
[269] were discovered by Ramanujan himself, albeit some of his results were 
rediscoveries. Thus, did Ramanujan, independently of Hardy, establish this 
asymptotic formula? We know that Ramanujan did discover different asymp- 
totic formulas for rs(n). To that end, let us recall what Hardy wrote about 
his and Ramanujan’s asymptotic formulas [147, pp. 143, 159]: “I must now 
introduce ideas which are not to be found (at any rate explicitly) in Ramanu- 
jan’s work. They are the ideas from which Littlewood and I started in our 
work on Waring’s problem.” “Ramanujan formed ‘singular series’; thus the 
series (11.11)—(11.41) of no. 21 of the Papers are the singular series relevant 
in this problem. But his approach to them is quite different; he determines 
the ‘divisor-function’ 62,(n), as an approximation to r2s(n), independently, 
and then expands it as a singular series. Here the singular series comes first, 
and 62,(n) appears as its sum.” Paper no. 21 is the paper [265], and the series 
(11.11)—(11.41) are four asymptotic formulas for d25(n), associated with the 
four residue classes of s modulo 4. 


Entry 9.4.3 (p. 272). Ifs > 5, asn— oo, 


1 
28 


= (mn) —2nrip/q LS oni 2p/q i wae 
r.(n) = nrs) 5 | GS A | ) +o ), (9.4.1) 


Pd 


where the outer sum is over all positive integers p and q, with (p,q) = 1 and 
p<4q. 


The next entry is an alternative formulation of Entry 9.4.3. 


Entry 9.4.4 (p. 272). Let s be an integer at least 5. For (p,q) = 1 and 
O<p<q, set 


De. ake 
= Tir” p/q 
Cp,q = > e P/4, (9.4.2) 
vi 


Then, as n > œ, 


rn $s e~ 2nTip/q 1 
r(n) = E® S (E en) ot, (9.4.3) 


nI (3s) a q2 


Next, Ramanujan calculates several values of the Gauss sum in (9.4.2), 
which he uses in his third version of Hardy’s asymptotic formula. All of the 
following values are elementary. 
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1,1 = 0; 1,2 = 0; C13 = 14, C23 = —1; a4a=1+%, 
e34=1-%t a 5=1, C25 = —1, c35 = —1, C45 = l; 

Cie = 0, C5,6 = 0; C1,7 = 1, C2,7 = 1, 3,7 = —1, 
C47 = 1, 63,7 = —1, C6,7 = 25 C18 =1+1, c38 = —1 +47, 
C53 = —1-1, ezg =li 


Entry 9.4.5 (p. 272). If s > 5, then, as n > oo, 


1 
(n) (mn)2° J 1 2cos(ġnr — 4st)  2cos(Znm— sr) 
rs(n) = t H 
nI (4s) 12° 93° 33° 
2cos(¢nm — sr) + 2cos(3nm — $87) 
i 1 
42° 
2 2 2 inr — 1 
gee a rob eo(nt) (9.4.4) 


1 
52° 

Using the calculations prior to Entry 9.4.5, we can easily verify the truth 
of Entry 9.4.5. 

A clear, readable account of Hardy’s proof of the asymptotic formulas 
(9.4.1), (9.4.3), and (9.4.4) can be found in M.I. Knopp’s text [183, Chap. 5]. 
These formulas were extended by P.T. Bateman [23] to include the cases 
s = 3,4. 


9.5 An Aborted Conclusion to [265]? 


Page 255 in [269] is devoted to three claims about sums involving op(n). 
Almost certainly, these results were intended to be recorded at the end of the 
last section, §17, of [265]. It does not seem possible to give correct, precise 
versions of these claims, and so, undoubtedly, Ramanujan, recognizing this, 
kept this page in his files in the event that he could later find correct renditions. 

We discuss the first claim in detail, and show that any precise statement 
of the claim must incorporate error terms. Then we indicate that even with 
the addition of error terms, no matter what choices we make for the two pa- 
rameters, some of the main terms should actually be subsumed in the error 
terms. Thus, it does not appear possible to state a precise theorem. We provide 
here a detailed argument by P. Pongsriiam and the second author [63] pro- 
viding, we hope, conclusive evidence of our claims about Ramanujan’s claim. 
We state the second and third claims without further discussion, since they 
aim to generalize the first claim. 

In the analysis that follows, we make heavy use of the estimate [265, fifth 
line of Sect. 17], [267, p. 196] 

(n 4 ayers 


XC k = ¢(-8) 4 + O(ns1), (9.5.1) 
k=l 


s+1 
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for any complex number s and positive integer n, where if s = —1, we interpret 
the first two expressions on the right-hand side of (9.5.1) to equal 


7 + log(n + 5), (9.5.2) 


where y denotes Euler’s constant. The identity (9.5.1) is well known, but 
usually not in this form. This elegant formulation is actually found in Chap. 7 
of Ramanujan’s second notebook [268], [37, p. 150, Entry 1]. 

We are now ready to record verbatim the first of the three entries on 
page 255 of [269]. 


Entry 9.5.1 (p. 255). 


1°o,(1) + 2°,(2) + 3°a,(3) +--+ + n°a;,(n) (9.5.3) 
lies between 
1+s l+r+s 
(ate i) 
1 nst(r+1)/2 
si zn (=r) + n™t8C( )+ E (9.5.4) 
and 
nits nitrts 
((-8)(-r = s) + Sc =) + Sc $n) (9.5.5) 
1 1 nst(r+1)/2 
+ EnS {26(1—r) = C(—1)} + Ents (26(1 +7) — C(r)} — 


Note that, perhaps surprisingly, the bounds (9.5.4) and (9.5.5) are asym- 
metric. Because Ramanujan stated (9.5.4) and (9.5.5) as inequalities, we as- 
sume in the analysis that follows that s is real. However, all of our analysis 
can be extended to encompass complex values of s. In analyzing the sum in 
Entry 9.5.1, error terms arrive in our estimates. So that these error terms will 
be o(1) as n > oo, we furthermore require the hypotheses 


stir<0, str<l, and s<1. (9.5.6) 


If we add some additional hypotheses and assume that n is sufficiently large, 
then it will be shown that (9.5.4) is valid. But, as our analysis shows, (9.5.5) 
does not appear to be correct, because of the appearances of two extra ex- 
pressions in (9.5.5). In view of all these observations and restrictions, after 
readers gain an appreciation of the aforementioned pitfalls, we offer a more 
precise version of Entry 9.5.1 at the close of this section. 


Proof. Set 


n 


S(s,r) := $ | kor(k) = 2 RY ¢=S Qa) arr (9.5.7) 


k=1 k=1 — d|k dl<n di<n 
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Applying Dirichlet’s hyperbola method to the sum on the far right side of 
(9.5.7), we find that 


San= So Sr PS eS sr Se 


d</n I<n/d l<yn d<n/I <yn d<vn 
=a, +a. — a3, (9.5.8) 


say. We first examine a1. 
If {x} denotes the fractional part of x, write 


so that 


eee 


Then, applying (9.5.1), we find that 


ge So (lil +s) +¢( )+0((5)) 


dca s+1 d 
n s+1 
(Z+ ena) s—1 
= str d n 
D ar terol") 
ay . 
os str d ns n a 
= D er | AB (a ereo (G) 
nSt! 
= i 5 dln’ > En, ad” + ¢(—s) 5 dt 
PE a d<vn d<vn 


+O | n5t 5 d+! 
d<vn 


nstt (iva + 5) 1 
= +¢(1 r)+0 (nde) +n* 5 En, ad" 


s+1 r 


| (iva A a 


1 
| 5(str—-1) 
awe +¢(-s-—r)4 o (n? ) 


+C(=s 
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LO [p 5 drt} 


dsm 
1 r 
nst! (iva a 5) s+1 


n 
| 
= T 


s+1 r s+ 1 


ga r) t ne 5 En, ad” 
d<yn 


+¢(—s)S(—s = r) 


1 1 
+0 (a=) +0 (naco) + O (n° logn), (9.5.9) 


where the “extra” factor of logn arises from the possibility that r may be 
equal to —2, whence the need to use (9.5.2) in our estimate. 

Next, by a similar argument with the use of (9.5.1), or by a change of 
variables (s,r) = (s+7r,—r), 


1 =f 
nitrtl (iva + 5) perta 


s+r+1 r  s+r+1 y 
JN s+tI 
+¢(-8 — C(s =r) q(—8) 
+0 (a=) +0 (az=) + O (nt! logn). (9.5.10) 
Lastly, by (9.5.1), 
E ați 
i= Ca 7 +0 (n20) 
= 1 str+l1 
= Gio) Fels r) +0 (niet) 
7 (iva + a (iva + e es (iva + T 
s+1 , kS s+1 
rol beats) +¢(-8)¢(-8—r) 


st+r+1 
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+o (n3 r) +o (nde) 40 (n360), (9.5.11) 


If we now amalgamate (9.5.9)—(9.5.11), simplify, and use our hypotheses 
(9.5.6), we arrive at 


s+1 nstr+1 


ay + a2 — as = 6(-8)¢(—s —r) + r [lr +1) 


+ A, + Ao + Ag + A4 — A5 


+o (n3 r) +o (n2 z- P) +o (nk z(+r- ‘j; (9.5.12) 


where 
En 8 rT 
Ay = nSt 5 r A :=n 5 En, ad”, (9.5.13) 
I<va d<ya 
nit r mstrtl = 1 =p 
A3 i= Ag = =M = 
shiva) alva) 
(9.5.14) 
1 s+1 1 s+r+1 
(vai) (vas) 
Acts si a or (9.5.15) 
We now turn to A, which is defined in (9.5.13). Set 
= nst nyt 
B =n Y {  b z (9.5.16) 
I< y7 
Then, by (9.5.1), 
we 1 le, ny 1 
Ae De LT 
<yn <yn 
ner 1 
gD 
<yn 
1 —r+1 
wwe (m+) oo 
= Q\" 
5 =F) +e) +O(n ) Fy 
1 
s+r 5 (-—r+1) 
n n2 
= =ar —E 
2 on FE) +0(n ) : 
nota rth) petr re 
2 Olga |e 5.1 
Hori 5 C(r) + (r ) 1 (9.5.17) 
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Next, we examine Ag, also defined in (9.5.13). Put 


Ez := n° {=\a. (9.5.18) 


By an argument much like that above, or by invoking the substitution (s, r) = 
(s+r,—r), we find that 


1 
not 3 (r+1) ns 


Ay = A + Scr) +0 (wt) -B (9.5.19) 


Combining (9.5.17) and (9.5.19), we arrive at 


-nten f t ft 
Aj + Apo =n 2 2(r = T) T 2(—r ap 1) (9.5.20) 
S str j 
l a J+ C(r) 4 o (nt) — B, - E 


s 
+3 (r +1) në s+r 1 
1—r? f c(=r) + a G(r) i a ( r). 
r 


We next turn to the pair A3, A4, defined in (9.5.14). Setting 


1 11 
[Vn] +5 = vn + €n, so that one (=F 


and invoking the binomial theorem, we find that 


1 1 
nstart nsta(rth) 1 
A = O stor 

5 (s+ 1) T s+1 = ( ) 


and 


1 1 

nstartt not 2 r+t) 1 

Ag = En t+O[(n°t2" ). 
eet syed nt (r ) 


Recalling that As is defined in (9.5.15), we find that 


(vn $ Ta 
A= 
(s+1)(s+r+1) 
1 1 
L mh (2s +r +2) Den o ( +i) 
~ (s+ 1)(s+r41) (s+1)(s+r+1) 


The last three calculations thus yield 


1 1 1 1 
A A, —- Ax = st5rtl ) 
vee a’ r(s+1) r(s+r+1) (s4+1)(s+r4+1) 
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s $r+4 En (2s +r + 2en 
+ nota 
s+1 TTE (s+1)(s+r+1) 
+o (r +4") 
41, 
=0+0(n** 2 A (9.5.21) 


Observing that E), E2 > 0, we collect (9.5.12), (9.5.20), and (9.5.21) to 
conclude that 


nSt! mstrtl 
S(s,r) = a, + a2 — az < ¢(—s)¢(—s — r) + rere )4 ear 7S +1) 
s+4(r+1) n> s+r 
a + (=n) + Solr) - B= 
+0 (a=) +0 (nite) +0 C 
s+1 s+r+1 
=o a O aa 
s+5(r+1) ns ntr 
eE 4 Sr) + er) 
— E — Ey +0(1), (9.5.22) 


as n — oo, where we used (9.5.6). If we can show that either EF, or E> is > 1 
as n tends to oo for certain values of s and r, then Ramanujan’s upper bound 
(9.5.4) will indeed have been verified. 

To that end, and to also obtain a lower bound, we need to estimate EF 
and E», given, respectively, in (9.5.16) and (9.5.18). By (9.5.1), 


r+l1 
E< ntr 5 ean {Lee C(r) o(n-try 
(<n 
nota (rth) 
ae **rC(r) + O(n**2") (9.5.23) 


and 


T [vn] + ye | f i =i 
Ea<n X d'= iat TE + ¢(—r) + O(n2""-”) 
d<vn 
1 
meta (r+l) ; ai 

EET H n®¢(—r) + O(n?" 27). (9.5.24) 

We now observe that if we require that s > 0 or that s +r > 0, then (9.5.22) 
will imply the truth of (9.5.4). 
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Returning to our goal of obtaining a lower bound, by (9.5.12), (9.5.20), 
(9.5.21), (9.5.23), (9.5.24), and (9.5.6), we conclude that 


nst! mstrtl 
S(s,r) = a1 + a2 — a3 > ¢(—s)¢(—s — r) + ¢1-—r)4 C(r +1) 
s+1 st+tr+l1 
s+4(r+1) s s+r 
$n) + clr) = n°G(=1) = ner) 
+0 (a=) +0 (ndto-» +0 (aa 
nit nstrtl 
= ¢(-8)¢(-s = r) + Soca =) + Sr) 
st+4(r41) s s+r 
Ee 5 (=r) L C(r) + o(1), (9.5.25) 


which does not agree with (9.5.5), because Ramanujan records additive factors 
of n$¢(1—r) and n”ts¢(1+r), which do not appear in our lower bound above. 
Observe that in contrast to obtaining the upper bound (9.5.4) when either 
s>0Oors+r>0, we cannot dispense with the term o(1) in (9.5.25). 


Let us now collect (9.5.22) and (9.5.25) so that we may state an improved 
version of Ramanujan’s Entry 9.5.1. 


Entry 9.5.2 (p. 255). Let s andr be real numbers satisfying the inequalities 
(9.5.6). Then, for n sufficiently large, 


Steir) = Do Mor) < esr) + cl) + Ble) 
s+4(r+1) s s+r 
e St) 


provided that either s > 0 or s+r > 0. Furthermore, if n is sufficiently large, 


nst! nstr+1 
Ste.) > Ks = r) + Eca r er) 
s+}(r+1) s s+r 
Te -elor - clr) + ol. 


We close this section with the remaining two formulas on page 255. 


Entry 9.5.3 (p. 255). For unspecified parameters r and s and t = [y/n] 


2 


k*o,(k) 


z 
R 
= 
wn 
| 
R 
D 
= 
~~ 
| 
g 
iM: 
i 
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1l+s anitrts 


‘ se E T 


É 
Os 4 1 2 r+1 n” 
_ a” 5 (Z-n) (m +) + O( ), 


an!ts anitrts 
Teee a aa 
a g G pign ans+r/2 
DA e a 3(4— r3) 
and 
n° C(a — s)C(a — r — s) — ¢(—s)¢(—r — s) 
ot e oo (1 +r) 


| (1+s)(l-—a+s) (l+r+s)(l-a+r+s) 
— syn) {34-27 kies] 


Bae! 1 | anstr/2 
„i fa (1 ÞK tr) —(r De 


Ramanujan does not indicate the function within the O-term above. 


9.6 An Elementary Manuscript on the Divisor 
Function d(n) 


Pages 278 and 279 are devoted to a brief manuscript on d(n). All of the argu- 

ments are straightforward and familiar to those who have had an introductory 

course in analytic number theory. We shall therefore simply copy Ramanujan’s 

manuscript while interjecting in square brackets a few comments for readers. 
(For Res > 1), as s > 1, 


X 1 
ae. 
ns — 1 
n=l 
= ogn 1 
5 ` + K +o(1) 
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Hence i 
œ logn 
Jonai ns a 
= y + o(1). 
oo 1 s= 1 
i ne 
But i 
œo 10gm 
nei ns S log p 
[ere] 1 E pe 1’ 
Da ns P 


(where the sum is over all primes p, and where Ramanujan is using the 
representation of ¢(s) as an Euler product.) Therefore 


l 1 
Yiee y+ o(1) 


z P 1 s-1 
so that 
2 1 l 
y yY = 2y + o(1). (9.6.1) 
ns ps—1 
n=1 P 
But 1 
> = =logz +y + o(1). (9.6.2) 
n<r 


Assuming m(x) ~ x/logx we have [18, p. 117, Exercise 7] 


E osr = logz + B + o(1). (9.6.3) 


pcx 


Hence from (9.6.1)—(9.6.3) 
y-B=2y 


that is 
B = =y. 


Hence we have 


> osp = logg — y + o(1). 
pcx 
(The well-known asymptotic formula given above is the last formula on 
page 278. On page 279, Ramanujan begins afresh with a new numbering sys- 
tem for the tagged equations, and so it is not clear whether Ramanujan had 
intended these two pages to be parts of the same manuscript.) 


l 1 
ye = 5 log? — yı + 0(1), (9.6.4) 
n 


n<r 


where yı = 0.072815845483680.... (yı is called the first Stieltjes constant. 
The Stieltjes constants are examined in detail in Chap.7 of Ramanujan’s 
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second notebook [268], and an extensive discussion of them can be found 
in [37, pp. 164-165]. Also consult S. Finch’s book [119, p. 166-169] for a 
brief discussion of Stieltjes constants. Because Ramanujan recorded 15 decimal 
places of yı below (9.6.4), it is likely that he had seen a table of Stieltjes 
constants to 16 decimal places composed by J.P. Gram [127] in 1895.) As 
s—>1 


X logn 1 
os ne = CEEE yı + 0(1). (9.6.5) 
n=1 
Since 
love) 1 1 
ear a (9.6.6) 
n=1 
foe) 1 2 1 5 N r 
= j O oat l 7 n 
(>: x) E (s — 1)? t z] rT 271 T o(1) => n ‘ (9.6.7) 


where d(n) is the number of divisors of n. But from (9.6.5) (and (9.6.6)) we 
have 


27 +1 1 2 
5 dere ps 2%? — qı + o(1). (9.6.8) 
ns (s—1)? s-1 


n= 


Hence we have 


3 2y + logn 2 d(n) aiea pad 


ns ns 
n=1 n=1 


But from ((9.6.2) and) (9.6.4) we have 


2 ii 1 
> 11er 5 log” a + Qylog z + 27° — yı + o(1). (9.6.10) 
n 
n<r 
Assuming 
X d(n) x(2y — 1 + logs) + O(vzx), 
nT 


(then, by partial summation, ) 


1 
5 an) = log” z + 2ylogz + B + o(1). (9.6.11) 


n<r 


Hence from (9.6.9)-(9.6.11), 
2%? — qı — B = 7? — 371. 


Hence, 


1 
oe = (y+ log x)? zlog” g + 274, + o(1). 
n<a« 
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9.7 Thoughts on the Dirichlet Divisor Problem 


Page 368 is an isolated page in [269] on sums involving the divisor function 
d(n), the number of positive divisors of the positive integer n. It appears 
that the claims on this page were motivated by the famous Dirichlet divisor 
problem [145], [150, pp. 268-292], which we now briefly describe. If x > 0 and 
y denotes Euler’s constant, write 


D(x) := Y d(n) = wloga + (27 — 1)2+ I + A(z), (9.7.1) 


n<u 


where A(x) denotes the “error term.” The prime / on the summation sign on 
the left side indicates that if x is an integer, only $d(x) is counted. Finding 
the order of magnitude of A(x) for large x is known as Dirichlet’s divisor 
problem. It is conjectured that for each e > 0, A(x) = O(x'/4+*), as £ > oo. 
It was shown by Gauss that A(x) = O(,/z). For our purposes, it will suffice 
to use M.G. Voronoi’s [310] upper bound, namely, 


A(z) = O(a/? log x). (9.7.2) 


For an early history of the Dirichlet divisor problem, consult Hardy’s paper 
[145], [150, pp. 268-292], and for a more recent history, consult A. Ivié’s 
book [166, pp. 380-383]. At the bottom of page 368 in [269], one can find a 
handwritten note by Hardy: “Idea. You can replace the Bessel functions of 
the Voronoi identity by circular functions, at the price of complicating the 
‘sum.’ Interesting idea, but probably of no value for the study of the divisor 
problem.” In this section, we prove and discuss the claims made by Ramanujan 
on page 368. 


Entry 9.7.1 (p. 368). If y denotes Euler’s constant, then, as £ — oo, 


2y+1 
PAFO ayz (logn+27-2)+C+0(l), (87:3) 
yn 
n<ax 
where 
1 3 1 I 
C=¢ (5) E io 5 log(87) } ; (9.7.4) 


The value of C in (9.7.4) is actually not given by Ramanujan. 


Proof. From Ramanujan’s notebooks [268], [37, p. 155] or from his paper 
[253], [267, pp. 47-49], as x > oo, 


5 a = 2 favz+c(3) +o(—)}. (9.7.5) 


nír 
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From [37, p. 226, Entry 24(ii)], as £x > ov, 
logn = 1 1 
> =loge 42 2 | 
a oged ve+e(5) +0 =) 4y x 


nír 
Ç (5) log x (5) {5 H ir 5los(87)} + o(1) 


= 2/zrlogr —4/zr (5) {37 a 5 1og(87)} + o0(1). 


(9.7.6) 


If we add (9.7.5) and (9.7.6), we obtain (9.7.3) to complete the proof. We note 
in passing that in 1899, M. Lerch [214] derived a formula (in closed form) for 


nlogn 
Entry 9.7.2 (p. 368). Let 
d'(n) = d(n) — 2y — logn. (9.7.7) 
Then = 
2 a = (5) s0 (9.7.8) 


where C is defined by (9.7.4). 


Proof. We first show that the series on the left-hand side of (9.7.8) converges. 


Let 
D(x) := 5 {d(n) — 27 — logn} . 


nxt 


Recall Stirling’s formula [11, p. 20, Theorem 1.4.2] 


1 
log (x) = (e — 5) logz — z + O(1), (9.7.9) 
as x tends to oo. Using (9.7.1) and (9.7.9), we easily deduce that 
D(x) = A(x) + O(log x), (9.7.10) 


as x — oo. By partial summation, 


D E 7 = =o Sepa sf DU ie (9.7.11) 
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y (9.7.2), the first expression on the right-hand side of (9.7.11) tends to 0 
as x tends to oo, and the integral on the right-hand side of (9.7.11) converges 
absolutely as £x — oo. 

We now proceed along the lines of Hardy in [145, Sect. II], [150, pp. 272- 
273]. Recall the inverse Mellin transform 


1 c+100 
e= =f T(z) dz,  c>0, s>0. (9.7.12) 


2ri Jei 


Upon inverting the order of integration and summation, we easily find that 
for c > 1, 


X d(n) — 2y-1 = 
=y (n) = 27 = bogni caya (9.7.13) 
= vn 
1 ig 2(1 41 tet nw tatai -=z 
= Fri - T(z) ¢ (3 T 52) 27¢(5 T 52) j 27s T 52) s*dz. 
We now move the line of integration to (—p 5 100, —p i + ioo) by 
integrating around the rectangle with vertices c£iT, —p—5+iT, ee pisa 


positive integer and T > 0. Using Stirling’s formula [11, p. 21, Corollary 1.1.4] 
T(x + iy) ~ V2nl|y|?- 12e, ly] = 00, (9.7.14) 


we easily can show that the integrals along the horizontal sides of the rectangle 
tend to 0 as T —> oo. If Ra denotes the residue of the integrand’s pole at z = a, 
then by the residue theorem, 


Pp 
3(s) = Jp + Rı ae 5 Rii (9.7.15) 
n=0 
where 
—P—5 tioo oi ; i i d r f o 
J := 1 P(z)4 C° (3 + 32) — 29C(g + 32) 4 276 +52) ps “dz. 
=Pp—5 tee 
(9.7.16) 


To calculate the residue at z = 1, we need the Laurent expansions [11, p. 13, 
Theorem 1.2.5; p. 17] 


s= == (1- (logs)(z-1) ++), 
I(z)=1-y(z2-1)4+-:-, 


(G23 ies (9.7.17) 
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as well as the Laurent expansions of ¢?(4 + 4z) and 4¢(4 + $2), which 
are easily obtained from (9.7.17). Omitting the lengthy but straightforward 
calculation, we find that 


R, =0, (9.7.18) 


i.e., the singularity at z = 1 is removable. The residue at z = 0 is more easily 
calculable, and we readily find that 


Ro = C? (5) — 2y (5) ne G) . (9.7.19) 


Because of the presence of ¢' (4) in (9.7.19), we would like to obtain a more 
palatable representation for Ro. In the second author’s work on the earlier 
notebooks of Ramanujan, he used a familiar integral representation for ¢(s) 
to show that [37, p. 227] 
curt 1 1 
= — log(8 — =y. 9.7.20 
shy pelear (9.7.20) 


(This formula was also established by Lerch [214].) Perhaps a slightly easier 
method of calculating ¢’ (3) is to employ the functional equation of ¢(z) in 
the form [306, p. 16] 


¢(1 — z) = 217r? cos($rz)I'(z)C(z), (9.7.21) 


and then differentiate it and set z = 4. If we substitute (9.7.20) into (9.7.19), 
we readily find that 


ry = (5) (5) {57 an 5 lox(8n) (9.7.22) 


There is no need to calculate R-n, n > 1. However, we need to show that 
Jp approaches 0 as p tends to oo, and that limp. )7?_, R-n, as a power 
series in s with no constant term, has a finite radius of convergence. Thus, 
by (9.7.15), &(s) will be represented by an analytic function of s, the value of 
which at s = 0 will be given by (9.7.22). Hence, we will then have completed 
the proof of (9.7.8). 


To that end, if z = —p— $ + iy, then by the functional equation (9.7.21), 


IG + $2)| = ¢(-gp + 3 + ziy) 
Lopiyliy Lp 34 tiy . 1 1 1 1, 
= |27 2Pt t2 Ym 2P- arom sin {om (3p + 4+ sy) 
x T (3p +3- sty) c (gp +3- ay) | 


1 1 
< K(2n)~2?e4™ PF (Ap + 3 — Lay) |, (9.7.23) 


where K is a positive constant, which will not necessarily be the same at 
each occurrence in the sequel. Utilizing (9.7.23), the reflection formula for 
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the gamma function, and Stirling’s formula (9.7.14), we further find that for 
z=-p- 3 +iy, 


1 1 
|s~7P°(z)¢(4 + 4z)| < KP (2r + Ł)7 2? eanl 


T 
x |r (—p 5 | iy) ($p+ 3 ziy) | 

1 
# rea IP (hp + 3 — liy) 


sin {a(—p — 4 +iy)} (p+ 3 — iy) 


Ie ll, soak ay 
P 1y|32?+3e- 3739] 
o- aly) l29|? Ze 272 


) 
-a (=) jyjP+1e7 2710 
s ) 3 
) 


-K (z a 
S e 
<K (= e 27 [yf > 1, (9.7.24) 


Similarly, it can be shown that [145, p. 6], [150, p. 273] 
p 1ı 
| r(2)(} +42) < K (=) e7 atu, (9.7.25) 
T 


There remains one further expression in the integrand of (9.7.16) to esti- 
mate. From the functional equation (9.7.21), 
—C/(1 — z) = 2'-*n* cos(4rz)I'(z)C(z) 

Ç'i) 

c(2) 


where Yy(z) = I"(z)/T (z). Recall another version of Stirling’s formula [11, 
p. 22, Corollary 1.4.5], 


ž f- een) — 5 tan(ġrz)r as 4: if (9.7.26) 


p(z) = logz + O(1/|z\), —r +ô < argz < r -— ô, (9.7.27) 
for each fixed ô > 0, as |z| > oo. In particular, (9.7.27) implies that 


Y(p + 3 — iy) = O(log |y| + log p), (9.7.28) 


as both |y| and p tend to oo. If we now replace z by 1 — z in (9.7.26), set 
z = —p — 4 + iy, use (9.7.28), and employ the same analysis that we used in 
(9.7.24), we find that 


re) Eca + $2)| <K ( 


S 1 


p 
=zTlyl 
=) (log |y| + log p)e . (9.7.29) 


Hence, employing our estimates (9.7.24), (9.7.25), and (9.7.29) in (9.7.16), 
we deduce that 
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ii< K (z) A (log |y| + logp)e~27"¥/dy 
< K (52) tose = oa), 


as p tends to oo, provided that 0 < s < 2\/7. Hence, we have shown that §(s) 
can be represented by an analytic function for 0 < s < 2\/z. More precisely, 


s= e(z) -21¢(5) +6 (5) +R 


By continuity, we conclude that §(0) has the value claimed in (9.7.8). 


Entry 9.7.3 (p. 368). Let C be defined by (9.7.4). If w is any positive num- 
ber, except 2,/n, then, 


ma) x wS Ea. 


2/n<w 2/n>w 
w w 
= 5 d(n) — sa — = + 5 d'(n {i sin”! =| 
2/n<w 2/n<w 2/n>w i 2yn ayn 
(2y + logn)w Dict, - Mt w 
= T/n 7 2 (Font a 2/n nyn 
2/n<w 2/n>w 
_ wfofl w 
= 5 d(n) — = {6 (5) - chs 5 d'(n)— = sin- Ia 
2yn<w 2/n>w 
w 3 27+ logn D a cage W w \ 
== t sin = 
TF ee yn aN yn T 2/n nyn 


Proof. The two equalities above are merely rearrangements of the expressions 
on the far left-hand side. One needs to use the definition of d'(n) given by 
(9.7.7) as well as Entry 9.7.2. 


We have reformulated the next (and last) entry on page 368, which is 
expressed in terms of the far right-hand side of Entry 9.7.4. For simplicity, we 
have chosen to use the sum on the far left side in Entry 9.7.4. 


Entry 9.7.4 (p. 368). For w > 0, 


S dn) (1-.)4 » an) f 2 sin Na A} | 3° (5) 


ol 3, 1 Ldn) muy, Laan = 
w? + 32 a +32 y cos(2rwyn). (9.7.30) 
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Because of poor photocopying in [269], we are uncertain whether we have 
correctly identified the expression cos(27w,/n) in the last sum on the right- 
hand side above. Our apprehension arises from yn; in fact, Ramanujan uses 
the summation index q, instead of n. With a magnifying glass, one verifies that 
the square root is present, but we cannot verify that the argument under the 
square root sign has been correctly determined. 

Entry 9.7.4 does not appear to be correct. For example, consider 0 < w < 
2. There is no contribution from the first expression on the left-hand side of 
(9.7.30). Since 


2 iu! w w w? 
ın = fees 3 
2/n nyn 24rnë/2 


and since for every € > 0, d(n) = O(n‘), as n — co, we see that the infinite 

series on the left-hand side of (9.7.30) converges absolutely and uniformly 

for 0 < w < 2. Of course, the first series on the right-hand side of (9.7.30) 

converges absolutely and uniformly on 6 < w < 2 for each 6 > 0. However, the 

latter series on the right-hand side of (9.7.30) rapidly oscillates for 0 < w < 2. 

In fact, it is not clear for which values of w (if any) the series converges. 
The series 


a an) cos(27wn) 


has been the subject of several investigations, in terms of both finding criteria 
for convergence and for estimating its partial sums. In particular, see papers 
by S.D. Chowla [94], [95, pp. 230-249], A. Walfisz [311], and J.R. Wilton [319]. 

In his brief note at the bottom of page 368, Hardy refers to the Voronoi 
summation formula and replacing the Bessel functions by circular functions. 
If Yı (x) and Ky(a) are the Bessel functions usually so denoted [314, pp. 64, 
78], z > 0, and y denotes Euler’s constant, then 


1 
Sdn) = z(log x + 2y — 1) + 1 


— So atm) (2) (x (anv) + ŽK; (4) , (9.7.31) 


where the prime / on the summation sign on the left-hand side indicates that 
if x is an integer N, then only 3d(N) is counted. See also papers by A. Oppen- 
heim [239], K. Chandrasekharan and R. Narasimhan [90], and Berndt [26] for 
proofs. In view of the first expression on the left-hand side of (9.7.30), Hardy 
might also be thinking of a corresponding identity for `<, d(n)(n — 2), 
namely, 


n<ux 


1 3 1 1 
So d(n)(a — n)= 57 (ios + Qy >) + ra 


= = y d(n)— (volanvna) 2 Z Ka(4r vna) ) , (9.7.32) 


n=1 
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which was first proved by Oppenheim [239]. See also papers by Chandrasekha- 
ran and Narasimhan [90] and Berndt [26]. Hardy’s remark on replacing the 
Bessel functions by circular functions undoubtedly refers to the fact that the 
asymptotic expansions of both Y,(a) and K,(x), as x — oo, involve trigono- 
metric functions [314, pp. 199, 202]. However, replacing each of these functions 
in either (9.7.31) or (9.7.32) by the first terms in their asymptotic expansions 
would, of course, not yield an identity, which is what Ramanujan claims to be 
true. It is interesting that inverse trigonometric functions, instead of trigono- 
metric functions, appear in Ramanujan’s assertion (9.7.30). 


10 


Identities Related to the Riemann Zeta 
Function and Periodic Zeta Functions 


10.1 Introduction 


On page 196 in his lost notebook, Ramanujan lists several identities that 
are related to the Riemann zeta function, Dirichlet L-series, and periodic 
zeta functions. Some of the identities are connected to previous results of 
Ramanujan in [256] and [258], but none of the identities on page 196 can be 
found in these papers. Furthermore, all of the identities on page 196 are new. 
The purpose of this chapter is to examine all of these interesting identities. 
Two of the identities were examined and generalized in a paper that the second 
author wrote with H.H. Chan and Y. Tanigawa [47]. 


10.2 Identities for Series Related to ¢(2) and L(1, x) 


At the top of page 196 in [269], Ramanujan records three identities related 
to ¢(2), and at the bottom of the page, he states a similar result related to 
L(1, x), where y is the nonprincipal primitive character modulo 4. In each of 
the first three identities, the coefficient 4 of the series on the right-hand side 
must be replaced by 2. We record the results in corrected form. 


Entry 10.2.1 (p. 196). Let Rex > 0. Then 


—n? re 2 


> e T 3/2 e t(ntte x 
5 -2 T e+ 5a — Ina! vf ( V/a dt, (10.2.1) 


II 


where the principal value of the square root is taken. 


Proof. We assume throughout the proof that x > 0. The more general 
result for Re x > 0 will then hold by analytic continuation. We begin with 
the familiar theta transformation formula, which is found in Ramanujan’s 
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notebooks [268], [39, p. 43, Entry 27(i)]. It will be convenient, however, to use 
the formulation, for Ret > 0, 


—n? xt ! 1 1 — —n? n/t 
e = H e ; (10.2.2) 


which is found in Titchmarsh’s treatise [306, p. 22, Eq. (2.6.3)], for example. 
Integrate both sides of (10.2.2) over [0, x], invert the order of integration and 
summation by absolute convergence, and multiply both sides by —r to reach 
the identity 


enn Tre 12 _ 1 e7” ae 
> ge, = n/a + 372- Pp (10.2.3) 


n=l 


In comparing (10.2.3) with (10.2.1), we see that we must address the integrals 
on the right side of (10.2.3). First, set t = z/u and then set n?u = (n + tz)?. 
Hence, 


£ p—n?rt o [Sern 2ru/x œ p—r(n+txr)?/x 
| —— ve f < du = 20°/?n f E E 
o vt 1 u3/2 o  (n+tz) 


When examining (10.2.1) in relation to (10.2.3) and (10.2.4), we see that it 
remains to show that 


oo fore) —n(n+ta)? /x 
2r | te77(ntte)?/2 gy = n f E oo (10.2.5) 
0 0 (n + ta)? 


Integrating the latter integral by parts, in particular integrating 
1/(n + tx)? and differentiating the exponential, we readily find that for 
Rea > 0, 


co s—nr(n+tx 2 T —n?r g co 
n f E ( )/ d= e / =f ent (ntte)?/e gy 
0 (n + ta)? x xz Jo 


On the other hand, after a little trickery and then a direct integration, we find 
that 


an | tea TM (ntta)? /x ay = = | (n + tae m(ntta)?/2 gy 
0 x Jo 


= —m(n-+tx)?/x q4 
uv Jo 
_ enn n/a E Qrn © rinta)? e, 
x x 0 


From these two calculations, we see that (10.2.5) has been demonstrated, and 
so the proof is complete. 
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In Chap.15 of his second notebook [268], [38, p. 306, Theorem 3.1], 
Ramanujan stated a general asymptotic formula for 


ee) 

—gn? = 
X ene ym ES 
n=1 


as x — 0*. If we set p = 2 and m = —1, and replace x by rz in this asymptotic 
formula, we find that 


e T — 1 
5 a ae t/t + z7 +o(1), (10.2.6) 


n=1 


as x — 0+, which should be compared with (10.2.1). In [38, pp. 306-308], a 
proof of Ramanujan’s general asymptotic formula was obtained by contour 
integration. In the course of this proof, the error term, i.e., o(1) in (10.2.6), 
is represented by a certain contour integral. It seems to be very difficult, 
however, to transform this contour integral into the expression involving the 
infinite series on the right-hand side of (10.2.1). 


Entry 10.2.2 (p. 196). Let Rex > 0. Then 


co 


cos(n?7z) n? © 9 2 3/2 
5 n2 = —™ a na! 


n=1 
co lee} 2 
x 5 te 2"** cos Ẹ DALER ma) dt (10.2.7) 
n=1"9 a 


and 


> a = j3 ma + 2n?23/? 
n 


n=1 
Co love) 2 
x ae te 2" sin G = here nt) dt, (10.2.8) 
n=1 0 % 


where the principal value of the square root is taken. 


Proof. As in the previous proof, we shall assume that x > 0; an appeal to 
analytic continuation then establishes Entry 10.2.2 for Rex > 0. We shall 
prove (10.2.7) and (10.2.8) with x replaced by y. In (10.2.1), replace x by 
z =x + iy, with y > 0. Let 6 = arg z. Then (10.2.1) takes the form 


foe) 2 


N° TZ 2 1 
2 = = =~ nle|/?(cos 36 + isin $0) 4 5 (a + ty) 
— 2n*|z|9/?(cos 36 + isin 36) (10.2.9) 


x [vex Pe ((n + tx)? + 2it(n + tx)y — ty’) (e= iv) at 
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Now, 
—2n?|z|3/? (cos 36 + isin 30)t 


E(x,y) = 
x exp BE ((n + ta)? + 2it(n + ta)y — ty”) (— an} 
tar)? — ty?) x 


= —2n?|z|9/? (cos 30 + isin so)texp ( BE (n4 
z 
tx)y — y(n + ta)? ey), 


ta)y? +i (2ta(n 


((n + ta)? ry?) e} 


from which we see that 
Re E(x, y) = —2n?|z|3/? cos 30 texp { 


X cos a (2ta(n + tx)y — y(n + tz)? — y?) 
. T 

+ In| 2|3/? sin 30 texp [l-5 ((n ie tax)? E y?) o} 

txz)y — y(n + tr)? — ty’). 


x sin Pe (2ta(n 


Setting x = 0 and 0 = ir, we find that 
Re E(0, y) = on?y3/2 l te-2nnt cos = + my) 
' v2 y 
2 
—271y je sin (= + ry) 


T RR 
2 
2 
= Ir y3/*te—2"™* cos G = 7 + ny) : 


(10.2.10) 


If we now use (10.2.10) in (10.2.9), we deduce (10.2.7) with x replaced by y. 
A similar calculation of Im E(x, y) followed by setting x = 0 and @ = $n 


yields (10.2.8) with x replaced by y. 


Entry 10.2.3 (p. 196). For x > 0, 
—(2n+1 eae /4 co oo 
nE ( ) / T ney (-1)" | ent (2n+1+2tz)? / (Ar) qJ, 
0 
(10.2.11) 


dU) 
0 2n +1 4 J 
Proof. We begin by specializing the well-known theta relation for an odd 


primitive character [101, p. 70, Eq. (9)]. In our case, this odd primitive char- 
acter is the real nonprincipal character modulo 4. Accordingly, for t > 0, 


CoO 


oo 
n=0 


P GD En ee Ore ae? yen he Oe 
(10.2.12) 


n=0 
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Integrate both sides of (10.2.12) over [0,2], and then multiply both sides by 
—1/4 to deduce that 


Pe: e~ (2n+1)?na/4 
> 1’ 2n +1 
n=0 
= a a ‘ a 1)"(2n H 1) I 473/27 (n+)? /(At) qt 
n=O 2n + 1 4 ac 0 
T T/T co (ove) e~ (2n+1)?ru/ (42) 
- 1)"(2n4+1 du, 10.2.13 
Po Den f du, (10.2.13) 


where we utilized Leibniz’s series for 7/4 and made the substitution t = x/u 
in the integrals on the right side. Next, set (2n+1)?u = (2n +1 + 2tx)?. Then 


= du = 

yu “= m+ 
If we substitute (10.2.14) into (10.2.13), we obtain (10.2.11) to complete the 
proof. 


o0 —(2n+1)?ru/ (4x) 4 oo 
f e a | eT (Cn+i+2ta) m/s) dt (10.2.14) 
1 o 


10.3 Analogues of Gauss Sums 


We now offer three claims from the middle of page 196 of [269]. These were 
first proved in a more general setting by Berndt, Chan, and Tanigawa [47]. 
More precisely, they evaluate the sum 

oo e2tin? /k 


n2m 3 


n=1 


where m and k are positive integers, in several ways, obtaining evaluations 
in terms of trigonometric functions, Stirling numbers of the second kind, and 
ballot numbers. On page 196, Ramanujan considers only the case m = 1. 


Entry 10.3.1 (p. 196). Let a be an even positive integer. Then 


an? 
< cos (=) T? T? i T T T Tr 
= 1 )si 10.3.1 
9 n? 6 ma =) sin(F +), a0) 


n=l 1 
am? 
Sa SIN a T2 7 r T Tr 
= 1 ) 10.3.2 
Da abl eliT) oa 
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We first prove (10.3.3) assuming the truth of (10.3.1) and (10.3.2). 


Proof of (10.3.3) of Entry 10.3.1. Using the addition formulas for sin and 
cos, we easily find that 


i T mn? . Tn? Tn? 
œ SIN | — + — œ SIn | —— co COS | —— 
4 a 1 a a 
a =z DI 
n=1 


n2 V2 


1? T? Da 2 Tiy r? ta mmr 
= cos { — + — sin { — + — 
6/2 Va eae a È 4 a 4 a 

2 


-ia UEC i)e (22), 


Tr 


We evaluate the more general series 


Sa(r) := 5 A) Ta(r) := 5 a (10.3.4) 


and 
n” n” 


n=i1 n=1 


where r is an even positive integer. In order to effect these evaluations, we 
need to introduce periodic Bernoulli numbers. 

Let A = {an}, —oo < n < œ, denote a sequence of numbers with period 
k. Then the periodic Bernoulli numbers B,(A), n > 0, can be defined [66, 
p. 55, Proposition 9.1], for |z| < 27/k, by 


Furthermore [66, p. 56, Eq. (9.5)], for each positive integer n, 


k-1 . 
Ba (A) =k"! Y` aj Br (ż) , (10.3.5) 
j=0 


where B,,(x), n > 0, denotes the nth Bernoulli polynomial. We say that A is 
even if an = a-n for every integer n. 

The complementary sequence B = {bn}, —oo < n < œ, is defined by [66, 
p. 32] 


k—1 
bn = Z X aje ae (10.3.6) 
j=0 


x= 
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It is easily checked that if A is even, then B is even, and that (10.3.6) 
holds if and only if 


k—1 
Qn = ss bjer™IM/E Loo <n < 00. (10.3.7) 
j=0 
Now set a 
¢(s; A) := Ir. Res >1 
n 
n=1 


If A and r are even and if r > 2, then [66, p. 49, Eq. (6.25)] 


(-1)"+1B,(A) et 


ae) 2r! k 


From (10.3.6) and (10.3.7), we see that the sequences A and B are not sym- 
metric. Thus, we note from above that since A is even, 


¢(r; A) = =a (=) l (10.3.8) 


We are now ready to state general evaluations in closed form for Sa(r) and 
Talr). 


Theorem 10.3.1. If Sa(r) and Ta(r) are defined by (10.3.4) and ifr anda 
are even positive integers, then 


a—1 
B (Si) ort m ; am2 T 
Salr) = Wa = B, (=) sin ( + 2 (10.3.9) 
and 
(21) eo = m mm r 
Talr) = = B, (| — =| 10.3.10 
(r) r!ya >D ( a ) CoS (Ta 7 4 ( ) 


In our work below, we need the value of the Gauss sum [54, p. 43, 
Exercise 5] 


c—1 
5y emi? /e — eih S, (10.3.11) 
n=0 


where c is an even positive integer. 

Before proceeding further, we show that (10.3.1) and (10.3.2) are special 
cases of (10.3.9) and (10.3.10), respectively. Let r = 2 in Theorem 10.3.1. 
Recall that B2(x) = z? — x + $. Then 
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m=0 
oa mm rT i T? D Hi m Tnm? r 
= —— sin H = =] =—78 — 
6 aA a 4 vai a ig 4 
mo m 4 my2 nm? r 
o -Z hein : +3), 


upon the use of (10.3.11) twice. 
The proof of (10.3.2) follows along the same lines, but note that in this 
case, by (10.3.11), 


a—i1 


Tm? wig 
X cos — +-]=0. 
a 4 


m=0 


Proof of Theorem 10.3.1. Let 
a) 
Gyn = cos | — ] ; -3o<n<w, 
a 


which is an even periodic sequence with period a, since a is even. Then, from 
(10.3.6) and (10.3.11), 


aes, AG, a 
b_ ae cos ieee: TIZM/ a 
n= yos()e 


a—1 
= Í nim? /a 5 etiitm)? /a 4: 


D eye 2 
_ ptim" /a —ni(j+m)*/a 
2a s 2a D e 
j=0 j=0 
1 &—1 1 a—1 
— + „rim? /a rij? /a > rim? /a —nij/a 
= aa” ye + ga” ye 
j=0 j=0 
= 1 nim? /atmi/A fg 4 1 mim? /a-mi/4, fa 
2a 2a 


1 Tm? T 
= cos 
Ja a 4 


Therefore, by (10.3.5), with B in place of A, 


a-—1 2 
B, (B) = a"7?/2 Y sin (= 4 z) Bn (=) (10.3.12) 
a a 


m=0 


If we substitute (10.3.12) into (10.3.8) and simplify, we deduce (10.3.9). 
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The proof of (10.3.10) is analogous to that for (10.3.9). Now we set 
i (=) 
ân = sin | — ], —0 <n < œ, 
a 


which of course is even, and repeat the same kind of argument that we gave 
above. 


We now provide another evaluation of the series on the left-hand sides of 
(10.3.1) and (10.3.2) in closed form. However, we obtain evaluations in entirely 
different forms from those claimed by Ramanujan in Entry 10.3.1. 


Theorem 10.3.2. Let a be an even positive integer, a > 2. Then 


2 2 a/2—1 


O T E E jn 
Sa(2) = ga | D2 t 3 2 cos (22 T) ese? (=) (10.3.13) 


Ta(2) = Ž 2 sin(am/4) Sa D n(2 T) exc (=). (10.3.14) 


2a? a? 


Proof. Setting n = ka + j, 0 < k< œ,1< j <a, we find that 


a “2 co 
IN 1 
= cos ; 
do) ea 


T? iS jer 1 
=a5 ta ; 10.3.15 
sat * 38 Lo( 3 bora ( ) 


Singling out the term for j = a/2 and noting that the terms in the outer sum 
with indices j and a — j are identical, we find from (10.3.15) that 


6a? 2a? a 


a/2-1 5 
2 4 1 2 
Sa(2) = T n? cos(ar/ la 5 e (5) 


= CESID 2 (k+(a— y) 
2 a/2—1 2 
2 =, T aae = 2 tus (=) U(j, a) (10.3.16) 


say. There remains the evaluation of U(j, a). 
First observe that if for —o0 < k < —1, we set k = —r — 1, then 


248 10 Riemann Zeta Function and Periodic Zeta Functions 


1 1 
a Ger. | eae) 


Co 


! 1 
2 (oe = os 
p> = ERIO ca er —— i = 2U (j, a). (10.3.17) 


r=0 


It therefore suffices to evaluate the bilateral sum in (10.3.17). 
To evaluate U(j, a), recall the partial fraction decomposition 


1 
T cot(mz) “+> (at +=) 


n=1 


Differentiating once above, we find that 


Co 


1 
eee} E 7 ; 
T CSC (mz) = ESN Gin (10.3.18) 
Putting z = r/k in (10.3.18), we deduce that 
U(j, a) = n? csc? (ar/k). (10.3.19) 


Putting (10.3.19) in (10.3.16), we complete the proof of (10.3.13). 
The proof of (10.3.14) follows along exactly the same lines. In analogy 
with (10.3.17), we now easily deduce that 


tae) = EE Doe 


By the same identical argument that we used above, we conclude that 


n? sin(am/4) pa 


T? ~ . jer 2 [jt 
Jg? } z2 2 sin (=) csc (2). 


j=1 


T,(2) = 


We record a few examples to illustrate Theorem 10.3.2, namely, 


T? T? n? /2 T’? 12/3 
2) = —— 2)=- — 2)=-— 
me T22 RB 
T= g M=- To(2) = 37 + 54 ` 


Equating the evaluations of S,(2) and Ta(2) in (10.3.13) and (10.3.14), 
respectively, with those in (10.3.1) and (10.3.2), we obtain identities that 
would be surprising if we had not known of their origins, namely, 
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1 
5a—l1 
mx cos(ma/4) T? * Tj’ o [Tj 
bal 202 2 cos | == J csc” | -= 
j=l 
2 2 2 
T T r Tr 
= 1 ) s F 
6 Va 3 a ( a ( a ) 
and 
TE 
o 4 2 2 2 . 
et D s (Ë) ae (2) 
j=l 


Note that on the left-hand sides above, the sums contain only trigonometric 
functions, while on the right-hand sides the sums contain both polynomials 
and trigonometric functions. Trigonometric identities involving polynomials 
in the summands appear to be rare. The sums on both sides of the identities 
may be regarded as new analogues of Gauss sums. 

In fact, Ramanujan states a second equality for the sum on the left side of 
(10.3.3). We slightly reformulate this result in the next entry. 


Entry 10.3.2 (p. 196). Ifa is an even positive integer, then 


Ag? |) 1  ncos(mn?/a) 1 = n 
93/2,2 J — oo 
q3/2 E T 2 e2nm _ J] a 8ra + > enma _ | 


n=1 
an? 7 ar? 
= 5 5 r(a — r) cos (=) . (10.3.20) 
a 
r= 


Proof. Our proof depends on two results from Ramanujan’s papers [256, 262]. 
First, if a is an even positive integer [262, Eq. (17)], [267, p. then 


1 X ncos(7n?/a) x cos(ma? i) ae 
3 cos -[ os j SCOR) iy tavza) 


2 p n j 5 
(10.3.21) 


8r e2nt =] e2rx 
n=1 


Now, from [256, Eq. (50)], [267, p. 67], 
co 2 CoO 
1 x COS(TE /4) Jx _ J SWA gy 
0 0 


e?z _ 1 a) e27Vu — 


1 a/ 1 ar? 
re ae Bee) 


250 10 Riemann Zeta Function and Periodic Zeta Functions 


If we substitute (10.3.22) in (10.3.21) and then multiply both sides of the 


resulting equality by 41?/a?/?, we deduce that 
m 4r? S\ ncos(mn?/a) 
9q3/2 ` q3/2 = enn] 


T ne < rr? An? = n 
= sya ga Neos ( 7 ) H Z D maT 


which is easily seen to be equivalent to (10.3.20). 


11 


Two Partial Unpublished Manuscripts 
on Sums Involving Primes 


11.1 Introduction 


Two unpublished manuscripts by Ramanujan on sums involving primes, but 
in the handwriting of G.N. Watson, can be found on pages 228-232 in [269]. 
The original manuscripts in Ramanujan’s handwriting are in the library at 
Trinity College, Cambridge. The first manuscript contains four sections, while 
the second contains five. For each of the two papers, we copy Ramanujan’s 
work, and then we supply more details, if needed, and offer further comments 
after each manuscript. We have taken the liberty of making minor notational 
adjustments. Several claims in the first manuscript are fallacious, indicating 
that it emanates from an earlier portion of Ramanujan’s career sometime 
before he departed for England in March 1914. 


11.2 Section 1, First Paper 


In this paper I consider approximate summations of series involving prime 
numbers. The approximate summation of the series 


(2) + (3) + (5) +- - -+ o(p) (11.2.1) 


in terms of the number of terms is somewhat more regular and approximate 
than that in terms of p. Let p be the greatest prime not exceeding x, m(x) the 
number of primes not exceeding x and also let 


V(x) = log 2 + log3 + log5+--- + log p and q(x) =n. 


Then it can easily be shown that 


n(x) log a — V(x) = [ ai (11.2.2) 


G.E. Andrews and B.C. Berndt, Ramanujan’s Lost Notebook: 251 
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Without assuming the prime number theorem we have 
log x = logn + log logn + O(1). (11.2.3) 
It follows that 
log2 + log3 +log5+---+logp = nlogn+nloglogn+ O(n). (11.2.4) 
This is obtained by purely elementary reasoning. But 
U(p) ~ p (11.2.5) 


is as deep as the prime number theorem. 


11.3 Section 2, First Paper 


Let us now assume the Riemann hypothesis and express V(x) in terms of n. 
We have 


_ p 
Wa) =2-Vz-)~ 5 + O(a'/3), (11.3.1) 
P 
where p is a complex root of the Zeta-function, and 


n(x) = Li(z) = [ve zz) +o( ue ) 


log? x 
xP Jr 

ifa ya 3 p o(=)} 
- vi 
=Li fae) +0 E , (11.3.2) 

where e at 
It follows from (11.3.2) that 
= Li! a 3: 
O(a) i" (n) +O (Jas) (11.3.3) 


But in terms of p we know only that 
O(n) = p +O (yplog’ p) . (11.3.4) 


Let us consider more precisely the error in (11.3.3). We have 


r(e) = Li(e) - p [ve >99 z) 
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1 x? Jax 
2 H HO 
log? x ( ya 3 =) 2) 
1 xP yz 
= Li ð 2 H +0 : 11.3.5 


But 
rP 
P 


rP 
ar 


> 


p 


1 z 
=vyr) = (2+ 7-log(4m))Vz, (11.3.6) 
z e-o) 
where y is Euler’s constant. It follows that 
lim sup {9(z) — Li‘ (n)} y 
ae oi) lo 
lim inf { V(x) — Li-*(n)} 


lo 


£ ? Z 4+y—log(4r) (= 2.046 approx) 


aa log(4r)— y (= 1.954 approx). 


n 

(11.3.7) 
Thus we see that if the series of the form (11.2.1) are expressed in terms of 
V(x), then they can immediately be expressed in terms of n with the help 
of (11.3.3). 


11.4 Section 3, First Paper 


It is easy to show that, if ¢’(x) is continuous between 2 and z, then 


(2) + O(3) + 9(5) +--+ + 9p) = a(x) Ox) — T o'(tyn(t)dt. (11.4.1) 


$(2) log 2+ 6(3) log 3+¢(5) log 5+: : :+¢(p) log p = a(a)o(e)- f o' (t)O(t)dt. 
(11.4.2) 
But it is easily seen that 


o(x)9(a)— | &ayo(u)ax = | 6(a)dr~{x—0(x)}o(e)+ | P (2){o—0(e) ae. 


(11.4.3) 
Again we have by Taylor’s theorem 
O(a) xv 
f| eoae= f sade — {2 - vol) 
+ Le — V(x) } p {x(1 — 0) + 00(x)}, (11.4.4) 
where 0 < 0 < 1. It follows from (11.4.2)—(11.4.4) that 
o(2) log 2 + (3) log 3 + ¢(5) log 5 +---+ (p) log p = C (11.4.5) 


v(x) 
+ / o(t)dt + Í d' (a){a — (2) }dx— {x—0(x)}? d'{a(1 — 0) + OV(x)}. 
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11.5 Section 4, First Paper 


Now let us consider the two forms 


Se: Tee 


Ss 
psz P pSu 


First, let us assume all the known results about the primes, viz. 


W(x) =r+0 C. 


(11.5.1) 
ma) = Li(x)r +0 faa ree : 
We have from (11.4.2) 
l v0 1 
So ee = SE +01) — f ea (5). 
pew? T = E 
where C(s) is a constant depending on s only. In other words 
l i 1 
5 PBE = C(s) + 7 - fa( 5) 
pe-l re — J, g=] 
psg 
—ay/log x os 1 
+ Cee’ =) + | Owe) 
xs —1 ee = 1 
d 
= (3) + | + Ofte) 
De — l 
zis —1 1 
= C(s) + = + O(a) %e74v 82), (11.5.2) 
—s 
If s > 1, then C(s) is obviously 
1 Cs) 
1-s C(s)’ 
and so 
l 1 1—s 
5 ar — Ç (s) ; k | Ola eves), (11.5.3) 
a > C(s) 1-s 
If s > 1, then 
Í 1—s 
> EF = SF — 4 O(n! av 87), (11.5.4) 
ps—1 l-s 
psg 
If s = 1, it is easy to see from (11.5.2) and (11.5.3) that 
] — 
y ae = log a — y + O(e~@V™8*). (11.5.5) 
pe — 


pSau 
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Similarly from (11.4.1) we can show that, if s < 1, then 


Il 1 — = eli) + O(x175e72V 82), (11.5.6) 
< =P 
psx 
if s > 1, then 
1 
JI I- p~“ = Ç(s) {1 + Li(z’~*) + O(a**e7* Pee) ’ (11.5.7) 
psg 


and if s = 1, then 


1 
JI T =e loge + Ole eae), (11.5.8) 
=p 


psa 


using 


lim {Li(1 + €) — log |e|} = +. (11.5.9) 


11.6 Commentary on the First Paper 


The function ¢ is a generic function; but in Sect. 11.2, d(x) = log a. 
The identity (11.2.2) follows from partial summation. More precisely, by 
an integration by parts, 


V(x) = a log t dr(t) = log x r(x) — |. mE) ip 


= 36 


To prove (11.2.3), we can use Chebyshev’s theorem: There exist constants 
a,b > 0 such that for x sufficiently large, 


ax swo 2 bax 
tr) =n < ——. 
es log x 


log x 
Taking logarithms throughout, we find that 
loga + log x — log log x < logn < logb + log x — log log x, 
from which it follows that 
logn = log x — log log x + O(1). (11.6.1) 
Taking the logarithm of both sides above, we find that 


loglogx + O(1) 
log x 
= loglogx + O(1). (11.6.2) 


log log n = log log x + log (1 
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Putting (11.6.2) in (11.6.1), we deduce (11.2.3). 
The asymptotic formula (11.2.5) does not follow from Ramanujan’s previ- 
ous discourse. In particular, 


V(x) ~ nlogn~ n(x) loga ~ « 


if and only if m(x) ~ a/loga. In other words, (11.2.5) is equivalent to the 
prime number theorem. Thus, the insertion of (11.2.5) into his discussion is 
perhaps slightly misleading. 

In the definition of Li(x), it is assumed that the principal value of the 
integral is taken. 

Remember that Ramanujan has assumed the Riemann Hypothesis in 
recording (11.3.4). There are misprints in (11.3.5), because the error terms 
are of the same order of magnitude as the main terms. The correct error 


terms should be 
log T 


Furthermore, Ramanujan used the Riemann Hypothesis in rearranging the 
sum on p in (11.3.6). The evaluation of that sum follows readily from calcu- 
lations that can be found in H. Davenport’s text [101, pp. 80-81]. The first 
equality sign in (11.3.7) should be replaced by the inequality sign <, while 
the second equality sign in (11.3.7) should be replaced by >. 

At the beginning of Sect. 11.4, Ramanujan more properly should have writ- 
ten ¢’(t) instead of ġ'(x). This kind of inconsistency is common in Ramanu- 
jan’s writing, both in his notebooks and in his published papers. Usually, no 
confusion arises from such anomalous writing. 

The constant term C(s) in (11.5.2) is equal to 0 if the lower limit is taken to 
be 27 in the representation of the far left side as a Riemann-Stieltjes integral. 
More precisely, by an integration by parts, 


log p ” dot) _ A(z) © adf a 
aaa > 6—1 xl [oil (11.6.3) 


psr 


As indicated in (11.5.2), Ramanujan then uses the prime number theorem 
in the form employing (x). Ramanujan did not specify any limits in the 
integrals, and so if he had chosen a lower limit greater than 2, then C(s) 
would not be identically equal to 0. But at any rate, no matter what limits 
are chosen, his following claim, that for s > 1, 


1 els) 
l1-s €(s)’ 


C(s) = 


is not justified. 

The claim (11.5.4) is false, as can be seen, for example, by letting x tend 
to oo. Also note that Ramanujan provides only one term in the Laurent 
expansion of (x17: — 1)/(1 — s) about s = 1, vitiating his claim of validity. 
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Upon letting s — 1 in (11.5.6), we see that (11.5.6) is incorrect. In 
particular, it conflicts with (11.5.8), which is originally due to F. Mertens. 

The assertion (11.5.9) follows from a well-known integral representation 
for Euler’s constant [119, p. 31], namely 


if 1 1 e 
o (ogr  1—-z)™ 7 
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[¢' (x) is a monotonic and continuous function such that log |9 (x)| = O(x).] 
Consider the function 


O(a) 
= Y- o{0(p)} log p — _ loge | o(2)dz 


pcx 


+iloge [ plo (z) + iz log x) — e(z) — izloge) 4, 


e2Tz = 1 


Now F(x) is obviously a continuous function except when x is of the form p. 
Also 

lim F(p + €) = F(p). 

«0 


Again 


lim F(p — €) = F(p) — o{0(p)} logy — 56{0(p) — log p} logp 


1 v(p) 
+o oep+ | Aad 
v(p)—log p 
La osp | oọ(ù(p) — logp + iz log p) — a — log p — iz log p) de 
e — 
7 itogp [ pV (pif lee) d(9(p) — izlogp) 
e272 _ 1 
But it is well known that 
Lf gede = hole) + l-n ri [T Meter oe ih) 4, 
2 e2?Tz E j 
® g(x — h + ihz) — (£ — h — ih 
oti 2. se P) az. (11.7.1) 
0 — 


Hence 
lim F(p — €) = F(p). 
e>0 


Thus we see that F(x) is continuous without exception. 
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Now the derived function F(x) viz. 


— +o{v(a)} £ [ polc) + izlog a} — d{0(x) — izlogz} 4 
0 


e2Tz — 1 
log x [ o'{0(x) + izlog x} + d/{0(x) — izlog x} 
a 2nz = 
x Jo ertz =] 


is finite and continuous except at the isolated points x = p. Hence 


That is to say 


S` 4{0(p)} logp = l (z)dz + 50{0(2)} loge 


z J oe Ë + R(x) (11.7.2) 


where 
© b{0(x) + izloga} — o{0(x) — izlog x} 
R(x) = loge f (2 — 1) dz 
a dy a P{O(y) + iz log y} — d{9(y) — izlogy) 4, 
1 ¥ Jo i(e?* — 1) 
2 2 loet iy T _ PLOY) + iz log y} + PLOY) — izlogy) q, 
1 y 0 


e2Tz =Z 1 


Since the two sides vanish when z = 1, no constant is required. But if the 
integrals are either divergent or meaningless near the beginning, then we have 
to adjust the constant after choosing suitable lower limits for the integrals. 


11.8 Section 2, Second Paper 
It is easy to see that 

R(x) = O [|¢'{10(£)}|(log x)°] . (11.8.1) 
From this and (11.7.2) it follows that 


V(z)+5 log z x 
Eo) ogp=C + | dede- 5 | Foa 


psr 


+O [|¢’{0(a)}| (log x)?] . (11.8.2) 
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For example when ¢(a) = x*, we have 


d-{9@)} logp = C+ a - I + 5°(2) log. 


pcx 


~ | l n + O{x°} (log x)?} 


1 1 , 
=0+ PE qt") —1}+ 5% (2) loga + O(a*) (11.8.3) 
for all values of s except 0. Here we have not assumed the prime number 
theorem. If we assume the Riemann Hypothesis we can easily show that the 
result is 


S 


om tt) nife Toa) wee” J ogy ‘tise 
Ss 


for all values of s. (C depends on s only.) 
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Another very interesting case is when ¢ = e~**. From (11.7.2) we have 


= 5J O + R(x) (11.9.1) 
1 z 
where 


R(x) = -210g | Bini 052) dz 
0 


e2Tz —] 


+2 f needy | Zsa) i 
1 y 0 ee 


7 l 
+ 2s | Z tog ye dy | zcos(zslogy) 4, (11.9.2) 
Ly 0 


e2Tz —1 


It follows that 


1 logsz _.y “l—2%*4+sz%logz _ 
—st P) | = s(x) I s0(z) q : 
x € iad xe — 1° 1 z(z8 — 1)? . 


pcx 


(11.9.3) 
This suggests a more general case viz. 
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Xo e=) F(p) — f (2) + e792) { f(3) _ f (2) \ 


~ 98-1 


4 67 89(3) [0 _ fa} 4 @799(5) iw f(5) } 


psr 


= 

oO 
H 
l 

j= 


where p’ is the prime next below p. In other words 


ye PO Fw) = fOr _ La) e759 (2) +f e89() (= f(z) ) dz 


ia LS) g is i. e799(2) { i, se) \ dz. 


pSu 


25—1 x’— z5—1 (z5s-1} 
(11.9.4) 
If we suppose that f(x) = 1 in (11.9.4), then 
1 e7582) x z5—le7s0(z) 
—sů(p) — 
Xe Aa aa sf CIEN dz. (11.9.5) 
psr 
11.10 Section 4, Second Paper 
Making x tend to oo in (11.7.2) and (11.9.4), we obtain 
p{0(2)} log2 + ¢{0(3)} log3 + d{V(5)} log5 + d{0(7)} log7+--- 
= | o(ayar— 5 [<0 (0(e)) de 
0 Le 
i dx T (V(x) + izlog x) — (V(x) — izlog x) 
dz 
1 Jo i(e?n* — 1) 
E a log gy a ACC?) + iz eee) + ¢'(0(x) — izlog x) de, 
1 £ 0 e*7% — 1 
(1.10.1) 


2-* f(2) +6 *f(3) +30 °f(5) + 210 *f(7) +--- 
f (2) + i e7 s9 (2) { f(z) sa*—! f(a) \ de. (11.10.2) 


~ 9-1 ars — 1 (xs — 1)? 
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As particular cases of (11.10.2) we have 


2-8 46-8 43078 + 21078 1 ee a a 
+675 43078 + fees sf Gerd (11.103) 
275 log 2 + 6-*log3 + 307° log 5 + 21078 log7+--- 


1 f” 1—5 + srl 
-1f gE e OBE i (11.10.4) 
1 


s a(1— zs)? 
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Let us consider the behaviour of (11.10.4) and (11.10.3) as s > 0. 


275 log 2 + 67° log 3 + 3078 log5 +- 


1l m o—s0(a) J1 _ slogg n s? (log x)? dx 
: 2 6 180 


s x 
1 1 = —s0( ) dx 2 
SS = sv(a) OY ] 
: J) eO L Ofs(logs)?} 
1 = 
T 3 logs + C + O(,/s) (Riemann’s Hypothesis) 
1 Tisai Jay 
= log s + C + Of{e¢v a(t/s)} (Prime number theorem) 
1 
=-—+-logs+O(1) (Elementary reasoning). (11.11.1) 
s 
Again, 
275 4 678 +3075 +2107 +- 
1 E T eo 89(@) 1 Ss j s? (log g) dx 
~ 2-1 Jo s(logr)? 12° 240 z 
1 if eer) 
= dx + O(s1 
25-1 s f x(log x)? ss eee 
1 1 [© ens ee ¢v log (1/8) 
= | dz +O 
2s—1 sj a(loga)? s 
1 e728 CO psx e72 log(1/s) 
: gre) aa 
25—1 slog2 2 logg s 
1 v1 Y2 Y3 1 
slogs + s(logs)?  s(log s)? + s(log s)4 + s(log(1/s))* J’ 
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where 


N12 | qaz? 328 4... 

11o 2! 3! i 

so that Jı is Euler’s constant. Without assuming the prime number theorem 
we can prove that (11.11.2) is of the form 


1 1 
O . 11.11. 
slogs = { s(log s)? \ ( =) 


Hence 


(1-275)(1—675)(1 30501-210): = exp (E) ol s} 


11.12 Commentary on the Second Paper 


Ramanujan tacitly assumes that € > 0 throughout his paper. 

The “well known” identity (11.7.1) is a special case of Plana’s summation 
formula [315, p. 145, Exercise 7]. 

The Eq. (11.8.2) is inexplicably wrong. Evidently, Ramanujan had intended 
to write another version of (11.7.2) in terms of indefinite integrals, and so why 
he wrote (11.8.2) is a mystery. Fortunately, it is not used in the sequel. 

We briefly sketch a proof of (11.9.3). We use the evaluations [126, p. 516, 
formula 3.911, no. 2; p. 527, formula 3.951, no. 5] 


CO a; 1 
i SONG) i ell coth (=) ; a,b > 0, 
0 a 


et —] 2b b 2 
°° x cos(az) 1 n? a (Ta 
dee h (=) , b>0. 
[ mel gk OO AG A 
Thus, 
°° sin(zs log x) 1 slog x 1 
| ae dz = —coth 
0 e 1 4 2 2s log x 
s 1 
Pe ae (11.12.1) 
4z5—1 2slogax 
and 
m z cos(zs log y) Jz 1 1 sch? slog y 
0 er =] 2s2log?y 8 2 
1 s 
4 (11.12.2) 


~ 282 log?y  2(y® — 1)?" 
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Hence, by (11.12.1) and (11.12.2), 


°° sin(zs log x) 1 logra* +1 
— 2] dz = 
oge | ez s 2 «28-1? 


2 i "1 o-sway f T 5 
1 y 0 ez- J] 


a cots) ( = Et) as 
1 yslogy 2yy*—1 


25 1 log Y 50) dy T z cos(zs log y) iz 
1 Y 0 


e27z = al 


L f —sd(y) ( 1 syf logy ) d 
— 7 s 2 
1 yslogy (y*—1) 


Using the three calculations above in (11.9.2), then putting the resulting for- 
mula for R(x) in (11.9.1), evaluating the elementary integral on the right-hand 
side of (11.9.1), and considerably simplifying, we arrive at (11.9.3). 

We explain how (11.10.4) was obtained. Note that Ramanujan added and 
subtracted a certain integral with limits 1 and 2. Using (11.9.4), we observe 


that 
Men _ f d [{ logz J 
1 x(1— zs)? a 1 dx xs —1 . 
log 2 li logr _— log2 1 


= 3L] x—>l gs — 1 29— 1 s` 


Using the calculation above in (11.10.2) with f(x) = log x, we deduce (11.10.4) 
at once. 

On the right-hand side of the third equality in (11.11.1), on the Riemann 
Hypothesis, it would seem that the error term should be O(log” s/s). For the 
fourth equality, Ramanujan invoked the classical error term of de la Valleé 
Poussin (101, p. 113]. 

Details will now be provided for the last line of (11.11.2). First observe 
that 


—2s 
fey (ee \=1 
s>0 \25s—1  s log2 


co est [e.e] eo st 
| —dt = | dx + O(1), 
2 logg o logg 
as s — 0, provided the integral on the right-hand side above is interpreted as 
a principal value. Write 


Second, write 


264 11 Two Partial Unpublished Manuscripts on Sums Involving Primes 


OO eT sx 1 oo e7" 
1 dx = J du 
o logg slogs Jo 1—logu/logs 
1 ‘a = = (ery (sx) 1 
=-— e F 
slogs Jo a log s logs / 1—logu/logs 


1 1 ve ; 1 
=—— = f e`" log udu + O ( aa ) 
slogs <= log’ s Jo slog™™ (1/s) 
1 


7 1 PO) | o( 1 ) 
slogs < log? s slog*t*(1/s)/ ` 


from which Ramanujan’s claim in (11.11.2) follows. It is not clear why 
Ramanujan did not define yj = (1) instead of y; = (—1) r8 (1). 

We do not think that Ramanujan’s claim in (11.11.3) is justified, i.e., some 
form of the prime number theorem seems necessary to achieve (11.11.3). 


We now prove (11.11.4). Using (11.11.3), we find that 


log Jfa — (pıp2 + pi) $) = 2log — (pip +++ p;)~*) 


j=l 


7 > c : T = (; saint) 


I 
= +o( : | 
6s log s slog’ s 


Exponentiating both sides above, we deduce (11.11.4). 
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An Unpublished Manuscript of Ramanujan 
on Infinite Series Identities 


12.1 Introduction 


Published with Ramanujan’s lost notebook [269, pp. 318-321] is a four-page, 
handwritten fragment on infinite series. Partial fraction expansions, the Rie- 
mann zeta function ¢(s), alternating sums over the odd integers, divisor sums 
ox(n), Bernoulli numbers, and Euler numbers are featured in the formulas in 
this manuscript. The first result has the equation number (18) attached to 
it. Thus, the manuscript was likely intended to be the completion of either a 
published paper or another unpublished manuscript. We conjecture that this 
fragment was originally intended to be a part of Ramanujan’s paper Some 
formulae in the analytic theory of numbers, [263], [267, pp. 133-135]. This 
paper contains several theorems featuring ¢(s) and o;(n), and so the topics 
in the unpublished manuscript mesh well with those in the published paper. 
However, the last tagged equation in [263] is (22), whereas we would expect 
it to be (17) if our conjecture is correct. Often Ramanujan would think of 
additional results and add them to the paper as he was writing it, and so 
this could easily account for the discrepancy in equation numbers. We remark 
here that the manuscript does not provide any proofs, but Ramanujan usually 
gives an indication (in one line) how a particular formula may be deduced. 

Why did Ramanujan not include this discarded piece in his paper [263], for 
the published paper is rather short, and the unpublished manuscript would 
add at most four pages to the length of the paper? We think that Ramanujan 
discovered that one of his claims, namely (21), was incorrect and that two 
of his deductions were not corollaries of his (incorrect) formula, as he had 
previously thought. Moreover, we suspect that he realized that some of his 
arguments were not rigorous. Since he had abandoned his intention to publish 
this portion, he did not bother to indicate that changes or corrections needed 
to be made in the fragment. He probably failed to discard it because he 
had wanted to return to it sometime in the future to attempt to correct his 
arguments. 


G.E. Andrews and B.C. Berndt, Ramanujan’s Lost Notebook: 265 
Part IV, DOI 10.1007/978-1-4614-4081-9_12, 
© Springer Science+Business Media New York 2013 
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Ramanujan loved partial fraction expansions. Chapter 14 in his second 
notebook [38, 268], in particular, contains several such expansions, and others 
are scattered throughout all three earlier notebooks. See [40, Chap. 30] for 
some of these scattered partial fraction decompositions. However, Ramanu- 
jan’s arguments were not always rigorous. Because of his apparent weakness 
in complex analysis, he evidently did not have a firm grasp of the Mittag— 
Leffler theorem, for claim (21) in his unpublished manuscript arises from an 
incorrect application of the Mittag-Leffler theorem, as we detail below. After 
claim (21), he then asserted several corollaries arising from this (incorrect) 
partial fraction decomposition. All of the corollaries are indeed correct, but 
two of them do not follow from this partial fraction expansion. Ramanujan 
undoubtedly had previously been familiar with all of these corollaries and al- 
most certainly had derived them by other methods. Certain correct results 
were easily deduced from his expansion, and he must have been puzzled why 
two further known results could not be similarly deduced. It is interesting 
that the same incorrect partial fraction expansion occurs in Entry 19(i) of 
Chap. 14 of his second notebook [268], [38, p. 271], where it was derived by a 
different method, namely a general elementary theorem, Entry 18 of Chap. 14 
[268], [38, pp. 267-268]. R. Sitaramachandrarao [289], [38, pp. 271-272] found 
an alternative version of Ramanujan’s partial fraction expansion. After we 
provide Ramanujan’s argument, we show that we can actually use Sitara- 
machandrarao’s result to derive a corrected version of Ramanujan’s partial 
fraction expansion. We shall see that Ramanujan’s defective argument missed 
one expression; all other portions of Ramanujan’s formula are correct. One 
of the two claims that did not follow from Ramanujan’s expansion now is a 
corollary of the corrected version. However, this corrected version still does 
not allow us to rigorously deduce the other result. 

The most celebrated result in this manuscript is probably claim (28), which 
is a famous formula for ¢(2n+1), where n is a positive integer. There is a large 
number of proofs of this result and many generalizations as well. References are 
given after we provide Ramanujan’s proof of (28). Ramanujan’s argument is 
rigorous and ironically is independent of whether his formula or the corrected 
version is used. 

In (22), Ramanujan gives another partial fraction expansion, but this one 
is correct. All of its corollaries claimed by Ramanujan are correct, but not all 
the deductions can be rigorously established by Ramanujan’s methods. These 
corollaries, like those arising from (19), are all well known, with some having 
been proved in the literature several times. 

In the remainder of the chapter, we record all of Ramanujan’s formulas, 
prove them rigorously in some cases, and “prove” them nonrigorously in other 
cases, i.e., we argue as Ramanujan most likely did. Most of the results appear 
in Ramanujan’s notebooks, and for all theorems we provide references where 
proofs can be found. In providing references, we have adhered to the follow- 
ing rules. For each principal theorem, we locate it in Ramanujan’s notebooks, 
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indicate who gave the first proof, and lastly refer to the pages in the second 
author’s books, primarily [38], where references to further proofs can be found. 
Since the publication of [38], additional proofs have been found in some in- 
stances, and so we provide references to those recent proofs of which we are 
aware. 

The residue of a meromorphic function f(z) at a pole zo will be denoted 
by R(f, 20) = R(z0). 
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Entry 12.2.1 (p. 318, formula (18)). Let y(n) denote the nonprincipal 
primitive character of modulus 4, i.e., x(2n) =0 and x(2n +1) = (—1)", for 
each nonnegative integer n. Let d(n) denote the number of positive divisors of 
the positive integer n. Then, if x Æ in, for each integer n, 


Saddle _ By MO) on (2) (12.2.1) 


n=1 


Proof. Recall the partial fraction expansion [126, p. 44, formula 1.422, no. 1] 


TX A E 2k—1 
sech (F) = = 1y" -ar 


Thus, 


This formally completes our argument. However, observe that in the penulti- 
mate line we rearranged the order of summation in the double sum, and this 
needs to be justified. The following argument was kindly supplied by Johann 
Thiel. 


Proposition 12.2.1. Let x(n) denote the nonprincipal primitive character of 
modulus 4. Let d(n) denote the number of divisors of the positive integer n. 
Then if x 4an, for each integer n, 
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X(nk)ynk _ <> x(r)d(r)r_ (12.2.2) 


Proof. By the identity theorem, it suffices to show that (12.2.2) holds for 
a € [0,4]. 

We first examine the right-hand side of (12.2.2). If N is a positive inte- 
ger, write 


oo 4N? co 

lrdd(r)r _ Ë (nator x(r)d(r)r e 
ps r+ r? +r? = r? +r? EN 
r=1 r=1 r=4N2+1 


We want to show that as N — oo, 


x(r)d(r)r _ o Iy (12.2.4) 
r? +r? N 
r=4N2+1 
To achieve this, we use the Dirichlet hyperbola method. Write 
DEOL OE DDEL ODDIE SD SE xin) 
n<y ns<y d|n d<ynsy 
d|n 
= s. yo x= X. x(a) 
d<ym<y/d a,b<y 
ab<y 
=F Yaht E E x@x)- E YE xax) 
a< yJb<y/a bS VU a<y/b as ygbS VU 
=2 © xla) Y xO- SD E xax) 
a< yy b<y/a a<yyb<vVy 
=0(47), (12.2.5) 


as y — oo, where we used the fact that each of the inner sums in the penul- 
timate line is O(1). If we now apply partial summation in a straightforward 
fashion with the use of (12.2.5), we easily deduce (12.2.4). Using then (12.2.4) 
back in (12.2.3), we conclude that 


4N? 


ypy -Ko xmdryr | o( 1 i: 


Co 


(12.2.6) 


Next, we examine the first sum on the right-hand side of (12.2.3), or the 
sum on the right-hand side in (12.2.6). Hence, 
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4N? 
x(r)d(r)r _ D x(nk)nk 
2 2 ~ 27,2 2 
a ee nkean2 K +2 
2 
2N 2N on-1 [S| 


II 


k)nk (nk)nk 
eet? Apes 


n=l k=1 n=1 k=2N+1 

T. 
a 5 X(nk)nk x(nk)nk +2 XO) x(n 3 x(k)k 
n=l k=l aes n=1 k= TAL ea 


(12.2.7) 


Observe that the inner sum in the second series on the far right side of (12.2.7) 
is an alternating series and is consequently O(1/N), as N — oo. Using this 
bound in (12.2.7) and then (12.2.7) in (12.2.6) gives 


oo 2N 2N 

x(r)d(r)r x(nk) das log N 
ee a. (12.2.8) 
r=1 n=1k=1 


We now examine the left-hand side of (12.2.2) and readily find that 


o o 2N œœ 
3 x(nk)nk De x(nk)nk S ` x(nk)nk 
212 z= 21.2 3 T eis ea? 
aika a a ey K HE pAn kE +a? 
2N œo foe) foe) 
= Sy x(nk)nk E y x(n) y x(k)k 
= 27,2 2 7 5: 
niki k +a naaN41 C kel kf + (z/n) 


(12.2.9) 


If we set 


1% x(k)k 
f(y) = IEP en 


for y € [1,œ0), by a straightforward calculation we see that f’(y) < 0 and 
consequently limy_... f(y) = 0. Therefore, we can apply the alternating series 
test to conclude that the inner sum of the second sum on the far right side of 
(12.2.9) is an alternating series that is O(1/N), as N — oo. Therefore, 


wo x(nk)nk =a (nk)n 1 
dd, eae =>> a T (ss) 
= a 3 x(nk)nk 3 S x x(nk)nk o( z) 
‘= j nk? +r? IKON eee : N 
F 2N D x(nk)nk o( =) (12.2.10) 
a= nk? + x? N J’ gi 
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where the last equality follows by an argument similar to the one used to 
deduce (12.2.8). 

Taking the difference of (12.2.10) and (12.2.8), we complete the proof of 
(122.3). 


This then completes a rigorous proof of Entry 12.2.1. 


Entry 12.2.1 is a simple example of a large class of formulas involv- 
ing the sech function and arithmetic functions. See papers by Berndt [34, 
Example 3] and P.V. Krishnaiah and R. Sita Rama Chandra Rao [201] for 
further examples. 

Entry 12.2.2 (p. 318, formula (19)). Let ox(n) = Xan d. Then, for 
Res > 1 and Re(s —r) > 1, 


G(s)¢(s—r) = So), (12.2.11) 


The formula (12.2.11) is classical and simple to prove. Ramanujan [263], 
[267, pp. 133-135] found beautiful extensions of it. See also Titchmarsh’s text 
[306, p. 8]. 

Entry 12.2.3 (p. 318, formula (20)). Let x be defined as in Entry 12.2.1, 
and let op(n) be as in Entry 12.2.2. Then, for Res > 1 and Re(s — r) > 1, 


Proof. For Res > 1 and Re(s — r) > 1, 
SS xn $e a 


m,n=1 k=1 
which completes the proof for Res > 1 and Re(s — r) > 1. We expect that the 
domain of validity can be extended to Res > sup{0, Rer}, but we are unable 
to prove this. 


n” 


There are many results in the literature generalizing or extending the last 
two results. The two most extensive papers in this direction are perhaps those 
by S. Chowla [91, 92], [95, pp. 92-115, 120-130]. 


12.3 Ramanujan’s Incorrect Partial Fraction Expansion 
and Ramanujan’s Celebrated Formula for ¢(2n + 1) 


Prior to this next claim, Ramanujan writes, “By the theory of residues it can 
be shown that”. Evidently, Ramanujan implied that he used the residue the- 
orem to calculate the partial fraction decomposition that followed. His formal 
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calculations should depend upon an application of the Mittag-Leffler theorem, 
which cannot be applied in this situation. We first state the incorrect expan- 
sion, indicate Ramanujan’s probable approach, and then offer a correct ver- 
sion. Ramanujan used n to denote a complex variable; we replace it with the 
more natural notation w = z?. 

Entry 12.3.1 (p. 318, formula (21)). Ifa and 8 are positive numbers such 
that aß = n?, then 


1 | D Eo | | _ Z eot( Vita) coth( VP). 


w+m?a w—m?2B8 


(12.3.1) 
Proof. (We emphasize that the following argument is not rigorous.) Consider 
f(z) := = cot(2V/a) coth(z,/B), 


which has simple poles at z = mm/./a, —co < m < oo, m £0, with residues 


T 


R(mr/vVa) = a coth(m), (12.3.2) 
and simple poles at z = mmi/./B, —oo < m < co,m Æ 0, with residues 
Ti 
R(mri/ y b) = ——=s coth(ma), 12.3.3 
(mri//B) JB (ma) ( ) 


where we used the fact a8 = 7? in our calculations. Clearly f(z) also has a 


double pole at z = 0. Using (12.3.2) and once again the relation aB = 7°, 
we find that the contributions of the poles z = mz/./a and z = —mr/,/a, 
1 < m < œ, to the partial fraction expansion of f(z) are 


T coth(mB) _ coth(—m8) \ _ mB coth(mg) 
Ia\z—-mr/Ja’ z+mr/:ya] 2-m?B ` 
Using (12.3.3) and once again the relation &8 = 7”, we find that the sum of 


the contributions of the poles z = mmi/./B and z = —mmi//B, 1 <m<o, 
to the partial fraction decomposition of f(z) equals 


(12.3.4) 


wh ( coth(ma) coth(ma) ) _ macoth(ma) 
2/B \z—mri/ yB z+ mri/ yB l 


That part of the partial fraction decomposition arising from the double pole 
at z = 0 clearly equals 


(12.3.5) 


22+ma 


T 1 
—— = — 12.3.6 
Q2/aBz2 222” ( ) 
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upon again using the relation aß = n?. Employing (12.3.4)—(12.3.6) and ap- 
plying the Mittag-Leffler theorem, we find that there exists an entire function 
g(z) such that 


th( b coth(mB 
5 cot(zVa) coth(z/B = + > T nma) ; n M | + g(z). 
(12.3.7) 


Here Ramanujan probably assumed that g(z) = 0 and so completed his 
“proof” of (12.3.1). 


Normally, in applications of the Mittag-Leffler theorem, one lets z + oo 
to conclude that g(z) = 0. However, such an argument is invalid here, because 
cot(z./a) coth(z/B) oscillates and does not have a limit as z — oo. Moreover, 
one cannot justify taking the limit as z — oo under the summation sign in 
(12.3.7). 

In attempting to find a corrected version of (12.3.1), Sitaramachandrarao 
[289], [38, pp. 271-272] proved that 


2 
T’ zy cot(rz)coth(ry) = 1+ Ly — x”) 


3 
He y? coth(tma/y) x? coth(mmy/z) 
anor >. (OR car ea) 
(12.3.8) 


Using the elementary identities 


y? 7 m o1 
m(m2 + y?) m2 +y? 'm 
and 
x m 1 


m(m?—2?2) mr? m’ 


we find that (12.3.8) can be rewritten in the form 


2 


nay cot(rx)coth(ry) = 1+ To =g’) 
mcoth(rmz/y) mcoth(mmy/x) 
2 
+ K m2 + y? m2 — x2 


— nay a (coth(ama/y) — coth(mmy/z)) 


2 


= 1+ S(y?-27) 
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pona 2 Hae mma /y) | 


m? +y? mo =g. 


1 
B Angry 3 m ~ (aaa = e2mmy/x = z) 2 


m=1 
(12.3.9) 
where we used the elementary identity 
2 
ee = 1 


We are now in a position to make simple changes of variables in (12.3.9) 
to derive a corrected version of (12.3.1). 


Entry 12.3.2 (Corrected Version of (21)). Under the hypotheses of 
Entry 12.3.1, 


1 
= cot( ywa) coth(y w8) = + + 5 log = 
i X f macoth(ma) _ mB coth(m£) 
pai w+ mea w -— m?p \ 


(12.3.11) 


Proof. Let mx = ywa and ry = Vw in (12.3.9) to deduce that 


5 cot( v/a) coth(./w8) 
{e o 
2 5 e st) 
= d+ he-a)+ > (ms: nes ai 
2 (Fra = ‘los 8 5) 
= = 4 5 log an 2 ! — e 


where we have used an equivalent formulation for the transformation of the 
Dedekind eta function, namely [68], 
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co 1 és i | | i 
B 2ma — 1) jloga+s “ia snr y 4 08s 1D” (12.3.12) 


under the condition a8 = 7?. This completes the proof of (12.3.11). 


Thus, Ramanujan’s claim (21) was correct except for the missing term 
j log 2, 

We now proceed to examine the four deductions Ramanujan made from 
(12.3.1). We first examine the claim that cannot be formally deduced from 
either (12.3.1) or the corrected version (12.3.11), and provide Ramanujan’s 
argument. Ramanujan asserts that “Equating the coefficients of 1/n (1/w in 
our notation) in both sides in (21) we have ....” 


Entry 12.3.3 (p. 318, formula (23)). Ifa and 8 are positive numbers such 
that aß = n?, then 


D am a+! = -=H (12.3.13) 


Proof. (incorrect) Following Ramanujan, we equate coefficients of 1/w on 
both sides of (12.3.11). Observe from the Laurent expansion of cot(ywa) 
coth(./w8) about w = 0 that the coefficient of 1/w equals 4 on the left side 
of (12.3.11). Note also the term 1/(2w) on the right side of (12.3.11). Hence, 
the only contribution of 1/w that remains must come from 


= ma 2 mB 2 
1 1 12.3.14 
> {as ( + eq) + a ( tn) ( ) 


m=1 


upon the use of (12.3.10), and this contribution must equal 0. 
Proceeding formally, we have 


ma ma— ma\" mB mB (mB\" 
w+ma w a w ) me w-mpB w w ) 


r=0 


Thus, from (12.3.14) we find that a contribution to the coefficient of 1/w 
equals 


2a Dea 7 +28 . my (12.3.15) 

The remaining contribution to the coefficient of 1/w in (12.3.14) is given by 
= a+ p 

fit 1)= , 12.3.16 

Ganam (pA (12.3.16) 

Of course, this agrument is not rigorous. The value ¢(—1) = — 4 can be found 


in Titchmarsh’s book [306, p. 19, Eq. (2.4.3)], for example. Alternatively, the 
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” eed oo š š 5 n 1 
constant” for the series } `p, —; m in Ramanujan’s terminology is equal to — 75 


[37, p. 135, Example 2]. Recalling that the contributions of the coefficients of 
1/w in (12.3.14) must equal 0, we find from (12.3.15) and (12.3.16) that 


= m a m a+ 
= ; 12.3.17 
a>. e2ma — | p 2 e2mp =i 24 ( ) 


m= 


In comparing (12.3.17) with (12.3.13), we find that the term —} in (12.3.13) 
does not appear in (12.3.17). This concludes what we think must have been 
Ramanujan’s argument. 


Entry 12.3.4 (pp. 318-319, formula (24)). Ifa and 8 are positive num- 
bers such that aß = r?°, and if o(m) = alm d, then 


a 5 a(m)e 2" + B 5 o(m)je™?™? = ave - (12.3.18) 
m=1 


Ael = 


m=1 


Proof. Entry 12.3.4 is simply another version of Entry 12.3.3. To that end, 
expand the summands of (12.3.13) into geometric series and collect the coef- 
ficients of e~?"* and e~?” to complete the proof. 


Ramanujan offered Entry 12.3.3 as Corollary (i) in Sect. 8 of Chap. 14 in his 
second notebook [268], [38, p. 255]. To the best of our knowledge, Entry 12.3.3 
was first proved by O. Schlémilch [279, 280] in 1877. There now exist many 
proofs; see [38, p. 256] for references to several proofs. One of the most common 
proofs of the special case a = B = m of both Entries 12.3.3 and 12.3.6 was 
recently rediscovered by O. Ogievetsky and V. Schechtman [236]. Entry 12.3.3 
is equivalent to the transformation formula for Ramanujan’s Eisenstein series 
P(q). 


Entry 12.3.5 (p. 320, formula (29)). Ifa and 8 are positive numbers such 
that aß = n?, and if o,(m) = ae d*, then 


oO 


ams! m(e?ma — 1) — m(e2™8 — 1) 
= —2ma ~ —2mß 1 a a B 
=X o-i(m)e - Ý oa(m)e E ao (12.3.19) 
m=1 m=1 


Proof. Following but altering Ramanujan’s directions, we equate the terms 
independent of w in (12.3.11) (not (12.3.1)) and use (12.3.10) to deduce that 


x (-aya* aya) Taea 
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The desired result (12.3.19) now follows upon simplification, with the use of 
the identity a6 = 7. 


Entry 12.3.5 is stated by Ramanujan as Corollary (ii) in Sect. 8 of Chap. 14 
in his second notebook [268], [38, p. 256] and as Entry 27(iii) in Chap. 16 of 
his second notebook [268], [39, p. 43]. It is equivalent to the transformation 
formula for the Dedekind eta function. Note that we already used (12.3.19) 
in the equivalent form (12.3.12) in order to obtain a corrected version of 
Entry 12.3.1. 

The Bernoulli numbers Bm, m > 0, are defined by 


zo Bm m 
z a ann |z| < 2r. 


m=0 


This convention for Bernoulli numbers is not the same as that used by Ra- 
manujan in his unpublished manuscript. 


Entry 12.3.6 (p. 319, formula (25)). Let a and B be positive numbers such 
that aß = 77, and let Bm, Mm > 0, denote the mth Bernoulli number. Then, 
ifr is a positive integer with r > 2, 


y < art Bo, r = m2r-1 Bor 
Q (£ e2ma _ | Ar = ( b) » emb] Zr 2 (12.3.20) 


m=1 m=1 


Proof. (nonrigorous) Return to (12.3.11), use (12.3.10), and formally expand 
the summands into geometric series to arrive at 


2 cot(/wa) coth(./wB) = on + = log — 
2 2w a 


feg] (esta) 


m=1 k=0 


p k 
= 5 (=) (1 — i) (12.3.21) 
k=0 


Following Ramanujan’s directions, we equate coefficients of 1/w”, r > 2, on 
both sides of (12.3.21) to formally deduce that 


i A og m2r-1 
=(-1)""a"c 1-2 2(—1) =a" ——— 
O= (=DarcC = 2r) + 2-1ta" J Say 
Pa me2r-l 
Using the relation [306, p. 19, Eq. (2.4.3)| 
Bo, 
¢(1 — 2r) = — 2 E aeS 
2r 


dividing both sides by 2(—1)", and simplifying, we deduce (12.3.20). 
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Entry 12.3.6 is identical to Entry 13 in Chap. 14 of Ramanujan’s second 
notebook [268], [38, p. 261]. To the best of our knowledge, the first published 
proof of Entry 12.3.6 was given by M.B. Rao and M.V. Ayyar [271] in 1923. 
There exist many proofs of Entry 12.3.6, and even more proofs for the special 
case a = B = 7; see [38, pp. 261-262] for references. N.S. Koshliakov [189, 192] 
has derived interesting analogues of Entry 12.3.6 and other entries in this 
section. 

Expanding the summands in geometric series, we deduce, as in previous 
entries, the following corollary, which is, in essence, the transformation formula 
for classical Eisenstein series. 


Entry 12.3.7 (p. 319, formula (26)). Ifa and 8 are positive numbers such 
that aß = n?, and if r is a positive integer with r > 2, then 


ar (£ Cor_1(m)e-2"* = Ze) = (8) » Tar_i(m)e 2 _ Ze) 


m=1 


Entry 12.3.8 (p. 319, formula (27)). We have 


1 
—27m __ 
x o5(myje = 504° 


Proof. Entry 12.3.8 follows immediately from Entry 12.3.7 by setting r = 3 
and a = 6 =7, and then using the fact that Be = b 


Entry 12.3.9 (pp. 319-320, formula (28)). Ifa and 6 are positive num- 
bers such that aß = x?, and if r is a positive integer, then 


(4a)~" (Jer 1) 5 a ws z) 
i 1 fi fi S 1 
— (48) (Jer Els 2 m2r ti (ezm — z) 


II 


m= 


(4a) =” (xon Ý paiar) 


m=1 


(a6) (Jer +1)+>> cosa?) 


= (—1)* Box Bar+2-2n00"+1—* BP 
(h)l@r +2 — 2k)! 


(12.3.22) 
k=0 


Proof. Return to (12.3.11), use (12.3.10), and expand the summands into 
geometric series to arrive at 
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Stab net | =) 
=> (sa) (1 | mm) (12.3.23) 


Following Ramanujan’s advice, we equate coefficients of w”, r > 1, on both 
sides of (12.3.23). On the right side, the coefficient of w” equals 


Co 


(—a)~"¢(2r + 1) + 2( oO age Sy) 
m=1 
_B-"C(2r +1) +287" oa Ir r (12.3.24) 


m=1 


Using the Laurent expansions for cot z and coth z about z = 0, we find that 
on the left side of (12.3.23), 


e — r (1) 822k B, ye 
Z cot( Viva) coth( wp) = 7 a Sar E Guat 
xX Sat (w8). (12.3.25) 
j=0 S 


The coefficient of w” in (12.3.25) is easily seen to be equal to 


ce 


Pny a 5 alana 2k ak grti— k (12.3.26) 
Ir +2 — 2k)! 


where we used the equality a8 = 7”. Now equate the expressions in (12.3.24) 
and (12.3.26), then multiply both sides by (—1)"2~?"~, and lastly replace k 
by r+ 1-— k in the finite sum. We then have shown the equality of the first 
and third expressions in (12.3.22). The first equality of (12.3.22) follows as 
before by expanding the summands on the left side into geometric series. 


Entry 12.3.9 is the same as Entry 21(i) in Chap. 14 of Ramanujan’s second 
notebook [268], [38, pp. 275-276]. An extensive generalization of Entry 12.3.9 
can be found in Entry 20 of Chap. 16 in Ramanujan’s first notebook [268], [40, 
pp. 429-432]. The special case a = 6 = x of Entry 12.3.9 was first established 
by M. Lerch [215] in 1901, but the general theorem was not proved in print 
until S.L. Malurkar [220] did so in 1925. Inspired by two papers by E. Gross- 
wald [130, 131], the second author established a proof of Entry 12.3.9, the first 
claim in Ramanujan’s notebooks that the second author had ever examined; 
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his first paper on Ramanujan’s work was the survey paper [30] on Ramanu- 
jan’s formula for ¢(2n + 1). However, at about the same time, the second 
author had established another proof of Ramanujan’s formula for ¢(2n + 1) 
as well as a far-ranging generalization [33, Theorem 5.2]. The former paper 
and the second author’s book [38, p. 276] contain a multitude of references 
for the many proofs and generalizations of Entry 12.3.9. Sitaramachandrarao 
[289] gave a proof of Entry 12.3.9 based on his partial fraction decomposition 
(12.3.8), and so his proof is similar to that of Ramanujan. Further proofs 
and generalizations have been given by D. Bradley [74], L. Vep8tas [308], 
and S. Kanemitsu, Y. Tanigawa, and M. Yoshimoto [171, 172]. A very en- 
gaging proof, in fact of a significant generalization, via Barnes’s multiple zeta 
functions, was devised by Y. Komori, K. Matsumoto, and H. Tsumura [186]. 
An especially interesting proof, arising out of a very general asymptotic for- 
mula, has been devised by M. Katsurada [179]; see also interesting remarks 
in his paper [180]. A discussion of Ramanujan’s formula in conjunction with 
numerical calculations has been made by B. Ghusayni [122]. 

The two infinite series on the far left side of (12.3.22) converge very rapidly. 
If we “ignore” these two series and let r be odd, then we see that ¢(2r + 1) is 
“almost” a rational multiple of 7?”+!. Continuing this line of thought, suppose 
that we set a = mz and 8 = mz, and now require that z be a root of 


Co co 


1 i 
D mart) (e2mnz = 1) ' D mrt (e2ma/z — 1) =0. 


m=1 m=1 


Next, multiply both sides of (12.3.22) by (—1)"2?"*12"z"*+ and replace k by 
r+1-— k in the finite sum on the far right-hand side. Hence, for such values 
of z, we deduce that 


(27)?*-1 ak k Bor Bor+2—2k 2k 
Ps2) (2k)! @hlar+2—2m° 7° eet) 


Accordingly, S. Gun, M.R. Murty, and P. Rath [138] defined the related 
polynomials 


k 
einen & Bk +2 — 23)! 


and showed that all of their nonreal roots lie on the unit circle. Murty, 
C.J. Smyth, and R.J. Wang [230] discovered further properties of these poly- 
nomials. In particular, they discovered bounds for their real zeros, and they 
proved that the largest real zero approaches 2 from above, as k + oo. M. Lalín 
and M.D. Rogers [205] studied polynomials that are similar to Rox41(z) and 
that are also related to further identities of Ramanujan, and showed that their 
zeros lie on the unit circle. The study of the polynomials P;,(z) turns out to be 
more difficult, and in [205], only partial results were obtained. In particular, 
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for 2 < k < 1,000, the aforementioned authors showed that all of the roots 
of P;,.(z) lie on the unit circle. Finally, Lalín and Smyth [206] proved that all 
zeros of P,(z) are indeed located on |z| = 1. 


12.4 A Correct Partial Fraction Decomposition 
and Hyperbolic Secant Sums 


As in the previous section, we alter Ramanujan’s notation by setting 


n=w=2". 


Entry 12.4.1 (p. 318, formula (22)). Ifa and 8 are positive numbers such 
that aß = T? /4, and if w 4 —(2m + 1)?a, (2m + 1)?8, 0< m < œ, then 


> o oo m { (2m + lj)asech(2m + 1)a 
7 sec(vVwa)sech( v wp) = 2 1) {! ree ! 


m=0 


(2m + 1)6 sech(2m + 1)8 \ 
— (2m + 1)}?6 


(12.4.1) 
Proof. We apply the Mittag-Leffler theorem to 
f= = sec(zV/a)sech(z V), 


which has simple poles at z = (2m + 1)r/(2va) and z = (2m + 1)ri/ (2V8), 
for each integer m. The residues are easily calculated to be 


R((2m + 1)r/(2va)) = — —_ +1)8 (12.4.2) 
and 
R((2m + 1)ni/(2,/8)) = -H * sech(2m + 1)a, (12.4.3) 


where we used the relation aß = 17/4. By (12.4.2), the contributions from 
the poles z = (2m + 1)r/(2va) and z = —(2m + 1)7/(2,/a), m > 0, to the 
partial fraction decomposition of f(z) are 


(—1)'"x ( sech(2m + 1)6 P sech(2m + 1)8 ) 
A/a z— (2m + 1)r/(2va) z+(2m + 1)r/(2va) 

_ (-1)™(2m + 1)8 sech(2m + 1)6 

7 22 — (2m + 1)?6 : 


(12.4.4) 


where we used the equality a8 = 77/4. Next, by (12.4.3), the contributions 
of the poles z = (2m + 1)mi/(2\/8) and z = —(2m + 1)7i/(2V/B), m > 0, to 
the partial fraction decomposition of f(z) are 
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(-1)"r ( sech(2m + 1)a sech(2m + 1)a ) 
MiB \z—-(Qm+1)ri/(2/B) z+ (2m + 1)ri/(2v8) 

_ (-1)™(2m + 1)asech(2m + 1)a 

2 + (2m + 1)?a , 


(12.4.5) 


upon using the equality aß = 17/4. Thus, applying the Mittag—Leffler theo- 
rem and using (12.4.4) and (12.4.5), we find that there exists an entire function 
g(z) such that 


T =a _< m J 2m + ljasech(2m + 1)a 
ri sec(z./a)sech(z,/8) = 2 1) { Pa Ort Ie 
(2m + 1)6 sech(2m + 22) 
= m+ 175 


Letting z > oo, we find that lim,_,.. g(z) = 0. Hence, g(z) = 0, and thus 
(12.4.1) follows to complete the proof. 


glz). (12.4.6) 


An equivalent formulation of Entry 12.4.1 is found as Entry 19(iv) in 
Chap. 14 of Ramanujan’s second notebook [268], [38, p. 273], where a different 
kind of proof was indicated by Ramanujan. 


Entry 12.4.2 (p. 320, formula (30)). If aß = 17/4, where a and B are 
positive numbers, and if r is any positive integer, then 


Co oO 


r (—1)™(2m + 1)?"-t " (—1)™(2m + 1)?7-1 7 
a 2 cosh(2m+1)a (—8) >D cosh(Qm + 1)B =0. (12.4.7) 


Proof. (nonrigorous) Return to (12.4.1) and formally expand the summands 
on the right side into geometric series to deduce that 


ie (\/w) 
= F vn ems Ne sech(2m + 1) DS (- Gms Voy 


m=0 =0 
o0 k 
2 1 (2 1 
„ent Dan aÈ (LatEA) 
w ran w 
(12.4.8) 
Equating coefficients of 1/w", r > 1, on both sides of (12.4.8), we find that 
0= X (-1)™1"-1(2m + 1)” a" sech(2m + la 
m=0 
— S°(-1)"(2m + 1)?"-18"sech(2m + 1)8, 
m=0 


which is easily seen to be equivalent to (12.4.7). 
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Entry 12.4.2 is Entry 14 of Chap.14 in Ramanujan’s second notebook 
[268], [38, p. 262], and the first proof known to us was given by Malurkar 
[220]. See [38, p. 262] for further references and comments. 

As with previous theorems, Ramanujan provides an alternative version of 
Entry 12.4.2 in terms of divisor sums. The details are similar to those above, 
and so we do not give them, but we remark that careful attention to the signs 
of the summands should be taken. 


Entry 12.4.3 (p. 321, formula (31)). Ifa and 8 are positive numbers such 
that aß = 17/4, and if r is any positive integer, then 


a” So (S1) oar- (me PMD + (—B)" Y (1) oar- (m)e7 C"? = 0, 
m=0 


m= 


© 


Recall that the Euler numbers Eəx, k > 0, are defined by [126, p. 42, 
formula 1.411, no. 10] 


X Ek ox 

sechz = X` G |z| < 1/2. (12.4.9) 
k=0 

Entry 12.4.4 (p. 321, formula (32)). Ifa and 8 are positive numbers such 

that aß = T?/4, ifr is any positive integer, and if x denotes the nonprincipal 

primitive character of modulus 4, as in Sect.12.2, then 


foe) 1-2r co 1—2r 
9qi-T x(m)m e3 2( aT x(m)m =" )m 
=, cosh(ma) — ~cosh(m) _ 
= dai? 5 x(Mm)Ti-2r(m Je TONS + 2(— A 4 2, x(m Jor ar( mje mR 
m=1 =1 


Foy E2r—2— 
k 2k 2r—2—2k r—1—k pk 
@wlar—-2—-a" P 


wa 
M4 
— 


(12.4.10) 


Proof. Return to (12.4.1) and expand both sides in Taylor series about 0. 
Using (12.4.9), we find that 


CO 


7 j Pj j S Ex 
ro oe (ayy os ae) 
fore) — ym co . es n 
= (=1)” ase m w r 
Do gga ena 1) (is) . (12.4.11) 


In (12.4.11) we equate coefficients of w’-', r > 1, on both sides to deduce 
that 
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T ; Eaj E2r—2j—2 E 
1 J J J jar—j—-1 
4 2 Vaer- eS 
hi 5 (—1)™+!—rsech(2m + 1)a , pict 3 (—1)™sech(2m + 1)8 
a (2m + 1)2r-1 i == (2m +1) 
(12.4.12) 


Now set j = r—1— k in the sum on the left side of (12.4.12) and multiply both 
sides of (12.4.12) by 2(—1)"~+. We then readily deduce the equality of the first 
and third expressions in (12.4.10). The first equality of (12.4.10) follows as 
usual from expanding the summands on the left side into geometric series. 


Entry 12.4.4 appears in two formulations, Entries 21(ii), (iii), in Chap. 14 
of Ramanujan’s second notebook [268], [38, pp. 276-277]. The first proofs of 
Entry 12.4.4 were found by Malurkar [220] and Chowla [93], [95, pp. 143-170], 
and further references can be found in [38, p. 277]. 


Entry 12.4.5 (p. 321, formula (33)). We have 


co co T 
4 > (-1)"o_1(m)e—@™+He +4 D = z 


m=0 


Proof. Set r= 1 in Entry 12.4.4. 


S.-G. Lim [216] has generalized many of Ramanujan’s theorems on infi- 
nite series identities from Ramanujan’s notebooks [268], in particular from 
Chap. 14 in his second notebook, [38, Chap. 14]. For Example, Lim [216, 
Corollaries 3.33, 3.35] has proved the following two results that generalize 
Entries 12.3.3 and 12.3.5, respectively. Let a and 8 be positive numbers such 
that a8 = 7”. Suppose that c is any positive integer. Then 


= m = m a+B cœ 
Q » e2m(a-in)/e _ 1 +e > e2m(B+inr)/c 1 94 4 


m=1 


and 


Co 


< 1 1 
Ss m(e2ma—in)/e = 1) py m(e2m(B+in)/c = 1) 


1, œa a-g (c-1)\(ce-2)mi 
g F : 
4 B 12c 12c 


When c = 1 in the identities above, we deduce Entries 12.3.3 and 12.3.5, 
respectively. 

In another paper [217], Lim has found generalizations of the results in 
Sect. 12.4. We state one of his general theorems. 
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Theorem 12.4.1. Let a and 8 be positive numbers such that aß = n?. Let r 
be any real number such that O < r < 1. Then, for any integer n, 


an” > (—1)* sinh((1 — 2r)ak) sin((1 — 2r)rk) 


a k?r+! sinh(ak) 
7 _n eo (—1}* sinh((1 — 2r)Bk) sin((1 — 2r)k) 
= ee », k2n+1 sinh(Bk) 
ont Vo Borti(r)Bonti—2n(") n-k A 
E r3 Okt iEn- 2]? (=), (aA 


where B;(r), j > 0, denotes the jth Bernoulli polynomial. 


Although we avoid providing details, setting r = } in (12.4.13) yields 
Entries 12.4.2 and 12.4.4 [217, Corollary 3.23, Proposition 3.21]. 


13 


A Partial Manuscript on Fourier and Laplace 
Transforms 


13.1 Introduction 


Pages 219-227 in the volume [269] containing Ramanujan’s lost notebook are 
devoted to material “Copied from the Loose Papers.” These “loose papers,” in 
the handwriting of G.N. Watson, are housed in the Oxford University Library, 
while the original pages in Ramanujan’s handwriting, from which the copy 
was made, are in the library at Trinity College, Cambridge. The three partial 
manuscripts on these nine pages are in rough form, with two perhaps being 
drafts of papers being prepared for publication. Most of these nine pages are 
connected with material in Ramanujan’s published papers. 

The first manuscript on pages 219-220 is the subject of this chapter. Most 
of the manuscript is discussed in the next section. Section 13.3 is reserved 
for the most interesting theorem in the manuscript, namely, a beautiful series 
transformation involving the logarithmic derivative of the gamma function, 
which in a second formula, is related to the Riemann zeta function. Our two 
proofs of this elegant transformation formula are taken from a paper by Berndt 
and A. Dixit [51]. These two formulas have an interesting history that we relate 
at the beginning of Sect. 13.3. Since all entries in this chapter can be found on 
either page 219 or 220 in [269], we refrain from giving page numbers beside 
entries in the sequel. 


13.2 Fourier and Laplace Transforms 


Following Ramanujan, we proceed formally without giving attention to such 
matters as inverting the order of integration in double integrals. It is clear 
that hypotheses are easily added to make any procedure rigorous. 


G.E. Andrews and B.C. Berndt, Ramanujan’s Lost Notebook: 285 
Part IV, DOI 10.1007/978-1-4614-4081-9_13, 
© Springer Science+Business Media New York 2013 
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Entry 13.2.1. If 


f eeue (13.2.1) 

T 
[ f(a)e-"* dx =: b(n), (13.2.2) 

then 
i "ae ies f Eo (13.2.3) 

jnd 


i. i (=) A aes [ 4 (=) cos(ng)dz. (13.2.4) 


Proof. We employ the elementary integral evaluations [126, p. 512, Eqs. 
(3.893), no. 1, no. 2] 


t 


f ee” sin(at)dx = ge ae n> 0, (13.2.5) 
and 
f e”* cos(at)dx = aaa n> 0. (13.2.6) 


To prove (13.2.3), we use (13.2.1), (13.2.5), (13.2.6), and (13.2.2) to 


deduce that 
| e ies | > f ” Mee sin(at) dide 
- f T A) f P eT 
= f(t) a e™* cos(na) dx dt 


Jo 
=i w(x) cos(nax)da, 
0 


which completes the proof of the first claim. 
Using (13.2.1) and making the substitution t = ux, we find that 


[ $ (=) eo T | ~ f()e-™ sin(t/2) dt dex 


a | xf (ux)je"™ sin u du dx 
o Jo 


= -4J I f(ux)e™™" sin u dz du. (13.2.7) 
dn Jo Jo 
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Note that upon the replacement of n by n/t and x by tu in (13.2.2), 
Y (=) = if f(tuje"du. (13.2.8) 
t 0 
Thus, from (13.2.7) and (13.2.8), 
ere oe d [© 7n\ sinu 
—|e "dx = — — — d 
f 6(z)e ü =f ¥ (7) ria 
dn Jo x x 


--fo¥ (=) coa(ne)de, 
which completes the proof of (13.2.4). 
Entry 13.2.2. If 
f E Goatees) (13.2.9) 
ae 
f “ar iet, (13.2.10) 
then 
f ~ae ae | AT (13.2.11) 
wae 


f ý a EE y (=) sin(nx)de. (13.2.12) 


Proof. The details of the proof of Entry 13.2.2 are completely analogous to 
those for the proof of Entry 13.2.1, and so there is no need to give them here. 


Suppose now that f(x) is self-reciprocal in Entries 13.2.1 and 13.2.2, that 


is to say, 
2 
f(x) = V2% 
Hence, from (13.2.2), 


[i soaz JF [7 toea = [0 


Then we see that (13.2.3) and (13.2.11) easily yield the next theorem. 
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f oae O 


Entry 13.2.3. If 


and 
f oade = win), 
0 
then 
| y(x) cos(nx)dx = Viro (13.2.13) 
If 
f olx) cos(nx)dx = O 
and 
J oade =: n), 
0 
then 


| v(x) sin(na)dx = [3o (13.2.14) 
0 

Ramanujan then writes that (13.2.13) and (13.2.14) “enable us to find a 
number of reciprocal functions of the first and second kind out of one reciprocal 


function.” He does not define what he means by “the first and second kind.” 
Some examples of self-reciprocal functions are next recorded. 


Entry 13.2.4. For n > 0, 


ce 1 1 1 1 1 
= - = J sin(2 dx = . (13.2.1 
f (= —1 =) SO Ara a 2 (= -1 =) a 


Proof. This result is well known, and we shall be content with quoting from 
Titchmarsh’s Theory of Fourier Integrals [305, p. 245]: 


1 1 ar 1 1 inlaid 
s = Sın(T 
eV2re_ | yrz T Jo eV2ry_ 1 V2ry ane 
S 1 1 
= 2 f — = =) sin( V 2r xu)du. 


Replacing x by V27n, we immediately verify Ramanujan’s claim. 


It will be convenient to use the familiar notation [126, p. 952, formu- 
las 8.360, 8.362, no. 1] 
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Te) = 1 1 
wa) = Fay 777 Gee oi) (13.2.16) 


where y denotes Euler’s constant. The notation y(x) conflicts with the generic 
notation that we have utilized in Entries 13.2.1 and 13.2.2, but no confusion 
should arise in the sequel. 


Entry 13.2.5. For n > 0, 


erz _] Are 


i — 1 ) en 2™ dye = = (logn — w(1+n)). (13.2.17) 
ò T 


In the manuscript in [269], a factor of —1/(27) is missing on the right-hand 
side of (13.2.17). 


Proof. We begin with the evaluation [126, p. 377, formula 3.427, no. 7] 


co eve eT He 
a dr =1 = 
(eco eee 


where u,v > 0. Set v =n +1 and u = n to deduce, after simplification, that 


togn vine) = f ( j - 2) etda 
0 = 


Thus, (13.2.17) is apparent. 
Entry 13.2.6. Ifn > 0, 


; (W(L+n)—logn). (13.2.18) 


Proof. Setting u = 27x in (13.2.15), we record that 


ii 1 1 1 1 
— -jsi = : 13.2.1 
f (= BE z) sin(nu)du = m (= F =) (13.2.19) 


Thus, in the notation of Entry 13.2.1, 


C (Y(1 + x) — log x) cos(2anx)dx = 
0 


sa 1 1 
=? SOES —2mnU gd. 
«| (= -1 =) i 


=logn — (1 +n). (13.2.20) 
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Thus, in the notation of Entry 13.2.1, 


j -nr _ i 1 1 TNE 
= L (log x — y(1 + x)) cos(nz)dz. 
0 


Replacing n by 27n above, we find that 


: f i (= 1 ) e-2mne dy — l ET TN 


erz —] Wwe 


or, by (13.2.20), 


; (logn —W(1+n)) = L (log x — W(1+ x)) cos(2anx)dz, 


as claimed. 


Ramanujan next quotes the following self-reciprocal Fourier cosine trans- 
form [126, p. 537, formula 3.981, no. 3]. 


Entry 13.2.7. For real n, 


aati 
| A EP E (13.2.21) 
o cosh(572) cosh(57n) 


Then he records the following entry. 


Entry 13.2.8. For n > 0, 


1 
oo tne 4 oo —]1 k 
f l —dr=25 = ai (13.2.22) 
o cosh(572) mí n+2k+1 


This follows from the evaluation [126, p. 399, formula 3.541, no. 6] 
= e7 amne 1 n+3 n+1 
i ana == e 4 ) v( 4 )} 
_4 . ( 1 f: 1 ) 
Ti 4k+n+3 4k4+n4+1 
A 3 (=1)* 
nm 2k+n+1' 


where we utilized (13.2.16). 
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Entry 13.2.9. For n > 0, 
oS (Dt a s (=p 
1 dr = . 13.2.2 
| ee ae dont ok TI (13.2.23) 


Proof. Rewrite (13.2.21) as 


[ cos(nu) T 
du = : 
o cosh u 2 cosh( $7) 


We are thus going to apply Entry 13.2.2 with 


1 T 
ae 2cosh( 7a)” 


f(z) = 


cosh x 


From (13.2.22), 


1 
lore) © pone T © TTU 

-nede = dz = d 

f Teje i f cosha | cosh( $7) j 


=r 2k+1 
Hence, by Entry 13.2.2, 
T jk 
11 sant Irz) bad a ee a sin(ng)dz, (13.2.24) 


or, if we replace n by imn, 


T foe) e ~$rne iF P 
if cosh( da= [ ea sin( ee 


lr 
a 


Lastly, if we employ (13.2.22) in the foregoing equality, we conclude that 


by 
aa n - = +1 =- Da T £ 7 i sin(5 max)dx, (13.2.25) 


which is what we wanted to prove. 


Next Ramanujan restates Entries 13.2.1 and 13.2.2 under the assumption 


- fis 


that is to say, é(a) is self-reciprocal. Since his claims are identical to those in 
Entry 13.2.3, we forego restating them here. 
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Ramanujan then provides some examples, which are essentially ones that 
he gave above. First, 


boa) ah) 


which is an easy consequence of (13.2.21). Second, 


| —— = pegs ai 
0 


= 
h — k=0 —(2k +1 
cos =F) nf +1) 


To establish this identity, replace x by 2/7 x and n by \/2/mn in (13.2.22). 
Third, 


OS te a ye 
o <4at+2k+1 0? nt 2k+ 1 


which is the same as (13.2.25). Fourth, 


—— | sin(na)dz = ; 
0 ev2re _ 7 Qn x 2\ev2™n 1 V2rn 


This last identity follows easily from (13.2.15) upon replacing x by 2/27 
and n by n/V2n. 


The next two examples contain errors. Ramanujan’s fifth example asserts 
that 


P3 1 1 n n 
ede ayer) 
f (= Łe 7 afa OP Jae uM V 2T 

(13.2.26) 


where y denotes Euler’s constant and y(x) is defined in (13.2.16). Return to 
(13.2.17) and replace z by x/v2r and n by n/v2r. Because, as we previously 
noted, Ramanujan missed a factor of —1/(27) in (13.2.17), we see that the 
factor V27 on the right-hand side above should be replaced by —1/V27. How- 
ever, there is another error in (13.2.26), because of the spurious appearance 
of y on the right-hand side of (13.2.26). Lastly, Ramanujan asserts that 


L {y + logx — y(1 + x)} cos(2rngr)dr = ; {y +logn—-y(1+n)}. 
(13.2.27) 


To see that the claim (13.2.27) is false, we recall that [1, p. 259], as £ > oo, 
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p(x +1) ~ logrx+ E +0 (=) . (13.2.28) 


Thus, we see that the integral in (13.2.27) diverges. 


13.3 A Transformation Formula 
The most interesting claim made by Ramanujan in the fragment on pages 219 


and 220 of [269] is the next entry. To state this claim, we need to recall the 
following functions associated with Riemann’s zeta function ¢(s). Let 


(8) := (8 — 1)n-2°T(1 + 4s)C(s). 


Then Riemann’s =-function is defined by 


E(t) :=€($ + it). (13.3.1) 
Entry 13.3.1. Define 
olx) := y(x) + Z — log z. (13.3.2) 


If a and P are positive numbers such that aß = 1, then 


vaf 15a y È anal = vaf? gns st 


n=1 


1 [> 1 alan 
a a(r 
anf FEES 


where y denotes Euler’s constant and E(x) denotes Riemann’s =-function. 


cos ($t log a) 
lpg 


dt, (13.3.3) 


Although Ramanujan does not provide a proof of (13.3.3), he does indicate 
that (13.3.3) “can be deduced from” Entry 13.2.6, or (13.2.18). This remark 
might lead one to believe that his proof of (13.3.3) rests upon the Poisson 
summation formula. We provide below a proof of the first equality in (13.3.3) 
that naturally establishes the second equality as well. Then we give a proof 
of the first equality in (13.3.3) by means of the Poisson summation formula, 
but, as we indicated, no connection with ¢(s) and the integral in the second 
equality is obtained in this way. In both proofs, the self-reciprocal Fourier 
cosine transform in (13.2.18) is an essential ingredient. 

The self-reciprocal property of (1 + x) — loga was rediscovered by 
A.P. Guinand [133] in 1947, and he later found a simpler proof of this result 
n [135]. In a footnote at the end of his paper [135], Guinand remarks that 
T.A. Brown had told him that he himself had proved the self-reciprocality 
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of w(1 + x) — logx some years ago, and that when he (Brown) communi- 
cated the result to G.H. Hardy, Hardy told him that the result was also 
given by Ramanujan in a progress report to the University of Madras, but 
was not published elsewhere. However, we cannot find this result in any of 
the three Quarterly Reports that Ramanujan submitted to the University of 
Madras [35-37]. In contrast to what Hardy recalled, it would appear that he 
saw (13.2.18) in the aforementioned manuscript that Watson had copied. We 
surmise that Hardy once possessed the original copies of both the Quarterly 
Reports and the present manuscript on pages 219-220 of [269], both of which 
were most likely mailed to him on August 30, 1923, by Francis Dewsbury, 
registrar at the University of Madras [64, p. 266]. It could be that the two 
documents were kept together, and so it is understandable that Hardy con- 
cluded that the manuscript was part of the Quarterly Reports. Unfortunately, 
the only copy of Ramanujan’s Quarterly Reports that now exists is in Watson’s 
handwriting. 

The first equality in (13.3.3) was rediscovered by Guinand in [133] and 
appears in a footnote on the last page of his paper [133, p. 18]. It is interesting 
that Guinand remarks, “This formula also seems to have been overlooked.” 
Here then is one more instance in which a mathematician thought that his 
or her theorem was new, but unbeknownst to the claimant, Ramanujan had 
beaten her/him to the punch! We now give Guinand’s version of (13.3.3). 


Theorem 13.3.1. For any complex z such that | arg z| < 7, we have 


1 1 
(vine log nz 4 =) + oral log 272z) 


-S(p -me2 +S) +3 (0-22). ss 


The first equality in (13.3.3) can be easily obtained from Guinand’s version by 
multiplying both sides of (13.3.4) by yz and then letting z = a and 1/z = 8. 
Although not offering a proof of (13.3.4) in [133], Guinand did remark that it 
can be obtained by using an appropriate form of Poisson’s summation formula, 
namely the form given in Theorem 1 in [132]. Later Guinand gave another 
proof of Theorem 13.3.1 in [135], while also giving extensions of (13.3.4) involv- 
ing derivatives of the 7-function. He also established a finite version of (13.3.4) 
in [137]. However, Guinand apparently did not discover the connection of his 
work with Ramanujan’s integral involving Riemann’s =-function. 

We first provide a proof of both identities in Entry 13.3.1. Then we con- 
struct a second proof of the first equality in (13.3.3), or, more precisely, 
of (13.3.4), along the lines suggested by Guinand in [133]. We could have also 
provided another proof of (13.3.3) employing both (13.2.18) and (13.2.17), but 
this proof is similar but slightly more complicated than the first proof that we 
provide below. The two proofs of Entry 13.3.1 given here are from a paper by 
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A. Dixit and the second author [51]. In two further papers [107, 108], Dixit 
has found further proofs of Entry 13.3.1. 

Although the Riemann zeta function appears at various instances through- 
out Ramanujan’s notebooks [268] and lost notebook [269], he wrote only one 
paper in which the zeta function plays the leading role [257], [267, pp. 72-77]. 
In fact, a result proved by Ramanujan in [257], namely Eq. (13.3.18) below, is 
a key to proving (13.3.3). About the integral involving Riemann’s =-function 
in this result, Hardy [143] comments that “the properties of this integral re- 
semble those of one which Mr. Littlewood and I have used, in a paper to be 
published shortly in the Acta Mathematica, to prove that 


“ffi 
J klat”) 
(We have corrected a misprint in Hardy’s version of (13.3.5).) 

In a paper immediately following Ramanujan’s paper [257], Hardy [143] 
remarks that the integral on the right-hand side in Ramanujan’s formula [257, 
p. 75, Eq. (13)] can be used to prove that there are infinitely many zeros of 
¢(s) on the critical line Res = 4, and then he concludes his note by stat- 
ing (13.3.6) below, which he says is not unlike the aforementioned formula of 
Ramanujan. However, Hardy does not give a proof of his formula. Proofs were 
independently supplied by N.S. Koshliakov [190],[193, Eq. (20)], [194, Chap. 9, 
Sect. 36], [196, Eq. (34.10)] and Dixit [107]. In Hardy’s formulation, the sign 
of iy should be + and not —. The sign error was corrected in the papers 
by Koshliakov and Dixit, but there is an erroneous added factor of log 2 in 
Koshliakov’s formulation in [196]. Koshliakov [190, 195] and Dixit [111] also 
have given generalizations of Hardy’s result. 


2 
dt ~ 2T log T.” (13.3.5) 


Theorem 13.3.2 (Correct version). For real n, 


© (St) cosnt 1 1 1 
dt = =e” | 2n + =y + = log + log 2 
f 1 +t? cosh ¿rt 4 ý 2’ 2 8 & 


i. [® i 
+e w(a + ler" ©” de. (13.3.6) 
0 


Inexplicably, this short note [143] is not reproduced in any of the seven 
volumes of the Collected Papers of G.H. Hardy! 


First Proof of Entry 13.3.1. We first collect several well-known theorems 
that we use in our proof. First, from [99, p. 191], for t 4 0, 


CO 


1 1 1 1 1 
= } : 13.3. 
De a 2t (= t 5) Sst) 


n=1 


Second, from [315, p. 251], we find that for Rez > 0, 
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t dt 


(z) = 2 f EAST (13.3.8) 


Third, we require Binet’s integral for log I (z), i.e., for Rez > 0 [315, p. 249], 
[126, p. 377, formula 3.427, no. 4], 


1 1 cay a R, 1 e*t 
log I'(z) = l + = log(27) 4 dt. 
og T(z) (- 5) ogz—2z+5 og(27) f G TE z) 7 


Fourth, from [126, p. 377, formula 3.427, no. 2], we find that 


oe 1 
| ( =a z) e “dx = y, (13.3.10) 
0 l-e T 


where y denotes Euler’s constant. Fifth, by Frullani’s integral [126, p. 378, 
formula 3.434, no. 2], 


CO oa~p — pY 
i E de = log ~. (13.3.11) 
0 T H 


Our first goal is to establish an integral representation for the far left side 
of (13.3.3). Replacing z by na in (13.3.8) and summing on n, 1 < n < 00, we 
find that 


tdt 
Sae -5 (t? Cae 8) 


n=1 n=1 +n? a” 
2 7” t = 1 
= ; 13.3.12 
a ray dX (t/a)? +n? ( ) 
Invoking (13.3.7) in (13.3.12), we see that 

= 2r tae 1 1 a 1 
= dt. 13.3.13 
2 (na) a f (et = 1) i = Ont + 5) ( ) 


Next, setting x = 27t in (13.3.10), we readily find that 


[ove] on eo 2nt 
= dt. 13.3.14 
=f (a) (13.3.14) 
By Frullani’s integral (13.3.11), 
co e t/a i eo 2nt or 
dt =| = log(27a). 13.3.1 
f 7 og (=) og(27a) (13.3.15) 


Combining (13.3.14) and (13.3.15), we arrive at 
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wal Qn g t/a 
— log (2 = dt. 13.3.16 
og(2ra)= | == =) (13.3.16) 


Hence, from (13.3.13) and (13.3.16), we deduce that 


Ja (gea — Heat ae) +o o(na ) (13.3.17) 
e t/e 
“Br T (= i Ja 
a 1 1 a 1 
= i (er = “(ot —1 Ont | 5) dt 
a F Ja Qn e t/a 
m 6 He a 1) Vale? a _ ie" = 1) 2tr/a 


Now from [257, p. 260, Eq. (22)] or [267, p. 77], for n real, 


°° —1l+it —1— it 1 2 cos nt 
T T: S| at dt 
f(a) ) GG) e 
co 1 = he 2 7 
=f BI ‘)r( irn i 
i 2 4 1+t 
a 1 i 1 1 
= ( =) ( — =z) ae. (13.3.18) 
0 ee —1 «xe eve" —] xe 


Letting n = 4 loga and x = 2nt/,/a in (13.3.18), we deduce that 


1 f> 1 —1 + it\ |? cos(4tlog a) 
ate Z| t)r 2 dt 13.3.1 
anf | (z) ( 4 ) 1+? Cra) 
2r [> 1 1 1 a di 
va —1 2rt) \e7t/2_]1 2rt 

Va ) dt 


BNE —2r/ Vya Ja 1 
=| (ere ey ED Int? 


Hence, combining (13.3.17) and (13.3.19), in order to prove that the far left 
side of (13.3.3) equals the far right side of (13.3.3), we see that it suffices to 


show that 


oo Í p —t/a 
i O aul 
o \tYale?™/*_1) Qt? 2tya 
a ee 1 1 e u/(n) 
eee, | ie =v. 13.3.20 
= | (a u? 2u ) j ( ) 
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where we made the change of variable u = 2rt/a. In fact, more generally, we 
show that 


æ 1 1 e% 
f ( m ) di =— Deena), (13.3.21) 
) u( 2 


e™—1) u 2u 


so that if we set a = 1/(27) in (13.3.21), we deduce (13.3.20). 
Consider the integral, for t > 0, 


[ere] 1 1 1 elu eT ua _ e tu 
F(a,t):= di 
et) I (= u 5) u 2u \ á 


1 t 
= log I(t) — (: — 5) logt +t- = L log(27) + 5 log—, (13.3.22) 
a 


where we applied (13.3.9) and (13.3.11). Upon the integration of (13.2.16), it 
is easily gleaned that as t > OT, 


log T(t) ~ — logt — yt, 


where y denotes Euler’s constant. Using this in (13.3.22), we find, upon sim- 
plification, that as t > 0*, 


1 1 
F(a,t) ~ —yt —tlogt +t — 5 log(2m) — 5 log a. 
Hence, 


tim Paga Jeena). (13.3.23) 
t—=0+ 2 

Letting t approach O* in (13.3.22), taking the limit under the integral sign on 
the right-hand side using Lebesgue’s dominated convergence theorem, and em- 
ploying (13.3.23), we immediately deduce (13.3.21). As previously discussed, 
this is sufficient to prove the equality of the first and third expressions in 
(13.3.3), namely, 


va este) y S aon] 


n=1 
1 love) 
s=, 


cos ($t log a) 
1+ 


dt. (13.3.24) 


GN 42 
z P r —] + it 
2 4 


Lastly, using (13.3.24) with a replaced by 8 and employing the relation 
aß = 1, we conclude that 


va [22e - 273) +n} 


i- j> Ft —1+it 
=- Bt t)r 
n (z) ( 4 ) 


* cos (4tlog £) 


1+¢ a 
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_ -a z (3) , (==) * cos (4¢ log(1/a)) 
ml? Jo 


1+? a 


a 1 fl lyp See ? cos (ztloga) | 
13/2 Jo 2 4 1+¢ 


Hence, the equality of the second and third expressions in (13.3.3) has been 
demonstrated, and so the proof is complete. 


We next give our second proof of the first identity in (13.3.3) using 
Guinand’s generalization of Poisson’s summation formula in [132]. We em- 
phasize that this route does not take us to the integral involving Riemann’s 
=-function in the second identity of (13.3.3). First, we reproduce the needed 
version of the Poisson summation formula from Theorem 1 in [132]. 


Theorem 13.3.3. If f(x) has a Fourier integral representation, f(x) tends 
to zero as x + oo, and xf (x) belongs to L?(0,0o), for some p, 1 < p < 2, 
then 


N N N N 
lim (>: fin) f F0 i) = lim (doa [ 9 i), 
where 
g(x) =2 f "tand (13.3.25) 


We first state a lemma! that will subsequently be used in our proof of 
(13.3.3). 


Lemma 13.3.1. If y(x) is defined by (13.2.16), then 


st 1 1 
f (ve +1)- e+) lot) dt = 3 log 27. (13.3.26) 


Proof. Let I denote the integral on the left-hand side of (13.3.26). Then, 


d fa 
p= lo dt 
| ma B EVEFI 


ila er(t+1) iim lo er(t+1) 

= lim log —-——— — lim log ———— 

ee" aF eo” tvt+1 
er(t+1) TR : s 1 

= log lim R ET — log (Jim e (t+ 1) — lim t logt — lim 5 log(t + 1) 
er(t+1) 

= log lim ——=. 13.3.2 

ee tt t L ( 3.3 7) 


1 The authors are indebted to M.L. Glasser for the proof of this lemma. The authors’ 
original proof of this lemma was substantially longer than Glasser’s given here. 
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Next, Stirling’s formula [126, p. 945, formula 8.327] tells us that 
D(z) ~ V2n 2? ¢-*, (13.3.28) 


as |z| + œœ for | arg z| < m — ô, where 0 < 6 < m. Hence, employing (13.3.28), 
we find that 


trt+1) v2 iy 
A A a; (13.3.29) 
tvt+1 e t 
so that 
_ &r(t+1) — 
Thus, from (13.3.27) and (13.3.30), we conclude that 
1 
I = 5 log2n. (13.3.31) 


Second Proof of the first equality of (13.3.3), or of (13.3.4). We first prove 
(13.3.3) for Rez > 0. Let 


f(x) = y(zz +1) — log zxz. (13.3.32) 


We show that f(x) satisfies the hypotheses of Theorem 13.3.3. From (13.2.18), 
we see that f(x) has the required integral representation. Next, we need two 
formulas for y(x). First, from [1, p. 259, formula 6.3.18], for | arg z| < 7, as 
z> œ, 

1 ii 1 


1 
<i ean 13.3.33 
ve lege So re o o" ( ) 


Second, from [315, p. 250], 


ri 1 
= — 13.3.34 
Y (z) 2. aje ( ) 
Using the easily verified equality 
1 
y(x +1) = y(x) + Pi (13.3.35) 
(13.3.32), and (13.3.33), we see that 
1 1 1 1 
f(a) ~ flats (13.3.36) 


2uz 12072? 120x424  252z?z6 
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so that 


Jim f(z) =0. (13.3.37) 


Next, we show that xf (x) belongs to L?(0,00) for some p such that 1 < 
p < 2. Using (13.3.36), we find that as x —> oo, 


zf (e) ~ -+ (13.3.38) 


? 
22z 


so that |x f (x)|? ~ (22|z|)~?. Thus, for p > 1, we see that xf (x) is locally 
integrable near oo. Also, using (13.3.35) and (13.3.34), we have 


, . oS 1 1 
mf in ("Eee ) 
= lim | zz > a —1 
> x0 rl (az + n)? 
=-l. (13.3.39) 


This proves that xf (x) is locally integrable near 0. Hence, we have shown 
that xf (x) belongs to L?(0,00) for some p such that 1 < p < 2. 
Now from (13.3.25) and (13.3.32), we find that 


g(x) =2 [we + 1) — log tz) cos (2rat) dt. 


Employing the change of variable y = tz and using (13.2.18), we find that 


ote) = f "UFD -ba 


zZ 


= l ( (= ! 1) log (=)). (13.3.40) 


Substituting the expressions for f(a) and g(a) from (13.3.32) and (13.3.40), 
respectively, in Theorem 13.3.3, we find that 


N N 
lim (Stein +1) wen- f W+ D = igts) a) (13.3.41) 


-i (E (@ G +3) 2) f° (G9) 08) a). 


=1 


Thus, with the use of (13.3.35), 
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(FE -ne? | 
ay = = g (v (£ + 1) — log =) a) . (13.3.42) 


Now if we can show that 


. y — log 2rz 
= 1 13.3.4 
vim, (S= > ome -fu (tz + 1) — log tz) a) F ,  (13.3.43) 


then replacing z by 1/z in (13.3.43) will give us 


ae (>: = E a (v (: + 1) — log *) i) = Sa 


(13.3.44) 


Then substituting (13.3.43) and (13.3.44) in (13.3.42) will complete the proof 
of Theorem 13.3.1. To that end, 


N 
lim (> = = "ue +1) — logtz) 9, 


N- oo eA. NZ 0 
N 
1 1 SA 
= li — — — log N w(tz+1)-1 dt 
E (> (>: n me )+™ ee eet?) 
Yy ee 4. Dee Tue + 1) —logtz) dt 
= — 1m kaz zZ 
2z N>œ 22 2z 0 Z i 
y logz ,. log(Nz +1) 1 zi 
re ae l ea a a E t +1) —logt) dt 
2z 2z +m, ( 2z Fidana 


1 
Z E aa 


A erl i (a [erie 
0 


y logz 1. 7 1 [ 
=—— — | dt t+1)—logt) dt 
2 De +E i, (5 o +l a E= g 
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y Na 1 
Ti t+1)-—— -logt) dt 
T (very e+ 1) ost) 


y logz 1 T 1 
= t+1 logt | dt 
27 2z z Jo (v ) 2(t+ 1) ne 


22 2z 2z 
_ y—log2rz 
2z , 


(13.3.45) 


where in the antepenultimate line we have made use of Lemma 13.3.1. This 
completes the proof of (13.3.43) and hence the proof of Theorem 13.3.1 for 
Rez > 0. But both sides of (13.3.4) are analytic for | arg z| < m. Hence, 
by analytic continuation, the theorem is true for all complex z such that 
jarg z| <7. 


Y. Lee [210] has also devised a proof of Entry 13.3.1. 


13.4 Page 195 


On page 195 in [269], Ramanujan defines 


olx) := y(x) + = — y — log z (13.4.1) 


and then concludes that 


va f 1a y S ina) = ya f 12A y E ina} 


n=1 28 n=1 
(13.4.2) 
E 1 1 1 1 
"o e Ja as 
0 e =l g e21] ra 
tf? fF —1 + it\|? cos (4t log a) 
=-—, Z(t] T 2 t. (344 
zaf ERATE) Se aaa 


First, in view of the asymptotic expansion (13.2.28) and the definition (13.4.1), 
the series in (13.4.2) do not converge. Second, the equality of the expressions 
in (13.4.3) and (13.4.4) does not hold. For equality to exist, the expression in 
(13.4.3) must be replaced by (see equation (22) of [257]) 


T 1 1 )( 1 1 d 
i (= a/B) \enve—1 =) T 
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13.5 Analogues of Entry 13.3.1 


A. Dixit [108, 109] has established two beautiful analogues of Entry 13.3.1. 
Previously, a finite analogue of Theorem 13.5.1 was established by L. Car- 
litz [86]. 


Theorem 13.5.1. Let ¢(z,a) denote the Hurwitz zeta function defined for 
a>0O and Rez >1 by 


1 
(a) = > 
2 wre) 


If a and B are positive numbers such that ap = 1, then for Rez > 2 and 
l<c<Rez-—l, 


a? Se (a15) =ø25>c (2145) 
k=1 x k=1 B 


a7/2 c+ioo 7 
=. Sed I'(s)C(s)I'(z — s)¢(z — s)a7* ds 


a Ae 
7 [— 2) z (= 2) cos ($t log a) i 


Ga) 
2 2 e+ 


where Z(t) is defined in (13.3.1). 


Theorem 13.5.2. Let 0 < Rez < 2. Define p(z, x) by 


p(z,x) = C(z,x) — Le 4 


where C(z,x) denotes the Hurwitz zeta function. Then if a and B are any 
positive numbers such that ap = 1, 


E 9 Ss 
-rr (Sana) Go SEH) 
=e f(t) (=) 
xo (Hie) (16D) 


where Z(t) is defined in (13.3.1). 


cos (St log a) 
zZ +e 


dt, (13.5.1) 
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If we let z — 1 in (13.5.1), then we obtain Ramanujan’s transformation 
(13.3.3). Thus Theorem 13.5.2 is a generalization of Entry 13.3.1. In [109], 
Dixit also obtained an analogue of Theorem 13.5.2 for —3 < Rez < —l. 
Another generalization of the first identity in Entry 13.3.1 has been found by 
O. Oloa [237]. Another proof, employing a theorem on the double cotangent 
function, has been given by H. Tanaka [299]. 


13.6 Added Note: Pages 193, 194, 250 


On pages 193 and 194 in [269], Ramanujan offers several Fourier and Laplace 
transforms, most of which are found in Entries 13.2.1 and 13.2.2. Since all 
of the results are standard in the theory of Fourier transforms, there is no 
need to repeat them here. On page 250 there appears some scratch work on 
Laplace transforms; no identities are recorded. The third integral on the page 
appears to be related to [255, Eq. (16)], [267, p. 56]. 


14 


Integral Analogues of Theta Functions 
and Gauss Sums 


14.1 Introduction 


In this chapter we discuss a second partial manuscript of two pages 
[269, pp. 221-222] as well as a related page from the original lost notebook 
[269, p. 198]. As previously indicated, this manuscript does not belong to the 
“official” lost notebook of Ramanujan, but instead is among the eight partial 
manuscripts in G.N. Watson’s handwriting that were found in the Oxford 
University library and that were published along with the lost notebook; 
the original version for these two pages is in the library at Trinity College, 
Cambridge. Pages 221 and 222 provide a list of theorems, with no discourse, on 
integrals that are found in Ramanujan’s two papers [256, 258], [267, pp. 59-67] 
and [194-199]; see also [247]. Indeed, most of the theorems can be found in 
these two papers, especially [258]. Since Ramanujan did not give many details 
in these two papers, we shall provide proofs for each claim, whether it is found 
in these two papers or not. 

The objective in the two papers cited above and in the two page fragment 
is the study of the functions 


© cos(mtx) rwr? 
w(t): | ETT Cow? dy, 14.1.1 
bult) I cosh(ma) ” ( ) 
= sin(mtz) | ane? 
we) a= MUE 0 14.1.2 
Palt) f sinh(rr) - E ( ) 
It is clear from the definitions (14.1.1) and (14.1.2) that, respectively, 


Pult) = dw(—t) and y(t) = —dw(—t). (14.1.3) 


Page 198 of [269] is an isolated page that is actually part of the original 
lost notebook, and its contents are related to pages 221-222. On this page, 


G.E. Andrews and B.C. Berndt, Ramanujan’s Lost Notebook: 307 
Part IV, DOI 10.1007/978-1-4614-4081-9_14, 
© Springer Science+Business Media New York 2013 


308 14 Integral Analogues of Theta Functions and Gauss Sums 
Ramanujan records theorems, much in the spirit of those for ¢,,(t) and y,,(t), 


for the function 
0O a? t 
F,(t) := | sinfni) ms" dg, 
9 tanh(rz) 


The theorems on page 198 are new and were first proved in a paper by Berndt 
and P. Xu [69]. 

The functions w(t), Ww(t), and F,,(t) examined in this chapter and 
(for the former two functions) in [256, 258], [267, pp. 59-67, 202-207] can 
be regarded as continuous analogues of theta functions, because they each 
possess a transformation formula like that for the classical theta functions. 
For example, recall that the classical theta function 


oo 
5 gr, Im? > 0, 


n=—Cco 


satisfies the transformation formula [306, p. 22] 


(—1/r) = V7/i 03(r) (14.1.4) 


On the other hand, because of the appearance of certain sums, which are 
reminiscent of Gauss sums, in the quasiperiodic relations, for example, in 
Entries 14.4.2 and 14.4.3, where the quasiperiods are 27 and 2w, respectively, 
Ramanujan perhaps preferred the analogy with Gauss sums. Recall that the 
generalized Gauss sum S(a, b,c), where a, b, and c are integers with ac Æ 0, 
is defined by 


Je|-1 


S(a, b, c) SA erilan? +bn)/c 


These sums satisfy a reciprocity theorem; namely, if ac + b is even, then 
[54, p. 13] 


S(a, b,c) = s/lefale™teened-B/lac)}/4 Se, —b, a). 


Note that on comparing the two sides of this identity, the roles of a and c 
are reversed. Moreover, \/|c/a] takes the place of \/7 in (14.1.4) or yw in the 
transformation formulas for w(t), Ww(t), and Fy(t). 

Because these functions possess quasiperiods 2i and 2w, they can also 
be regarded as analogues of elliptic functions. For example, the Weierstrass 
o-function is defined by 


z zZ z? 
o(2) = olz; w) = 2 [I (1-=)exp(=-55), 
w#0 


where w = mw +nw2, —œ0 < m,n < co, and Im w2/w1 > 0. Set w3 = w1 +w2 
and n; = ¢(w;/2), j = 1,2,3, where C(t) denotes the Weierstrass ¢-function. 
Then the Weierstrass o-function obeys the quasiperiodic relations [88, p. 52] 
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a(z +wj) = —o(z)e™ Cto, j= 1,2,3. 


Interesting analogues of the integrals studied by Ramanujan in [256] 
and [258] that involve Bessel functions have been derived by N.S. Koshliakov 
[192]. Those taking the qualifying examination in mathematics at Harvard 
University in fall 1998, day 2, were asked to evaluate a special case of ¢,,(t). 


14.2 Values of Useful Integrals 
Throughout our proofs, we appeal to several integral evaluations, all of which 


can be found in the Tables of I.S. Gradshteyn and I.M. Ryzhik [126]. First [126, 
p. 515, formulas 3.898, nos. 1, 2], for Re 8 > 0, 


T eP? sin(ax) sin(bar)de = oe {en (e708) — geanta , 
0 4) 6 


(14.2.1) 
f TaT aaan farea x en HH 1C48)} l 
0 4V 6 
(14.2.2) 
Second [126, p. 400, formula 3.546, no. 2], for Re 8 > 0, 
f e7? cosh(ax)dx = TPT ga? /(48), (14.2.3) 
0 2\ 6 


Third [126, p. 536, formula 3.981, no. 1], for Re 8 > 0 anda > 0, 


© sinfaz) , T an 
| ange 35 tanh (5) : (14.2.4) 


Fourth [126, p. 552, formula 4.133, no. 1], for Rey > 0, 


[ e~@ /(47) sin(ax) sinh(3a2)dx = Jaen 2") sin(2a87). (14.2.5) 
0 


14.3 The Claims in the Manuscript 


We now examine in order the claims made by Ramanujan on pages 221 
and 222. 


Entry 14.3.1 (p. 221). For w > 0, 


bult) = Fae Gaju lit/u) (14.3.1) 
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Proof. Using (13.2.21), inverting the order of integration, employing (14.2.2), 
and simplifying, we find that 


(2 
sult) =2 f [ anes) y cos(mtarje "dada 


“cosh(7z) (rz) 


= 2 fo saan | cos(27%z) cos(mtx)e dx 


2 ~ 1 1/1 (2n2z—nt)? Cau 
= — a u 4nw Tw 
i cosh(7z) 4 V w e Te 
zgeen f * cosh(rzt/w) -na?o gy 
w 0 cosh(7z) 


(14.3.2) 


which is equivalent to (14.3.1). 


A different proof of Entry 14.3.1 has been given by Y. Lee [210]. 


Entry 14.3.2 (p. 221). We have 
e7 Etu)? w) (t+ w) = et / (4) G + vw (t )). (14.3.3) 
Proof. First observe from (14.2.3) that 


ae 1 
| cosh(rta/w)e7*™® (“dx = 5 Viet Aw) (14.3.4) 
0 


and from (14.2.4) that 


°° sin(27az) 1 
= -tanh ; 14.3. 
i kG) dz 5 tan (72x) (14.3.5) 


Thus, using (14.3.2), (14.3.4), and (14.3.5), we find that 
bw(t + w) 


_ =e -r(t+w)?/ (4w) (14.3.6) 
Jw 


cosh(ata/w) cosh(7x) + sinh(zta/w) sinh(72x) 
he cosh(7z) 


= ae e77 (t+w)? /(4w) f5 vwert aw 


w 
(2 
f m A a 2 sinh(rte/wje™™ ae ae}. 


‘sinh(az) 


2 
ent /® dy 


Now, by (14.2.5), 
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(2 
2 fo m pa me mhay PPte/w)e™ de de 


sinh(rz) (rz) 


= 2 | aan | sin(2rxz) sinh(rta/w)e~*® / da 
0 0 


sinh(mz 


=? nt */(4v) ¢ —nz"w t 
f a 5 Vv we sin(mtz)dz 


= wett /(4w) [ ae) e777 wy 


o sinh(rz) 
2 
= Joe pat). 


If we use this last calculation in (14.3.6) and manipulate slightly, we complete 
the proof of (14.3.3). 


Entry 14.3.3 (p. 221). We have 


! + w(t +i) = oo {5 ae (= +i}. (14.3.7) 


W 


Proof. Rewrite (14.3.3) as 


; + y(t) = e*t by e+). (14.3.8) 


Thus, using (14.3.8), (14.3.1), (14.1.3), and (14.3.3) with w replaced by 1/w, 
we find that 


1 
5 t du(t +4) ee 


A 2 . . 
= = je"t/2+rw/4 l a eres) 14) ha lilt +i+w)/w) 


= Leon (P 1 2itt zi) /(A0) h, y, (-= ps =) 
w w w 


i PEPIS ve 1 it 
= — —142it+2iw)/(dw) -—1(—it/w—t)/2—n/(4w) {3 J Pijw (-= _ i)} 


Í or? it; 
a l Pijw (= +t ) 


where in the last step we used (14.1.3). Hence, (14.3.7) has been established. 


Entry 14.3.4 (p. 221). We have the evaluations 


uli) = == (14.3.9) 


Puli) = (14.3.10) 
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dulu) = ems, (14.3.11) 
5 — pulu) = 77/460). (14.3.12) 


and from the definition (14.1.2), 


palsi f edee 5 
w(t) =i e T= : 
0 2./w 
Next, by the functional equation (14.3.1), 
1 1 
wlw) = Fae hC = so 


upon the use of (14.3.9). Lastly, by (14.3.3) with t = —w and by (14.1.3), 


ero LE tulu) } = orl S pal) = dul), 


and so the final assertion (14.3.12) of our entry has been proved. 


Entry 14.3.5 (p. 221). We have 


ulw +i) = (ss F 5) cor, (14.3.13) 
dw(w +i) = st Oo (14.3.14) 
1 1 1 
Pw (3e) + Yw (3e) E. (14.3.15) 


Proof. Using (14.3.3), (14.1.3), and (14.3.10) and then simplifying, we find 
that 


> _ „-r(ti+w)?/(4w)-7/(4w) J 1 anl p-mwafet, 1 
ow(wi) =e {5+ ¥o(t)} e { a oa j 


which completes the proof of (14.3.13). 
Appealing to (14.3.7) with t = +w and using (14.1.3), we find that 


; oy(w+t) = ae {3 = Wi /w (tit i}. (14.3.16) 
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We need to distinguish two cases in (14.3.16). First, 


°° sinh(272) 


-rz /wg 
sinh(rz) e 5 


rate =i f 
0 
= zi | cosh(ma)e~™® / Vdr = ivVwe™/4, (14.3.17) 
0 
by (14.2.3). Using the calculation from (14.3.17) in (14.3.16) and simplifying, 
we find that 
4 —rw/4 1 
QJ ty 
as claimed in (14.3.14). Second, we observe that trivially %1 /w(0) = 0, and so 
in the second case, (14.3.16) reduces to 


Pulw +i) = 


jak 


ane i -rw/4 1 
Pulw — i) a r 


which immediately gives the other evaluation in (14.3.14). Third, return 
to (14.3.3) and set t = — 4w to deduce that 


1 1 1 
a7 Vw (5«) = bw (5~) ) 


which is what we wanted to prove. 


Entry 14.3.6 (p. 221). We have 


E EE e = n (14.3.18) 
Pult +i) — dw (t Eo e (14.3.19) 


Proof. Using the definition (14.1.1), elementary trigonometric identities, 
and (14.2.2), we find that 


co 5 1 I 
pult +i) + pult- i) = 2 | cos(rtz)e 7” dx = —— e77" / 0w), 
) l ) 0 ( Jw 


as claimed in (14.3.18). 
Next, employing (14.1.2), further elementary trigonometric identities, 
and (14.2.2) once again, we see that 


pa 2 a 2 
Pult +i) — pult — i) = 2i f cos(ntz)e TY? dr = ——e77" /(4), 
0 vw 


which is (14.3.19). 
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Entry 14.3.7 (p. 221). We have 
emit)? /(Aw) gy (t+ w) + eM e—w)?/40) g(t — w) = eT / 4w), (14.3.20) 


Proof. Employing the identity (14.3.3) and the oddness of (t) noted in 
(14.1.3), we readily find that 


em (t+w)?/(4u) g(t + w) + em t-¥)"/4) 4. (t w) 
_ emt? /(4w) {5 4 vol} a ont? /(4w) E J vo(-0)} = emt? /(4w) 


which is identical to (14.3.20). 


Entry 14.3.8 (p. 221). We have 


e7(t+w)?/(4w) {3 — Dw (t+ w)} = et (tw)? /(4w) {5 + Pw (t — w)} ; 
(14.3.21) 


Proof. Appealing to (14.3.3) and then using (14.1.3), we find that 


2 1 
erinan ST 4 put) } = error 6 (64 w) 


z eT +w)? / (w) (4 — w). (14.3.22) 
Replacing t by —t — w above and using (14.1.3), we arrive at 
em (t+w)?/(4w) 15 — dy (t+ w)} = eT /(4) g(t). 
Replacing t by t — w in (14.3.22) and using (14.1.3), we deduce that 
erate) {5 + Vult- w)} s /40) 4, (2). 


The identity (14.3.21) is now an immediate consequence of the last two 
identities. 


Entry 14.3.9 (p. 221). [fn is any positive integer, then 


n—1 


1 ian 
bw (t) a (1) ti pu(t I 2ni) = Ja Septet een ee), (14.3.23) 
k=0 


Proof. We employ (14.3.18) with t successively replaced by t+7,t+3i,...,t+ 
(2n — 1)i to deduce the array 
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1 s 
w(t-+ 2i) + by (t) = — e77? / Aw) 
Pult + 2i) + u(t) Ta ' 
1 
w(t + 4i) + u(t + 2i) = aa =a (t+3i)? /(4w) 
pult + 2ni) + dalt + (Qn — Ji) = Lett 2n—1))? (Aw), 
Ju 


Alternately adding and subtracting the identities above, we immediately 
deduce (14.3.23). 


Entry 14.3.10 (p. 221). If n is any positive integer, 


n-1 
Dw (t) — Pult + 2ni) = -= Y eA MEF AHH) (14.3.24) 


a 
vw k=0 
Proof. We employ (14.3.19) with t successively replaced by t+7,t+3i,...,t+ 
(2n — 1)i, and so record the identities 


i 


Pult + 2i) — bult) = Fae M14"), 


ent (t+3i)?/(4w) 


al al 


Pult + 4i) — dy (t + 2i) = 


3 


dw (t + 2ni) — pult + (Qn — 2i) = — e77 @n—1)i)?/(4w) 
Jw 


Adding the identities above, we deduce (14.3.24) forthwith. 


Entry 14.3.11 (p. 221). For any positive integer n, 


emt Cw g(t) 4 (—1) H eT ee Ge (t + 2nw) 
n—1 
=} (-1)Fer Hk+) w)? / (4w), (14.3.25) 


k=0 
Proof. We return to (14.3.20) and successively replace t by t+w, t+3w,..., t+ 
(2n — 1)w to deduce the n equations 


eT t+2w)?/ (4w) o, (t+ 2w) + eT (Aw) g (t) = em (tw)? /(4w) 


em (t+4w)?/(40) b(t + 4w) + em (tt ow)? /(aw) g(t +2w) = em (t+3w)?/(4w) 


em(etanw)?/(4w) g(t 4 2nw) of em (t+(2n—2)w)?/(4w) g (t + (2n = 2)w) 
= et (t+ (2n—1)w)?/(4w) 
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If we now alternately add and subtract the identities above, we readily deduce 
(14.3.25). 


Entry 14.3.12 (p. 221). For any positive integer n, 


1 
emt? / (4w) 3 + Yw w} + Ca H a (4w) 13 + du (t+ 2nu)} 
= N (1) tere +2kw)?/ (4w), (14.3.26) 
k=1 


Proof. We apply (14.3.21) with t successively replaced by t+w,t+3w,...,t+ 
(2n — 1)w in order to derive the set of equations 


et (t+2w)? /(4w) {3 = W(t 4 2w)} = ert? /(4w) {5 +4 Wy w} ; 


em (tt+4w)? /(4w) {3 E volt + Aw) = = et (t+2w)? /(4w) £ + uhu(t-+2u) 


en(t+-2nu)®/ (4) E - Put + 2nu)} 


= et (t+(2n—2)w)? /(4w) 3 w(t (2n 2)u)} i 


We now alternately add and subtract these identities to achieve (14.3.26). 


Entry 14.3.13 (p. 222). Let m and n denote any positive integers and set 
s =t +2mw + 2ni. Then 


bu (s) FENE a) 


m—1 
ents’ / (4w) DIS j: en (s— (2k+1)w)? /(4w) 
k=0 
(—1) (m+) +1) e- inm( (s+t) jke -n (tŁ(2k+1)i)?/ (4w) 
D a ’ Oe, 14.3.27 
cue Se ats. 


Proof. We first observe that an analogue to Entry 14.3.9 can be obtained by 
beginning the proof with the relation 


w(t) + bw(t — 2%) = gge, 


Proceeding as before, we can then deduce that 


bu (t) + (—1)"*1¢,,(¢ — 2ni) = TE yee T- (2k+1)i)?/(4w), (14.3.28) 
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We apply Entry 14.3.11 with n replaced by m, where m is a positive 
integer, and then with t replaced by t + 2ni, where n is a positive integer. 
After rearranging and using the definition of s, we find that 


bw (s) 4 ie ea (t 4 2ni) 
= bw(s) a (—1)"tte ms? /(dw) +m (tani)? /(4w) h (t + 2ni) 


— (—1)mtle77s*/ (4w) Sol 1) 1 er ( (t+ 2Qni+(2j—1)w)?/(4w) 
j=l 


m—1 


= eos’ /(4w) 5 (—1) e"s- Cr+1)w)?/ (4w) (14.3.29) 


r=0 
where we changed the index of summation by setting j = m — r. 
Next, we apply Entry 14.3.9 and its analogue (14.3.28) to see that 


(-1)"*14,, (t + 2ni) + dy(t) = DE jk e7 TCE(2k+1)i)? / (4w) 


Upon multiplying both sides by 
(<1) (m+ emam (H) 


we find that 


(= eter e — AGRI (t+2ni)+(-1 Heres iam (stt) h (t (t) 


(—1)(m+1)(nt1) e—zrm(o+4) S jie 
= e 
vw k=0 


We now add (14.3.29) and (14.3.30) and observe, with the aid of the definition 
of s, that the coefficient of w(t + 2ni) is equal to 


~ 


t+(2k+1)i)?/ (4w) (14.3.30) 


2 


1 
(2 ee wy (eerie anes —0. (14.3.31) 


We thus immediately obtain (14.3.27) to complete the proof. 


Entry 14.3.14 (p. 222). Let m and n denote positive integers. Then, if 
s = 2mw + 2ni, 


1 -Lam(s 1 
TOE HEAO] 
Z e779 / (4w) 51 )- 1 om (s—2jw)* /(4w) 

g=1 


ee as | n—1 


1 
helmet —Lam(s+t) —n(t4(2j+1)i)? /(4w) 
x 3 > è j . (14.3.32) 
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Proof. If we examine the proof of Entry 14.3.10, we see that we can obtain 
an analogue of (14.3.24), just as we previously obtained (14.3.28), except that 
now the right-hand side is multiplied by —1. Hence, 


. n—-l 
a ; ;)2 
Pult) — Pult + 2ni) = F= X eT EID (4w), (14.3.33) 
Ww = 


We apply Entry 14.3.12 with n replaced by m, and then with t replaced 
by t + 2ni. Next multiply both sides by (—1)™+1e77* /@). Setting also j = 
m + 1 — r below, we find that 


1 +2ni f 1 ; 
3 =+ Vw (s) = (—1)™+1 gm ltE2ni)?/(4w)—=rs?/(4w) 13 F Pw (t ae 2ni) 


z (—1)™ +1 797 /(4u) Sly eee) 
j=l 
= e775 /(4w) Y en eee 
r=1 


a ets’ /(4w) S Gira 
r=2 


Rearranging, we deduce that 


; = dw (s) _ (—1) 7H er (tt2ns)?/(4u)—ns? /(Aw) {5 + Ww (t se 2ni) } 
= ents /(4w) Sy err ee (14.3.34) 
r=2 


Observe that with the definition of s, 


(—1)™+1 g(t ans)? /(4w)—rs?/(4w) — (—1)m tle rmstrm w, (14.3.35) 


We also observe that if r = m + 1, the corresponding expression (including 
e~™’/(4”)) on the right-hand side of (14.3.34) is also equal to the right-hand 
side of (14.3.35). We add this expression to both sides of (14.3.34) and replace 
r by r +1, so that we can rewrite (14.3.34) in the form 


l a Puls) JE (=1) tle rms+rm"w {5 a Pult aE 2ni) 


= eo ts /(4w) Sepa (14.3.36) 
r=1 


Multiply both sides of (14.3.33) by 
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_(-1ymntintle-zam(stt) 


to deduce that 


(—1ymntint e= jml) ({5 = bul} - {5 ee 2ni} 


(eres 0 Se CHIHI? / Aw), ( ) 
=e e jrm s mA JESE w 14.3.37 
vw = 


We now add (14.3.36) and (14.3.37). Observe that, with the definition of s, 
the coefficient of 4 — Yw (t + 2ni) equals 


(—1)™+1e—tmstamm?w _ (—1)mntmtig= g7m(ot2) = 0, 


by the same calculation as in (14.3.31). We thus immediately deduce (14.3.32) 
to complete the proof. 


Entry 14.3.15 (p. 222). Let t = mw + ni, where m and n are positive 
integers. If m is odd and n is odd, or if m is even and n is odd, or if m is 
odd and n is even, then 


m-—1 
bwlt) — 1 p-r? / (4w) 2 (—1) eT Œ- CI+ )w)?/ (4w) 
2 7 


n—1 


y eT (ŒF(2j+1)i)?/(4w) 14.3.38 
tza . (14.3.38) 


Proof. In Entry 14.3.13, replace t by —t and then set s = t. Thus, t has the 
form stated in the present entry. In all three cases, (14.3.27) readily reduces 
o (14.3.38). 


Entry 14.3.16 (p. 222). Let t = mw + ni, where m and n are positive 
integers. If m is odd and n is odd, or if m is even and n is odd, or if m is 
even and n is even, then 


Ww (t ) — ett 27( 4w) oe )i- ib eT. (t— 2jw)? / (4w) 
P m(tF(2j+1)i)? / (4w) 14.3.39 
oa E e ! (14.3.39) 


Proof. The proof is similar to the previous proof. In Entry 14.3.14, replace t 
by —t and then set s = t. In all three cases, (14.3.32) simplifies to (14.3.39). 
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We quote Ramanujan for the last claim on page 222 of [269]. If t = mwni, 
then 


pult) = en atm {3 (= + a) sin brm?. (14.3.40) 
w 


Evidently, the presence of the question mark indicates that Ramanujan was 
unsure of his claim and that further terms (possibly unknown to Ramanujan) 
were needed to complete the identity. As (14.3.40) is presently stated, it is 
not true in general. For example, if m = 2 and n = 1, (14.3.40) is false. 


14.4 Page 198 


Page 198 in the lost notebook is devoted to properties of the function 


_ [© sin(rtr) rwr? 
F(t) =j ca dx. (14.4.1) 


The formulas claimed by Ramanujan on page 198 are difficult to read, partly 
because the original page was perhaps a thin, colored piece of paper, for 
example, a piece of parchment paper, that was difficult to photocopy. 

It is clear from the definition (14.4.1) that 


F(t) = —Fy(-t). (14.4.2) 
Entry 14.4.1 (p. 198). We have 


F,(t) = “Fae (4) Fr 1, (it/w). (14.4.3) 


w 


Proof. Write 


F(t) = J Lu E e Tue dy 
0 sinh(7a) 
f sme) cos(i7x) en Twn” dr 
ô sinh(72) 
o1 T sin(t + i)ng + sin(t — i)rx 
2 Jo sinh(rx) 


2 
e T™? dx 


= 5 (u(t +i) + w(t —i)}, (14.4.4) 


by (14.1.2). Recall from (14.3.7) that 


; F pult + i) = ae MAW) f5- tu (= +i). (14.4.5) 


w w 
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Since w(t) is odd, we find from (14.4.5) that 


i hpu (ti) = —5 Yul ti) = -e erën fa aai (2+). 
(14.4.6) 


Hence, from (14.4.4)—(14.4.6), 


m=- 13 eee ee stunt a} 


ett" / (4w) at = Yijw (= + i)} 

w 
PENET 
seen ( Daw (= i) bua ( “+1)) 
j aiaa it it 
= ae" ea Cz (= lr i) Pijw (= i)) 


tr? /(4w) pat 
=e 1/w(tt/w), 


ee 
a“ ™~ 
als 


by (14.4.4), and this completes the proof. 


Entry 14.4.2 (p. 198). [fn is any positive integer, then 
F(t) — Fy(t + 2ni) = ye merase / (4w) (14.4.7) 


where the prime! on the summation sign indicates that the terms with j = 0, n 
are to be multiplied by z, 


Proof. Recall from (14.4.4) that 


Fult) = Hult +i) + vult- a} (14.4.8) 
and so 


Fo (t) — Fo (t + 2ni) 


= {ult +i) — bult + (2n + DÒ} + Zult = i) — bult + (2n = 1}, 
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Applying Entry 14.3.10 on the right side above, we see that 


F(t) — Fu (t + 2ni) 


. n—-l . n—l 
aah ar Serera an E perean 
2 


ve vw 


o ni 
1 -A2 
2 5 =a (t+2ji)" / (4w) 
= -—-—— e i 
A W j=0 


This concludes the proof. 


Entry 14.4.3 (p. 198). [fn is a positive integer, then 


F,,(t) — e™ +") P (t + Inw) = —e— mt /(4w) y eM (e+ 2iw)? /(Aw) (14.4.9) 
j=0 


where the prime on the summation sign has the same meaning as in Entry 
14.4.2. 


Proof. Replacing t by t+7 and t— i in Entry 14.3.8, we deduce, respectively, 
that 


em(ttitw)?/(4w)ay, (t +i+w)+ em(tti-w)?/(4w) 4), (t{+i—w) 


= l (e _ gnerien (14.4.10) 


and 


eT (t—ttw)?/(Aw) a) (t i+ w) d; eT (t—t—w)?/(Aw) a) (t Sg n w) 

_ ; (eee _ ene ee) , (14.4.11) 
Now observe that e47#(t+~)/(4w) — etri(t-w)/(4w), We multiply e™(¢-#+)?/(4w) 
in its two appearances in (14.4.11) by e47(!+~)/(4”), and we multiply 
em(t-i-w)*/(4’) in its two appearances in (14.4.11) by e47i@t-w)/(4w), Thus, 
(14.4.11) can be recast in the form 


em(t+itw)?/(4w) ah, (t ee w) i em(tti-w)?/(4w) yp, (t a w) 
1 
l (N (4u) _ grltti—=w)?/ a] ; (14.4.12) 


Using (14.4.8), (14.4.10), and (14.4.12), we find that 
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em(etitw)?/(4w) mm (t4 w) + eTo?) mr (t w) 
= ; {ertett (t+ i+w) + OEHHA, CE i + w) 
fem ttinw)?/4w) yy (f+ 6 w) 4 eH AM) y(t — 5 — w)} 


_ ; (coon _ eer ei) (14.4.13) 


We now apply (14.4.13) with t successively replaced by t+ w, t+3u, ..., 
t+ (2n — 1)w to deduce the n equations 


en (t+it+2w)?/(4w) p (t +4 2w) + et (t+i)?/(4w) p, (t) 


1 
=5 (een: _ ee) 


en (t+it4w)?/(4w) p (t 4 4w) an eT (ttit2w)?/(4w) p (t $ 2w) 


1 (PRA AURR 
5 ti 


—e 


eT (t+i+2nw)?/(4w) p (t + 2nw) + eT (t+i+(2n—2)w)?/(4w) Fe (t+ (2n — 2)w) 


= 1 (ae o p ER , 
2 


Alternately adding and subtracting the identities above, we conclude that 


n 


= 


j=0 


em (t+4)*/(4w) F(t) + (—1) HeT E+tit2nw)?/ (Aw) m (t + 2nw) 


l (=1 tter (e+it2iw)?/(4w), 


that is to say, 


F, (t) _ emntinw) pe (t +4 2nw) = ett? /(4w) y em t2jw)? /(4w) 
j=0 


which completes our proof. 


Entry 14.4.4 (p. 198). Let s = t+ 2ņmw + 2ngni, where n? = nf = 1, and 
where m and n are positive integers. Then 


Fo (5) + (—1)mn—1e-armm(s+0) F (4) = met /(4w) y et (s—2imw)? /(4w) 
j=0 


} 1 4 = i 17, 
+m(-1)"" Tae amm G golit A, (14.4.14) 
j=0 
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where the primes on the summation signs have the same meaning as in the 
two previous entries. 


Proof. If we examine the proof of Entry 14.4.3, we see that we can similarly 
obtain an expression for F,,(t) — e~7"-"™) F(t — 2nw), but with the right- 
hand side multiplied by —1 and the exponents j in the summands being 
replaced by —j. Thus, we shall apply Entry 14.4.3 and its just described 
analogue with n replaced by m and t replaced by t + 272nt. Note that the 
right-hand side will be multiplied by nı, and so we obtain 


Fult + Qnoni)—e™ Met 2nanitnimw) Fr (t + 2noni + 2n1mw) 


m 
= —nye~ Tt 2nani)? /(Aw) >. em (t+2nanit2m jw)? /(4w). 


j=0 
Using the definition of s, we can reformulate the foregoing equality as 
Fo (t + 2ni) — emm =mmw) F (s) 


ent (s—2n mw)? /(4w) y et (8-2 mw+2m jw)? /(4w) 


== 
g=0 

= <p e778 2m mw)? / (4w) a et (s—2m jw)? /(4w) | (14.4.15) 
j=0 


If we examine the proof of Entry 14.4.2, we see that we can obtain an 
analogue for F(t) — Fy (t—2ni) with the right-hand side now being multiplied 
by —1 and with the summand exponents j replaced by —7. Then if we apply 
Entry 14.4.2 and its analogue that we just described above to Fu (t+2n2nt), we 
must multiply the right-hand side by 72. Hence, using (14.4.7), its analogue, 
and (14.4.15), we find that 


F, (jase me) F, (s) 


= ~m e773 -2mmw)?/(4w) y eT(s-2mjw)?/(4w 


j=0 


t+2n2ji)? /(4w)_ 


g n! 
lom- —r( 
ye 


Upon multiplying both sides above by e7~™™(—™™) and simplifying, we 
find that 
Fea(s) + (1) te BMH) Fy (6) = me T/A) SY ea 
j=0 
a ji) a e- 3Tmm(s+t) pD em (t+2na ji)? /(4w) 


Vw 


j=0 
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where we used the fact that 


1 
(1yrte~ alee = eT FmM(s—jimw) 


This completes our proof. 


14.5 Examples 


If we set s = t in Entry 14.4.4, it follows that w = —(n2ni)/(mm). If we 
further suppose that both m and n are odd, then (14.4.14) reduces to the 
identity 


mt 
ie e a ey ene ew) 
j=0 
. n! 
a -rmt =r (t+2n2ji)? / (4w) 
=m me h 5 6 ; 


In the identity above, first let ņ = 1,72 = —1 and multiply both sides by 
e™, Second, let m = —1,72 = 1 and multiply both sides by e~™*. Replace t 
by 2t/r in each identity. We then respectively obtain the two identities 


œ gin(2 Tng? . 
2cosh(me) | sin( ta) ~ m “dx 


o tanh(rz) 


Ann . 


Z sem getn 2)t mip e™ 4)t+ T thee Zermetamns 
F mt? n\, 2 t? nm r|. 
Epe eea] 
n |2 
t? ELLAN E 
dep as eae wal (14.5.1) 
and 
© sin(2tr) _ ane? , 
2cosh(mt) | fants m ‘dd 
— -em — el m)t+ ri — el mit l mt+rmni 
Epea a] 
n 


foot ge met |(a-m*) ead. (14.5.2) 
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Next add (14.5.1) and (14.5.2), divide both sides by 2, and equate the real 
and imaginary parts on both sides to obtain the two identities 
°° sin(2ta) mnr? 


2 cosh(mt 3 d 
cos (mi) | S cos —— dg 


1 4 
= sinh{mt} + sinh{(m — 2)t} cos = + sinh{(m — 4)t} cos a 


1 
ief 5 sinh{—mt} cos(amn) 
[m {1 P 2 
= sinh{—mt} cos m+72)4sinnd(=-1) mt 
n |2 Tn 4 n 
‘ t? 1 TM T 
cos -2 z 7 


+t 5 sint{nt}cos ( (2 n?) Ua z) (14.5.3) 


+ 


and 


CO: a 2 
- 2eosh(me) | Saai) sin“ dr 
o tanh(rz) m 


4 
= sinh{(m — 2)t} sin — + sinh{(m — 4)t} sin 22 
m m 


Jeps sinh{—mt} sin(rmn) 


1 
t3 
H yz{ AA mysia (ZE +2) sinh { (2-1) me} 
n| 2 Tn 4 n 
THE 1) AS z) 
r n 4 


1. i eP 2) IM T 
+t 5 sint {ime} sin ( (2 n?) z eT) (14.5.4) 


Using (14.5.3) and (14.5.4), we can evaluate several definite integrals. 
For example, if we set m = n = 1 in (14.5.3) and (14.5.4), we find that, 
respectively, 


© sin(2tr) 2 sinh Ê r 
SA = 1 
f tanh(rz) aa 2 cosh t six 


ou: : #2 
i sin(2tzx) sin(rx?)dz = sinh t i ( $ z) l 
0 TT 


and 


tanh(72) 2cosht > 4 


These evaluations can be found in [126, p. 542, formulas 3.991, nos. 1, 2], 
respectively. No further cases of (14.5.3) and (14.5.4) can be found in [126]. 


14.6 One Further Integral 


14.6 One Further Integral 


There is one further integral, namely, 


ee ee eee 
Gull) = coth(ma) om 


that can be placed in the theory of ¢,,(t¢), W(t), and Fy, (t). Note that 


°° sin(rta) sinh(72) rwr? 
ab = TWT d 
Gu (t) f cosh(72) i 
_ -i f sin(rtz) sin(im) rws? gy 
0 cosh(72) 

i T cos{rge(t + i)}— cos{ra(t —7)} rwr? 

= e dx 
2 Jo cosh(72) 


= ${dult +1) ~ bult i}, (14.6.1) 


by (14.1.1). The formula (14.6.1) should be compared with (14.3.18). 


15 


Functional Equations for Products of Mellin 
Transforms 


15.1 Introduction 


Pages 223-227 in [269] form a third manuscript originally written by 
Ramanujan but in the handwriting of G.N. Watson. These five pages are 
devoted to finding solutions to a certain functional equation for products of 
Mellin transforms. At the beginning of the manuscript, sufficient details are 
provided, but in the latter portions of the manuscript fewer details are given, 
especially for a lengthy series of examples illustrating one of Ramanujan’s 
theorems. As did Ramanujan, we shall proceed formally. Hypotheses from the 
theory of Mellin transforms can be added to ensure validity of the processes. 
The manuscript is divided into three sections. We follow Ramanujan’s devel- 
opment throughout, although, as we shall see, the organization in this rough 
manuscript is not optimal. Because the manuscript comprises continuous dis- 
course, we have refrained from setting aside claims and using the designation 
“Entry” in this chapter. 


15.2 Statement of the Main Problem 
Let 

Xı(s) := [ a®yi(x)de and Xoe(s):= i. a®—*yo(x)dx. (15.2.1) 
The functions xı and x2 are to be chosen so that the functional equation 


X1(s)Xe(1 — 5) =»? (15.2.2) 


holds, where A is independent of s. 
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Ramanujan then claims that the functional equations 


| * $end ae = 0), 


se (15.2.3) 
f tb()x2(nex)de = Apn) 


imply each other. This claim is best established after further theory is 
developed. 
From (15.2.1), 


Setting x = y? in (15.2.4), we find that 
xQ=2f adaw and Xa) =2 adu. (15.25) 
0 0 


Since by (15.2.2), X1($)X2($) =A, we conclude from (15.2.5) that 


[ xau f x2(y°)dy = o (15.2.6) 


Suppose now that xı (x) and x2(x) are replaced by a1 x1 (cx) and a2x2(cx), 
respectively, where a1, a2, and c are constants. Then, if ce = t and j = 1,2, 


yaos] ways (er)de = aye | tly; (t)dt. 
0 


It then follows from (15.2.2) that 


a a2 


Xi(s)Xo(1 — s) =anage*e +4? = Mi (15.2.7) 


c 


Hence, the aforementioned substitutions imply that in (15.2.2), A must be 
replaced by \/aia2/cA, or if we set A* = /aiaz/cd, then, from (15.2.2), 


X1(s)Xo(1—s) = *?. 


Now let 


Then, by (15.2.3), 
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1 loc) = [0.6] 
Z(s)=5 f de f yula 
0 0 
1 [oe) Co get 
= xf vody | a *x9(ay)da 
A 0 0 


1 Co co 
=~ ~Su(y)d tl y2(t)dt 
xf ready [era 


= 521 — s)X2(s). (15.2.9) 
Hence, by (15.2.2), 
Zı(s) — Xə(s) AÀ 


za a E (15.2.10) 


We assume throughout the sequel that a given pair of functions F(s) and 
f(x) are related by Mellin transforms, that is to say, 


oo c+ioo 
F(s) =} x°! f(x)dx and f(x) = : Í F(s)a “ds. 


0 271 —100 


(15.2.11) 


We now justify Ramanujan’s claim that the two equations in (15.2.3) im- 
ply each other. In fact, we prove that Eqs. (15.2.2) and (15.2.10) imply both 
equations in (15.2.3), so that in this sense they are equivalent. We prove the 
first equation in (15.2.3); the proof of the second is analogous. To that end, 
by (15.2.8), (15.2.11), (15.2.10), (15.2.2), (15.2.1), (15.2.11), and (15.2.8), 


II 


y(n) ioe f — Z2(s)n~*ds 
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A fS Tl) 


~ 2i c—ioo No(s) sa 
1 c+ioo 

=e Zı(l — s)X “Sd 
1 c+too 


_ =s s—1 
Brin Ia Zi(1—s)n as f xu" x1 (a)da 


1 o0 1 ctioo 4 
=~ x1 (nt) dt — Z\(1 — s)t® “ds 
A 0 2 È 


=3 f aOd, 


which is what we wanted to prove. 
Ramanujan next completes Sect. 15.2 with several examples. 
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Example 15.2.1. If 


or (15.2.12) 


then 


A2 = <n. (15.2.13) 


To establish the first part of Example 15.2.1, recall that for Res > 0 [126, 
p. 458, formula 3.761, no. 9], 


i x°! cosa dx = I (s) cos (=) i 
0 2 


Hence, 


X1(s)Xo(1 — s) = T (s) cos (=) Fase (>) 


T (= ) f ( TS ) T 
= cos sin = 
sin(7s) 2 2 2’ 


where we employed the reflection formula for the gamma function. 
For the second part of Example 15.2.1, recall that for Re s > 0 [126, p. 458, 
formula 3.761, no. 4], 


Hence, 


X1(s)Xo(1 — s) = Ps) sin (=) I(1—s)sin (==) 


2 
T j (=) cos (=) T 
= in =. 
sin(7s) 2 2 2 
Example 15.2.2. If 

X1(@) = x2(x) = I(x) V2, (15.2.14) 
where J, denotes the ordinary Bessel function of order v and Rev > —1, then 
A=1. (15.2.15) 


To establish (15.2.15), recall that for — Re v — 3 < Res < 1 [126, p. 707, 
formula 6.561, no. 14], 


oo Tr(iv+łs+:Ł1 
f Ends = ge 1/2 lay tasta) 
0 T(5v = 35 =F +) 
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Hence, 

T(i4yp+eist 1,154 3 

Xa(s)Xo(1 — s) = are Gr tzeta) 2° a) o—s1/2 2 (3Y gota) =1. 

I($v — $8 + 4) ($v +$s+ 4) 

Example 15.2.8. If 
r” 
xı(z) = x2(x) = lpr?’ 
where v is an integer, then 
= = (15.2.16) 


In order to prove (15.2.16), recall that [126, p. 341, formula 3.241, no. 3] 


gu ts— a 
evf s = Zeot adii Re(v + s) > 0, 


p" 2 2° 


where PV denotes the principal value of the integral. Hence, 


2 : 1— 
Xı(s)X2(1 — 5) = “ cot ai cot E 5 sir 
1 : 
7 g2 cot > cot > 1 . cot we cot > 1 
4 cot > + cot > zot (v akii cot = 
=F: 


where it is helpful to consider the cases v even and odd separately. 

Ramanujan concludes page 223 by giving examples in which “o and w 
are the same function.” The first two examples provide self-reciprocal Fourier 
cosine and sine transforms, respectively. 


Example 15.2.4. We have 


f ee cos(2na)dx = VE ooo (15.2.17) 

0 

1 ce? sin(2na)dx = IVT on? (15.2.18) 
0 


The identities (15.2.17) and (15.2.18) are given in the Tables [126, p. 515, 
formula 3.896, no. 4; p. 529, formula 3.952, no. 1], respectively. 

The next example is misprinted in [269]; Ramanujan (or Watson) wrote 
J, (nx) instead of J, (2na). The example gives a self-reciprocal transform with 
respect to the kernel yng J, (2nz). 
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Example 15.2.5. We have 


o0 1 
i ate? Ynad, (2na)de = nte, (15.2.19) 
0 


The integral evaluation (15.2.19) can be found in [126, p. 738, for- 
mula 6.631, no. 4]. 


Example 15.2.6. We have 


os. A dx T 
P z 15.2.20 
v/ 1 +21- n?r? 2(1 +n?) ( ) 


The evaluation (15.2.20) is located in [126, p. 348, formula 3.264, no. 1]. 


15.3 The Construction of x; and x2 


We have used Ramanujan’s title for this section; he did not give a title for 
the first section. The first half of page 224 is clear and well written, with the 
example toward the end covered previously in Example 15.2.1. We therefore 
quote Ramanujan. 


If xı is given it is theoretically (though not always) possible to find 
X2 with the help of (15.2.2) and (15.2.11). In this procedure xı and 
X2 are generally neither the same function nor similar functions, nor 
both of them capable of finite expression at the same time. It is also 
extremely improbable that we can select functions like cosg or sin x. 
We shall now proceed in a different way. It is always possible to choose 
a number of functions X,(s) and X2(s) which are either the same 
function or similar functions so that Xı(s)X2(1 — s) is an absolute 
constant. Then by (15.2.11) we have 


1 c+ioo 
xi(z) = zil. xz *X1(s)ds, 
ces (15.3.1) 
x(x) = =f xu *Xo(s)ds. 
27% c—i0o 
For instance suppose that 
X\(s) = X2(s) =I'(s)cos4as or I(s)sin$7s (15.3.2) 


so that Xı(s)X2(1 — s) is a constant. Then from (15.3.1) we deduce 
that x(x) = v2(#) = cos x or sin x by using the well-known formula 
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1 ctioo 
=f x I (s)ds = e”. (15.3.3) 


—ioo 
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The identity (15.3.3) is not tagged by Ramanujan. However, because the 
tag (15.3.3) is missing and because Ramanujan later refers to the identity as 
(15.3.3), we have inserted a tag. 

We quote Ramanujan once more, but with one serious misprint corrected. 


Suppose now that the 2g integers, say 
0,1,2,...,2g-—1 


are divided into any group of g integers, say 


Q1,42,--.,Qg 
by, bz,..., bg 
and that 
X1( olat” eTa 
a an y3 1) (15.3.4) 
Xo( Oe = 
T= 1 2g 


so that Xı(s)X2(1 — s) is a constant. Then we can easily find xı(x) 
and x2(x) with the help of (15.3.1) and (15.3.3). 


It is interesting that many years later, in 1950, A.P. Guinand [134] redis- 
covered the same general set of examples as given by Ramanujan in (15.3.4). 
Guinand worked out all the specific cases for g = 3. 

Ramanujan next asserts that the number of possible choices of a1, a2,..., ag 
and b1, bo, oe -> bg is 


(15.3.5) 


Ramanujan then defines these solutions in x; and %2 to belong to class g. 
However, these solutions “include the number of solutions belonging to class 
6, where ô is a divisor of g. Hence eliminating all these extraneous solutions 
we find the number of ways belonging to class g is” 


Wg = dn u(d ee (15.3.6) 


where the sum is over all divisors 6 of g, and where u denotes the Möbius 
function. The truth of (15.3.6) is easily seen by a straightforward application 
of the inclusion—exclusion principle. Ramanujan then provides a table of values 
of wg, 1 < g < 10: 
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g Wg g Wg 
2! 4! 2! 
1 UP = a 6 GP ap one + Gn? = 900 
| a pe" | "| ps ie 
3 eg = uF =18 | 8 ou aE = 12,800 
8! A! aa 6 
5 ee = aye = 250 | 10 (ion? a = + an = 184,500 


Table 15.1. Calculation of wy 


At this point, we demonstrate that with the choices made in (15.3.4), 
Xı(s)X2(1 — s) is a constant. To that end, by the reflection formula for T (s), 


g 
r : “ac br 2 
X1(s)Xo(1 — s) = I(s)P(1—s) I ate = a E = +29) 
(s + ar) (s + br) 
= aon I sin Z sin 
sin(7 2g 2g 
T 2a z (s = r) 
- sey To 
sin(7s) - 
T anced T 
= = 15.3.7 
sin(ms) 229-1 229-1” ( ) 


where we used a well-known value for the foregoing product of sines [126, 
p. 41, formula 1.392, no. 1]. 

After giving Table 15.1, Ramanujan sketchily gives the following table of 
inverse Mellin transforms for xı and x2. 


Inverse Mellin transforms 


-aV3 


Trigonometric functions and e~*, e~?”, and e 


g 

1 | Trigonometric functions only 

2 | Trigonometric functions and e`” 

3 | Trigonometric functions and ere 

4 | Trigonometric functions and e~* and e evs 

5 | Trigonometric functions and e~?” and gar 
6 


Table 15.2. Inverse Mellin transforms 
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We now justify Ramanujan’s claims in Table 15.2. For g = 1, see the 
discourse after (15.3.2). These inverse Mellin transforms 


: [res TE sds = si 1<Res<1 (15.3.8) 
Dari ais S) Sn 5) x s=sn a, es 5 +O. 

i fore TS _, 
— I'(s)cos —a “ds = cosx, 0<Res <1, (15.3.9) 
2Mt J oie 2 


are well known and can be found, for instance, in the Tables of A. Erdélyi {115, 
p. 348, Eqs. (6) and (7)]. 
Second, let g = 2. Take a, = 0 and ag = 1. Then 
ms . m(s+1) 1 


Xi(s) = I (s) sin 3 sin a z7 ($) {cos $ cos (Z + Z} 


A similar formula holds for Xə(s). Hence, by (15.3.3), (15.3.8), and (15.3.9), 
the inverse Mellin transforms for Xı(s) and X9(s) will involve trigonometric 
functions and e~*, as claimed by Ramanujan. 
Third, set g = 3. In general, 
doer U a e a g e 
6 6 6 
m(a2 — a1) = (= = 2) } er 1(s t a3) 


= Er(s) {sin (= + m) + sin (> + =) 


si (= 4 Te) si (= Tn) 
in + sin t ; 
2 6 6 6 


for certain constants c1, co, c3, and cy. A similar formula holds for X2(s). Now 
for =n < Rea < $7 [115, p. 348, Eqs. (9) and (11)], 


1 c+ioo 
= I'(s)sin(as)a *ds = e "°° sin(x sina), —1 < Res, 
(15.3.10) 
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1 ct+tioo 
=f I'(s) cos(as)a ds = e7794 cos(x sina), 0< Res. (15.3.11) 
Hence, using (15.3.8)-(15.3.11), we see that the inverse Mellin transforms of 
Xı(s) and X2(s) can be expressed in terms of trigonometric functions and 
e72V3/2, Thus, after the replacement of x by 2x, we see that Ramanujan’s 
claim is correct. 
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Fourth, let g = 4. Then 


X,(s) = F(s) sin da N ti) jp T = da) TE = aol i = a4) 


= Fro feos maa) cos (7 ire) 


 T(a3 — a4) Ts (a3 +44) 
Xx {os 8 cos ( 1 + 8 ; 


It should now be clear that after applying further trigonometric identities and 
appealing to (15.3.3) and (15.3.8)-(15.3.11), we shall find that the inverse 
Mellin transform of X; (s) involves trigonometric functions, e~*, and e~*/V?. 
The argument for Xə(s) is similar. 

Fifth, set g = 5. Then 


Kier ee gS) 


10 10 10 
. WS . 
x sin ( a) an mises) 
= Er(s) feos nar a2) is (= x ma “))} 
x {om MESH os (H+ Heat} in MOEA, 


After further applications of elementary trigonometric identities and the use 
of (15.3.8)-(15.3.11), we see that the inverse Mellin transforms of X, (s) will 
involve trigonometric functions, e~*, exp(—zxsin 4) = exp(—x(—1 + V5)/4), 
and exp(—asin $2) = exp(—x(1 + V5)/4). Thus, after replacing x by 2x, we 
see that Ramanujan’s claim is justified. 

Finally, we consider the case g = 6. Then 


Hip Shin a gD 


12 12 12 
ea m™(s + aa) sin (Ss + as) sin 1(s + ag) 
12 12 12 
= -I (s) feos a 2) cos (= + mart “))\ 


x ages) cos gi t mlas Fas) A 
12 6 12 


Of course, we need to apply further trigonometric identities before calculating 
the inverse Mellin transform of Xı (s). Using (15.3.3) and (15.3.8)—(15.3.11), 
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we find that we obtain trigonometric functions, e~*, exp(—xcos Ẹ), and 
exp(—acos $). Thus, Ramanujan’s claim again follows, although he has re- 
placed x by "See throughout. 


15.4 The Case in Which yi(x) = x2(x), d(x) = y(x) 


The title of this section is that given by Ramanujan. In the first part, Ramanu- 
jan, in essence, repeats a portion of Sect. 15.2, but with the added restrictions 
given in the title of the section. Since the details are similar to those pre- 
viously given, there is no need to elaborate on them here, and so we quote 
Ramanujan. 


Let 


and let the function X(s) satisfy the relation 
X(s)X(1—s) =’, (15.4.1) 


where A is independent of s. Then the two equations 


fe o(z)x(na)dx = A(n), 


(15.4.2) 
ix wW(a)x(nx)dx = Ad(n) 
imply each other. It follows from (15.2.6) that 
1 = 2 
=A= x(x" )dz. (15.4.3) 
2 0 


We have already discussed about the construction of x(x). We shall 
now consider the interesting case in which ¢(x) = y(x). This is really 
two cases one in which A has the positive sign and the other in which 
À has the negative sign. It follows from (15.2.10) that if 


Z(s) = f "e you 


and 


= = (15.4.4) 


then 
o(x)x(na)dx = rAP(n). (15.4.5) 


340 15 Functional Equations for Products of Mellin Transforms 


Thus ¢(x) is a positive reciprocal function of itself or a negative reciprocal 
function of itself according as A is taken with positive or negative sign from 
(15.4.3). Suppose now that T(s) is a function such that T(s) = T(1 — s) (for 
instance Riemann’s (s) or some such function) and also that a solution of 
Z(s) is found from (15.4.4). Then we can replace Z(s) by Z(s)T(s) and get 
a new ¢ function satisfying (15.4.5) for every T(s) we choose. The following 
methods will show that the construction of @ is much easier than that of x in 
the preceding section. 

The next three sentences are mysterious, because the introduction of the 
function f(a) is spurious. At any rate, we quote what Ramanujan and Watson 
recorded. 


Let f(x) be an arbitrary function. Then if 


a(n) = fon) +5 | Foxas (15.4.6) 


it follows from (15.4.2) that 


[a ee eee cy 


Here A may have any of the two values in (15.4.3). 
Let f(a) be any function such that 


f (=) =axf(z), (15.4.7) 
and let 
[ o(x)x(nx)da = Ad(n). (15.4.8) 
Then 
[ F(a)x(na)dx = AF (n), (15.4.9) 
where 
1/e 
f(z)o(az)dz = F(x), (15.4.10) 


where e is any small positive number including zero. Ramanujan then says, 
“This is very easy to prove.” Indeed, using (15.4.10), setting t = xz, employing 
(15.4.8), setting z = 1/u, invoking (15.4.7), and lastly using (15.4.10) again, 
we find that 
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oo co pl/e 
f F(x)x(nz)dx =| | flz)o(az)x(na)dzdax 
1/e dz f® 
=| OË otoxtnt/eyat 
€ 0 
1/e r 
= af TE sei nas 


zZ 


1/e T 
= af FU sna 


1/e 
=A f(u)d(nu)du 


€ 


= AF (n), 


and so the proof of (15.4.9) is complete. 
As an illustration, let 


ete), (15.4.11) 


where a and b are arbitrary real numbers and the real part of u is positive. A 
straightforward calculation shows that f(a) satisfies (15.4.7). Thus, (15.4.9) 
holds, where F(x) is given by (15.4.10) and (x) satisfies (15.4.8). Ramanujan 
then gives three special cases. If a= b = 1, e = 0, and u = 0, then 


F(n) = f E) py 


1l+2 
Ifa = 2, b= 4, € = 0, and u = 0, then 


gins) 
ae 


For the third example, first replace v by $v in (15.4.11). Now let a be arbitrary 
and b = 0. Then if x = t?, 


F(n) = 


F(n) = pW 2—- ele” taO) bina de = 2 | eT +E) b(t? de. 
0 0 


(In the Ramanujan—Watson manuscript, the factor 2 on the right-hand side 
above is missing.) 

For Ramanujan’s last example, return to Example 15.2.5, which we rewrite 
in the form 


= — 1 
f t1267? /InaJy(2na)dx = nte, 
0 v2 
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Hence, 
xX1(@) = X2(x) = V2aJ,(22), à = 271/2, 
and 


dse oe 


Now in (15.4.11), set b = 0 and v = 2. Then (15.4.10), with f(x) as just 
stipulated and (x) as above, becomes 


1/e 1 ons 
F(t) = gte ulatte?) tr v+1/2 7t" T dz 
=| z) 
v 1/e 
= t +12 / ge UHP)? —u/ x? dy 
V2 Je l 
Thus, from (15.4.9), with F(t) as given above, 
f * FG) res E 
0 V2 


We have corrected several misprints in the example above. 


15.5 Examples 


In the remainder of his rough draft of a potential paper, Ramanujan works 
out the values of x1(x) and y2(x) for g = 1,2,3 and all available possibilities 
for a1, @2,...,Qg. 


g=1, w =2 
First, take a; = 0. Then in (15.3.4) let 


Xi (s) = Xo(s) = r '(s) sin - 


By (15.3.7), : 
X1(s)Xo(1 = s) = a 


Then, by (15.3.1) and (15.3.8), 
xı(z) = x2(x) = sin z. 
Second, take aj = 1. By (15.3.4), 


m(s+ 1) 


X1(s) = Xo(s) = I (s) sin 5 
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By (15.3.7), 
HE os= z 


Then, by (15.3.1) and (15.3.9), 
Xı(z) = x2(x) = cos x. 


g = 2, w2 =4 
By (15.3.7), for all the examples for g = 2, 


Xı(s)X2(1 — $) = ? (15.5.1) 


First, let ay = 0 and ag = 1. Then 


1 
Xı (s) := I (s) sin Z sin _ (15.5.2) 
1 
X»(s) := F(s) sin mee) sin (15.5.3) 


Then, by (15.3.3), (15.3.9), and (15.3.8), for j = 1,2, 


1 c+ioo 1 
x3 (#2) = =l I(s) sin Z sin MEEN e 


—ioo 


1 c+ioo 


=o - I (s) {cos 4 cos (> + =) } x *ds 
1 a TS TS 

= ——— I (s {1 cos + sin hands 
weal (s) 2 2 


c—ioo 

1 7 F 
=— =)e ~ — cost +sin zp. 
5a } 

These calculations are in agreement with Ramanujan, who gives 


A=Vn and yi(z) = x(x) =e” — cosz + sinz. 


Thus, Ramanujan has multiplied each of (15.5.2) and (15.5.3) by 2v2. Then, 


by (15.2.7), in place of (15.5.1), we would deduce that Xı(s)X2(1 — s) = 
(2\/2)21/8 =T. 


Second, let aj = 1 and ag = 2. Then 
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Foregoing the calculations, which are similar to those above, we find that 


i, yor _ m(st1). m(s+2) _, 
xi(z) = 5 I(s)sin = l i ee ly ds 


c—too 


{cos x sng +e i } 
v2 T T 
and 


1 c+ioo 3 
x2(x) = I(s)sin meta si 


E {cosz+sinaz—e~*}. 
Except for the fact that Ramanujan normalized X; (s) and X2(s) by multi- 
plying each by 2V2, our calculations agree with those of Ramanujan. 

Third, set a; = 0 and a2 = 3. Note that we will obtain the same repre- 
sentations for xı and yz that we did in the previous example, but with the 
roles of xı and y2 reversed. In this set of examples with g = 2 and in the 
next set with g = 3, Ramanujan does not provide all the solutions in yı and 
X2. However, it is to be understood that when yı and y2 are different, then 
another entry, with their roles inverted, is an (absent) entry in the list as well. 

Fourth, set a; = 2 and az = 3. In this instance, 


Xo(s) := I'(s) sin — sin 


With calculations not unlike those above, we find that for 7 = 1, 2, 


1 c+ico 2 3 
xjlz) = m I (s)sin aka ) sin u )a-8ds 


c—ioo 


sing +e}, 


1 
cosg 
2/2 { 
which, except for the factor 273/2, agrees with Ramanujan’s claim. 
g = 3, w3 = 18 


Amazingly, Ramanujan calculated all 18 examples when g = 3, a fact 
indicating that this manuscript was not written in the last year of his life 
when he was running out of time and left projects only partially completed 
in his lost notebook. For all these examples, by (15.3.7), we know that 

7 


Xı(s)X2(1 = s) = 39° 
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Of the 20 possible choices for a1, a2, and ag, the choices 1, 3, 5 and 0, 2, 4 
yield the same inverse Mellin transforms that were obtained when g = 1, and 
so 18 remain to be examined. In all the examples recorded by Ramanujan, he 
replaced the variable x by 2x and multiplied the inverse Mellin transform by a 
constant (either +4 or +8). By the discourse after (15.2.6), and in particular, 
by (15.2.7), these changes alter the value of å, and consequently, instead of 
obtaining the value \/7/32, we obtain either the value yr or 5/7. 

We work out the first of Ramanujan’s 18 examples in detail. Since the 
calculations are similar for the remaining examples, we provide only the eval- 
uations of the associated inverse Mellin transforms. 

1. Set ay = 0, ag = 1, and ag = 2. Then 


1 [~ rea ms . n(s+1) . m(s42) 


sin sin x *ds 


c—tco 6 6 6 


1 ct+toe T TS T . T(s+2) _, 
-4f P(s) {cos T cos ( 3 + =) }sin g 7 ds 


—too 


1 Cra V3 T. T8 T TS. T 
= I (s) [sin cos 3 + cos — sin =| 


x(t) = 95 


~ Atti Joico 2 6 6 
sin (F + 5) tatal] 
sin 2 T 5) sin 6 6 T S 
1 Etro — . TS TS TS) s 
Eo oe T(s) {v3sin 6 + cos G08 5 he ds 


v3 —V3x/2 u T 1 -V3z/2 x 1 
= a” smg ae aa a Flea, 


where we have employed the evaluations (15.3.10), (15.3.11), and (15.3.9). 
Next, it is easily checked that y2(a) = y1(x), and so by the calculation 
above, 


VI aJar 
x2(x) = 1% V3a/2 


1 1 
+ oo cos 5 er cos gz. 


sin — 
sin — 
2 
This is the first example recorded by Ramanujan under the heading g = 3, 

w3 = 18 on page 227 of [269]. However, Ramanujan wrote 


N= SVR vale) = xele) = cos(2n)-e-*¥3 (cosa + VBsinz) . (15.5.4) 


Thus, Ramanujan replaced x by 2x and multiplied both xı(x) and y2(a) 
by —4. According to the discussion after (15.2.6), then A = \/7/32 is to be 
multiplied by \/—4- —4/2 = V8, i.e., that A = 7/32 is to be replaced by 
1 Jr 
z vT. 

As indicated above, we provide only a skeleton of the calculations for the 
remaining 17 examples. We first consider the five remaining cases in which 
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xX1(@) = X2(a). Second, we consider the 12 cases in which y;(2) Æ x(x). 
However, because the roles of xı (x) and y2(a) can be inverted, we only need 
to consider six cases. Also, because the same calculation with trigonometric 
functions is used repeatedly for different values of a1, a2, and a3, we derive 
here in a very elementary fashion a general trigonometric identity that is to 
be used in all the examples that follow. 

Let a, b, and c be any complex numbers. Then, by elementary trigonometry, 


aera) sin ae) sin miete) 


F s= g] 15.5. 
(a,b,c) : = sin 5 6 5 (15.5.5) 
tt m(a — b) ma+b) 7s . mW(s+c) 
5 {os 6 cos ( 6 F 3 sin a 
1 m(a — b) TS T 5 
= z COS 6 {cos 6 sin 6 + sin 6 cos 6 } 
1 F matb+c) | ms du m(c-—a—b) rs 
ra 6 7E aa 6 6 
o1 ae m(a — b) fco TC. WS. TC my 
= 5 8 sin | + sin cos = 
1 cos OOS) | TS . nla+b+c) TS 
H o 
J 7 sin > + sin T cos > 
cog at b= 6) gin Ts si n(a+b-c) os TS 
in ; 
6 6 6 “a 


We shall repeatedly employ (15.5.5) below without comment. Also, define, for 
j= 1,2 and a, b, and c real, 


xj (a, b,c; £) := x; (2) 


i fore _ sta), n(s+b) . m(s+c) 
sl. I(s) sin g og a 


a*ds. (15.5.6) 


Below, we repeatedly use (15.5.6) to calculate yi (x) and x2(x). 
2. Let ay = 3, a2 = 4, and ag = 5. Then 


F(3,4,5) = 1 sin sin | cos 
and, by (15.3.8), (15.3.10), and (15.3.11), 


l -V3e/2 gj n5+ ee pr es 


1. 
X1(2) = X2(x) = —7 sing — 7° 


With the changes of variable mentioned above, \ = ae 
3. Let ay = 2, ag = 4, and a3 = 5. Then 
ns V3 ws 1 TS 


1 
F (2,4,5) = z cos 5 3 sin 5 + 7 008 6 


15.5 Examples 


and, by (15.3.9), (15.3.8), and (15.3.11), 


1 3 
x1(x) = x2(x) = g cost — VB sine +4 +- IE ever 
In this case, the changes of variable yield A = 4/7. 


4. Let ay = 1, ag = 2, and a3 = 5. Then 


x 
cos =. 
2 


F(1,2,5) = : sin > H 5 3 cos T 1% 5 


and, by (15.3.8), (15.3.9), and (15.3.10), 


1 3 
xılx) = x2(x) = = sinz + ees Ze- y3t/2 gin Ž 
8 8 4° 
As above, the changes of variable yield A = yr. 
5. Let aı = 0, a2 = 3, and a3 = 4. Then 
1 1 
F(0,3,4) = v sin = 3 08 > + v3 sin = 3 008 = 
Thus, by (15.3.8)-(15.3.11), 
3 1 
xa(e) = x2(2) = sinz + L coss + We 88/2 i -ie e7V32/2 cos = 
As above, the changes of variable give \ = \/7. 
6. Let ay = 0, ag = 1, and a3 = 3. Then 
1 3 1 3 
F(0,1,3) = 3 sin > se cos > 3 sin T + Me cos = 
Hence, from (15.3.8), (15.3.9), (15.3.10), and (15.3.11), 
1 1 
X1(2) = x2(x) = : sina L cos £ + oe sin = + VB e- vin cos 


As before, the changes of variable give \ = \/7. 


The next six examples are those recorded by Ramanujan when xı(x) 4 


X2(a). We preserve the order in which Ramanujan gave the examples. 
7. Let a; = 0, a2 = 4, and ag = 5. Then 


1 3 1 
F(0,4,5) = 5 cos > en 


Hence, from (15.3.9), (15.3.10), and (15.3.11), 


1 
xil) = = 1 cos x + — u ~V32/2 oi -1e e7 ¥3e/2 
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Let ay = 2, ag = 3, and a3 = 4. Then 


1 1 
F(2,3,4) = 7008 > + z °S > 


Hence, from (15.3.9) and (15.3.11), 


1 1 
x(x) = 7 cose + ee cos - 


If we make the needed changes of variable, we find that A = 5/7. 
8. Let ay = 1, a2 = 2, and a3 = 3. Then 


1 1 3 
F(1,2,3) = zsin > + 7% = + “ cos r 


Hence, by (15.3.8), (15.3.10), and (15.3.11), 


1 1 3 
xlt) = i sing + rei sin 5 + VB pve cos z 


Let ay = 0, ag = 1, and a3 = 5. Then 


1 1 
F(0,1,5) = 7 sin > sin ~. 


Hence, from (15.3.8) and (15.3.10), 


1 
X2(x) = Fi sin xz — oe 


res 
sin —. 
2 


The requisite changes of variable show us that A = EVT. 
9. Let ay = 1, a2 = 2, and a3 = 4. Then 


1 1 
F(1,2,4) = ein + cos — 4 7008 


Therefore, by (15.3.8)—(15.3.11), 


3 1 1 
xı(z) = n sina + zz + Ee 


Let ay = 0, ag = 2, and a3 = 5. Then 


x 
cos =. 
2 


3 1 3 1 
F(0,2,5) = VF ain = cos T u sin 5 cos 


Hence, from (15.3.8), (15.3.9), (15.3.10), and (15.3.11), 


xX2(r) = sin z + = cosg 


v3 Ei V3 „-v32/2 sin Ž — 1 —vie/2 
8 8 8 2 8 


x 
cos =. 
2 


If we make the proper changes of variable, we find that \ = yr. 


15.5 Examples 


10. Let ay = 1, ag = 4, and a3 = 5. Then 


F(1,4,5) = gins z 8S ritig 
Hence, by (15.3.8)-(15.3.10), 
; v3 e7 V32/2 
x1(z) = —gsing + —— 3 cos + Fe sin 5 
Let ay = 2, a2 = 3, and a3 = 5. Then 
1 3 3 
F(2,3,5) = z sin 5 ss cos TS z sin 6 + us cos T 


So, from (15.3.8), (15.3.9), (15.3.10), and (15.3.11), 


1 3 
X2(x) = g sing Fg cosa ze L Vie /2 gi a + oe ~V31/2 co 
The requisite changes of variable yield \ = yr. 


11. Let ay = 0, a2 = 1, and a3 = 4. Then 


3 1 3 1 
F(0,1,4) = U8 = cos — 1 sin — + g CoS a 


Hence, by (15.3.8)-(15.3.11), 


yil) = g sing — [cose 


Let ay = 0, a2 = 2, and a3 = 3. Then 


3 1 
v3 ; VB -Vinen 4 Par 1 p- v3x/2 


1 3 1 
F(0,2,3) = E sin — cos — 4 v3 sin — + Z cos —. 


Thus, from (15.3.8), (15.3.9), (15.3.10), and (15.3.11), 
3 1 3 1 
v3 4 =v32/2 sin 5 + ee 


x2(x) = z r- g cosa + 


Making the same changes of variable as before, we see that \ = yT. 
12. Let aı = 0, a2 = 3, and a3 = 5. Then 


F(0,3,5) = z sin 5 + 3 a + —sin cos 


Hence, by (15.3.8)-(15.3.11), 


1 3 
x(x) = g sing + L cosa + te 


x 
cos = 
2 


-v3z/2 jj nz _ V3 e-v3z/2 c0 T 
na 8 
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Let ay = 1, ag = 3, and a3 = 4. Then 


1 ns V3 ms 1 ts V3 TS 
F(1,3,4) = i - i : 
(1, 3,4) z sin 5 + 3 cos 5 z sin 5 + 3 cos 5 


Thus, from (15.3.8), (15.3.9), (15.3.10), and (15.3.11), 


1 3 1 3 
X2(x) = = sing + ul cos + oe sin 5 + evien 


T 
8 cos 2° 


As in the previous three examples, À = yT. 
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A Preliminary Version of Ramanujan’s Paper 


= 3 
“On the Product II 1+ (<a) ” 
n=0 


16.1 Introduction 


The first four sections of this partial manuscript, which is found on pages 
313-317 in Ramanujan’s lost notebook [269], are almost identical to the first 
four sections of [254], [267, pp. 50-52]. We therefore feel that it is not necessary 
to offer further comments on these sections. Hence, the manuscript is copied 
here as it is printed in [269, pp. 313-315], except that we economize notation 
by using product and summation signs, instead of writing out the first few 
terms of a product or sum, as Ramanujan usually did. To aid readers, we occa- 
sionally insert remarks in square brackets. Section 5, however, is not included 
in [254]. Three of the equalities in this aborted section are incorrect, but they 
are easily corrected. One of the identities in this section is an expansion nor- 
mally established with the use of partial fractions. Although the identity is 
correct, Ramanujan might have had doubts about his proofs of partial frac- 
tion expansions, because in an unpublished manuscript, which we thoroughly 
examined in Chap. 12, Ramanujan stated an incorrect partial fraction expan- 
sion prefaced by the assertion that he established it by the calculus of residues. 
Therefore, possibly because of a lack of confidence, Ramanujan chose not to 
include this section in his paper. Because this portion of the manuscript was 
not discussed in [254], we offer proofs for all the (corrected) claims. We re- 
mark that [254] might be considered to be a forerunner for Ramanujan’s paper 
[255]. See also Entry 22 in Chap. 13 of Ramanujan’s second notebook [268], 
[38, p. 225] and a paper by M. Chamberland and A. Straub [87] in which more 
general infinite products are examined. 
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16.2 An Elegant Product Formula 


Let 


It can easily be shown that 


f(E) TEn (5) (14248) 


n+a n+ 6 


h (ara) N, (e2), 
2n 2n , 


Il 


(16.2.1) 
- (4228) ED Tatar 
HI (S) (af) ~ F1l+a+28\r(+ 8+ 2a)’ 

(16.2.2) 


= (a — B) +i(a+ B)V3\ (a — B) -i(a + B)V3\ 
Ef fi- (eatas) |, (e-a-4+a) 


2 cosh 1(a + 8)/3 — cos z(a — 8) 


eos (16.2.3) 
It follows from (16.2.1)—(16.2.3) that 
(a, 8)O(8, a) 
_ _ ter as By} cosh r(a + 8) V3 — cos Tr(a — b) (16.2.4) 


r(1+a+28)r(1 +8 + 2a) 27T? (a? + ab + 82) 
But (a, 3)/¢(8,a) can be expressed in finite terms if a — 8 be any integer. 


It follows from (16.2.4) that, if a — 8 be any integer, then ¢(a,) can be 
expressed in finite terms. That is to say 


Hhh) (16.2.5) 


can be expressed in finite terms, if x — 2n be any integer. 
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(Because of careless photocopying by the publisher, a portion of the right 
side of (16.2.4) and part of the discourse between (16.2.4) and (16.2.5) were 
cropped. The product in [254] corresponding to (16.2.5) appears to be more 
general, but it is easy to see that with simple changes of variables, the two 
formulations have the same generality.) 


16.3 The Special Case a = 8 


Suppose now that a = £ in (16.2.4). We obtain 


i 2a \° _ {r(1+a)} sinhrav3 
41+ (23) \. ea T (16.3.1) 


n=l 
Similarly supposing that 8 = a + 1 in (16.2.4) we obtain 


| 1+2a)° {[(1+a)}* cosha($ + a)V3 
{+ (2) j= T2430) — . taag 


n=1 


toee gaes 


it is easy to see that 


I (+(5)’) [e (sea) | E ee 


Since 


T 
n=1 2 
(16.3.3) 
16.4 An Application of Binet’s Formula 
It is known that, if the real part of a is positive, then 
o0 t —1 
log F(a) = (a — 4) loga — a + 4 log(27) + 2 | tan LO) a, (16.4.1) 
0 e2TT — 


(The representation for log (a) in (16.4.1) is known as Binet’s integral for- 
mula for log (a), and a proof can be found in [315, p. 251].) From this we 
can easily show that, if the real part of a is positive, then 


stroef (1 (2)")} 


n=1 


(= mav/3 — cos =) Ta ® tan™t(z/a)’? 
= log ae 


Ta 
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° tanig? 
nar 7 o# 
can be expressed in finite terms for all positive integral values of a. Thus for 
example 


Hence we see that 


ad —1,8 od 1 
| = dè log 27 5 log a + ~ a= 
0 ~ 4 
o1 
3 


16.5 A Sum—Integral Identity 


It is easy to see that 


< (1) in? EAH) 4G (11) (2n — a) 
Do aa poo aa 1320 Gn caja da? (16.5.1) 


n=1 


Since 


= yr (2n + 1) 7 T ech”? 
mri e +2? 4 2? 


we see that the left-hand side of (16.5.1) can be expressed in finite terms if a 
is any odd integer. For example 


Again, if a > 0, then 


me ogs dx 2 f°) 1 = =)? xêdz 
j Po 2 tA E | ge deat 
9 Ssinhrx a+r T Jo 2r? f i” +r’ j| a+r 


2 =1(2n + a) 
l 16.5.2 
joe 2. aos (16.52) 


Hence the left-hand side of (16.5.2) can be expressed in finite terms if a is 
any odd integer. For example 


2 dx 1 7 
= = (log2— 1 echt ) 
f sinhax 1+2° 3 ( 0g + msec Lr/3 
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16.6 The Unpublished Section 


(We emphasize that certain identities in this section are incorrect. Proofs of 
all correct and corrected identities in Sect. 16.6 are provided in Sect. 16.7.) 
If 2a be a positive integer, then it can easily be shown that 


love) 2a 


n 1 1 
= : 16.6.1 
2 ty dal ia 2 Goya ( ) 
and 
[ g dr =o (—1)2 rf 1 3 1 
0 e27t —]1 4af + rt _ 8a2 e27a 4 (—1)22+1 8a A (n _ a)? + a2’ 

(16.6.2) 

It can easily be shown by the theory of residues, that 

1 X ncoth nr m  cosh2ra + cos 27a 

aes = ; 7 16.6.3 
167a4 2 n++4a* 8a? cosh2ra -— cos2ra ( ) 


It follows from (16.6.1) and (16.6.3) that, if 2a be a positive integer, then 


ə n 1 B T e27e +4 (1) 2 
| e2nt 1 n4 +4at č 16a2 | e272 — (—1)24 
2a 
1 1 ii 
; 16.6.4 
327a* 8a > (n— a)? +a? ( ) 


In a similar manner we can show that, if a be a positive integer, then 


3 ntl 1 ə 1 l igis 
4 (2n +1) +4at 4a < (2n +1-a) +a?’ ~ 


and 
lo e) 


3 2n+1 1 ai er — (_1)*)” 
l elntIDT 41] (2n+1)4+4at 32a? | e7% + (= 1)4 


a—l1 


1 1 
. (16.6.6 
8a 24 Gn bi cape ( ) 


n=0 


It follows from (16.6.4) that, if 2a be a positive integer, then 


S 1 1 1 
Z e2nm _ 1 e27(n+2a) _ 1 (n + a)? + a? 
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can be expressed in finite terms. Similarly from (16.6.6) we see that, if a be 
a positive integer, then 


= 1 1 1 
2 :— +1 e(2a+2n—1)m 4 z} (2n = a)? +a? 


can be expressed in finite terms. For example 


Co 


1 
(n? + (n + 1)?)(sinh(2n + 1)r — sinh 7) 


n=1 


1 1 T T 
= + coth tanh? =). (16.6. 
2sinh7 (- Bee ere =) eee) 


16.7 Proofs of the Equalities in Sect. 16.6 


Proof of (16.6.1). Observe that 


CO Co 


n 1 1 1 1 
= : 16.7.1 
Dapa mO ET TONT TT ( ) 


n=i1 n=1 


Co 


If we now assume that 2a is a positive integer, we see that all the terms in 
the second series on the right-hand side of (16.7.1) are canceled by those in 
the first series. Since the largest index for those terms in the first series that 
are not canceled by those in the second series is n = 2a, the identity (16.6.1) 
follows. 


Proof of a Corrected Version of (16.6.2). The identity (16.6.2) should be 
replaced by 


[ £ dr  — m= — cos(2ma) —e?"% 
o e271 dat+axt 8a? cosh(27a) — cos(27a) 
m 1 2a 1 
: 16.7.2 
t Ta? sa o TE ( ) 


In fact, on page 269 in his second notebook [268], [41, p. 419, Entry 8], 
Ramanujan states a more general formula, 


oo n™+1 T D 
5 ni4 4al = 7v2 7 sec (47m) (16.7.3) 
n=1 


— 2cos (nm) [ amt" de 
2 o ee — 1)(a? + 4a4) 


27a 


cos (47m) 


T cos (47m + 2ra) —e 
ii 2 m—2 4 
9 (av2) cosh(27a) — cos(27a) 
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where m is a nonnegative integer. Note that if we set m = 0 in (16.7.3), we 
obtain (16.7.2) upon the use of (16.6.1). 


The identity (16.6.2), or the corrected version (16.7.2), is actually not 
further used in this fragment. Possibly, Ramanujan recorded it because he 
considered (16.6.2) to be an integral analogue of (16.6.4). 


Proof of (16.6.3). This partial fraction decomposition can be found as a 
corollary in Sect.20 of Chap.14 in Ramanujan’s second notebook [268], 
(38, p. 274]. 


Proof of (16.6.4). First, since 2a is a positive integer, elementary manipu- 
lation easily shows that 


cosh(27@) + cos(27a) _ {= + (1)? y (16.7.4) 


cosh(27a@) — cos(27@) e?Ta — (—])2a 


Thus, by (16.7.4), (16.6.3), and (16.6.1), 
m fee + (-1)20)? ol n 3 ncothnr 
8a2 |e?" —(-1)22f — 16rat rar ed dat 


1 2 n 
= —— + 1 | 
16ra4 *, { e2nt = z} n4 + Aq4 


fore) 2a 


1 n 1 1 1 
167a4 2 e2nm — ] nt + 4af 4a 2 (n — a)? + a2 


Rearranging the last identity yields (16.6.4). 


Proof of (16.6.5). We can easily see that 


Co oO 


& (2n +1) +404 4a (2n+1-a)? +0? 


1 1 
: 16.7. 
ji) A pee) 


n=0 


The terms in the two series on the right side of (16.7.5) cancel each other, 
except for the first œa terms of the first series, and so the identity (16.6.5) 
follows. 
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Proof of a Corrected Version of (16.6.6). From Entry 25 in Chap. 14 of 
Ramanujan’s second notebook [268], [38, p. 292], 


co -ra 


2n +1 _ T Te 
(e2n+1)m + 1)((2n+1)4+4a4) 32a? 16a?(cosh(ra) + cos(ra)) 


n=0 


Co 


I 1 
Epa (Qn+1+ a)? +a 
(16.7.6) 
Replacing a by —a in (16.7.6), we find that 


TA 


` 2n +1 _ ot Te 
& (eOrthn + 1)((2n+1)4+4a4) 32a? 16a?(cosh(ma) + cos(ra)) 


1 Š Í 
ay 2s Gael — a ee 
(16.7.7) 


Adding (16.7.6) and (16.7.7), dividing both sides by 2, and observing the same 
cancellation as previously noted in (16.7.5), we find that 


Co 


£ (entr + 1)((2n + 1)4 + 4a) 
&a—l 


oO T T cosh(ra) 1 5 1 
~ 32a? 16a? cosh(ra)+cos(ta) 8a 4 a ee) ta? 
T e"% — (—1)°}? 1 Z 1 
= : : 16.7.8 
32a? fo ah si 8a 2 (2n + 1-— a)? +a? ( ) 


Comparing (16.7.8) with (16.6.6), we see that Ramanujan’s claim (16.6.6) can 
be corrected by multiplying the right-hand side by —1. 


We now justify the two claims made by Ramanujan below (16.6.6). Re- 
calling that 2a is a positive integer, we find that 


> 1 1 1 
e2nt —1 e2(n+2a)r =] (n + a)? + a2 
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2a 1 


= 4na 
=~ 2 eerie dey t e eee re) 


Qra _1)2a ) 2 2a 
16a? | e?7% — (—1)? 32mat 8a L (n-a)? +a? 
>> z (16.7.9) 
E a ay 


by (16.6.4). This justifies the first claim. 
The proof of the second is similar. Now, recalling that a is a positive 
integer and using (16.7.8), we find that 


1 1 1 
> :— +1 e(l2n+2a—1)r +1 \ (2n =i a)? + a? 


1 
= [e +1)(Qn—1 +a)? +a?) 


1 
(e2n—Dm + 1)((2n — 1 — a)? + a?) \ 


2 1 
i 3 (e2@n—-1)™ + 1)((2n — 1 — a)? + a2) 


= 4(2n — 1) 
a 2 (e (2n—1)r 4 1)((2n = 1)4 + 4a4) 


= 1 
D (e@r-Dr + 1)((2n — 1 — a)? +a?) 


m fe™_(-1)?)? 1% 1 
of 32a? :—] ap areas} 


=0 


2 1 
2, Ce en aj E) 


Proof of a Corrected Version of (16.6.7). Let a = } in (16.7.9) to de- 
duce that 


2 e2nt _] e(2n+2)r si n2 +n + ł 


-5 2sinh 7r 
(cosh(2n + 1)r — cosh r) (n? + (n + 1)?) 
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mfe™-1)* 1 1 2 
=~2 + 
4 le™+1 2r 2 e?T-—1 


= iat? a ¥ 
Ta tanh 5 + + coth a. (16.7.10) 


Dividing both sides of (16.7.10) by 2sinh 7, we conclude that 


1 
(cosh(2n + 1)r — cosh r) (n? + (n + 1)?) 


1 1 
( Z tanh? Z = cothr) í 
2 T 


n=1 


~ Osinha \ 2 


Hence, in Ramanujan’s claim (16.6.7), sinh(2n+1)7—sinh r should be replaced 
by cosh(2n + 1) — cosh 7. 
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A Preliminary Version of Ramanujan’s Paper 
-1 
“On the Integral i, tant dt” 


17.1 Introduction 


The partial manuscript on pages 322-325 in Ramanujan’s lost notebook [269] 
is a preliminary version of Ramanujan’s seventh published paper [250], [267, 
pp. 40-43]. However, not all of the material in [250] can be found in this 
preliminary version. The photographer of the manuscript for [269] unfortu- 
nately inverted the order of the second and third pages. Moreover, the second 
page is written in rougher, less legible handwriting, indicating that this page 
is a replacement for a more legible page that has evidently been lost. The 
photographic reproduction of this page was so poor that we had to rely on 
Ramanujan’s paper [250] to decipher several formulas. As in the manuscript 
discussed in Chap. 16, we faithfully copy what Ramanujan has written, except 
that we economize series and product notation, and for clarity we introduce 
parentheses in arguments of certain functions. At the end of the manuscript, 
we offer a few additional comments. 


17.2 Ramanujan’s Preliminary Manuscript 


Let 


xu —1 
saa) = 
t 
0 


Then, changing t into 1/t, it is easy to see that if x > 0, 


B(x) — 6 (=) 7 5 logs. (17.2.1) 


It is also clear that if —1 < x < 1, then 


co 
(—1)"a2"+1 
p = 17.2.2 
@)=>) Cn + 1)? ( ) 
n=0 
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The following results can easily be proved by differentiating both sides with 
respect to z. 
lkO<2< ir, then 


 sin(4n + 2)x 


As particular cases of (17.2.3) we have 


a a a E 
2. Gn + iP = 9(V2—1) + 3 log(1 + V2) + 3 (17.2.4) 
Ol) = 5o(2 — V3) + ar log(2 + V3). (17.2.5) 


If0<a< n then 


ioe) s2n+1 y 1d ain2ntl 1 
= (n+ p 2z (tan xz) + z7 losl2 cos x); (17.2.6) 

and 

“\sin(nz) p 1 

5 z cos” x = P(tan x) + 37 log cosa — z logsin z. (17.2.7) 

n 

n=1 

If —ir <x < $n and 1 is greater than or equal to either |(1 — a) sin x| or 


\(1 — 1/a) cos x|, then 


oO . il n co si 4+ 1 
5 ani) (1 — =) cos” x 4 5 an a7) (1 — a)” sin” x 


n 
n=1 
= (tan x) — P(atanz) + z log a. (17.2.8) 
If —1 < x< 1, then 
—1)” (2 1)1 = —__} 
SN" en + Des (1- Gap) 


= - { (1) — & (tan{4r(1 — x)}) } + log (tan{4r(1 — x)}). (17.2.9) 


As an example we have 


oe eee 07210) 


ra 6n + 3)? (2 + V3)2/3 


If x is real, then 


17.2 Ramanujan’s Preliminary Manuscript 


Snn + 1) log (1 TE.: 


n=0 


It follows from (17.2.9) and (17.2.11) that, 


log (tan{}7(1 + 8)}), then 


(Qn + 1)? 
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(17.2.12) 


if -1 < 6 < 1 and fra = 


12 +a2\ (32 — B2\? (5? +a2\° (72 — BN" Doe 
(325) (5) (G=) (455) ss E2 . (17.2.13) 
(-1)"(2n+1) 
1 T 4 
II lE EEN a} = FP (<0) (17.2.14) 
a 6474 8 cosh rx + sin tg 
—1)"(2n+1)1 1 = —&(1)—-221 —————— 
24 ee) os ( ü ori) T PAEO (ae) 
_1 / COSTE 8 Š cos(2n + 1)ra _ 
suey sinh mg T d ) (2n + 1)? € (17.2.15) 
z 8x? cosh raz + sin 7x 
—1) Onin + = log | 
2 Pn tai (2n + 1)? = = 
_, / COSTET A sin(2n + 1)ra _ 
= a ) 1)" ndlne, (17.2.16 
sa sinh rx i T 2 ) (2n + 1)? ( ) 
If n is a positive odd integer, 
x an(—1)2°- 
Iter) E exp (520) 
it 14 Te P 


364 17 A Preliminary Version of Ramanujan’s Paper 


If n is any even positive integer, 


2c ant \ (CDN H+) 
1 — 17.2.18 
II ( t can 


noe ED -— Zeie G (em) + smn ‘aa (<3) ) \ . 


If n is a positive odd integer, 


a = 2n? 
So (-1)* (2k + 1) tan! Ok IF (17.2.19) 
k=0 
1 
4 dee 8 Tn 1+e727” Z 1 -L (2k+1)rn 
= =(-1)2-) log H 5 zÊ 2( 
T 1 = zT” 0 2k + 1) 
If n is a positive even integer, 
~ —1 2n? Lia 1) 1 Ln 


2! 


By the theory of residues it can be shown that, if œ and £ are positive and 
aß = r?°, then 


> 1 mo 1 _ ef E. 
2 (2n + 1)? (ente — 1) + a GETE) 16 (s | 2 ga) 


n=0 
(17.2.21) 


Putting a = 6 = m in (17.2.21) we can easily calculate the value of (1) 
approximately. Thus 


@(1) = 0.9159655942 (17.2.22) 
approximately. 
If -4n <a < $n, then 
= n! sin?” t! r 
a cee 17.2.23 
Brom 2n +1 ( an 52) ( ) 


17.3 Commentary 


At the top of the first page of the manuscript, brief notes, possibly in Hardy’s 
handwriting, are appended. In particular, it is mentioned that (17.2.23) is 
not given in Ramanujan’s published paper [250]. However, (17.2.23) indeed 
can be found in Ramanujan’s paper; see equation (8) there. As pointed out 
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in Ramanujan’s Collected Papers [267, pp. 40, 337], the identity (17.2.4) is 
incorrect, with the corrected version being 


L (100/2 - 


As remarked in the introduction, not all of the results in [250] can be found in 
this preliminary version. For the convenience of readers, we provide a table in- 
dicating the identity in [250] corresponding to the identity in this manuscript: 


269] [250] [269] [250] [269] [250] 
(17.2.1) 4 (17.2.9) (12) (17.2.17) (20) 
(17.2.2) 3) 17.2.10) (13) (17.2.18) (21) 
(17.2.3) 5 17.2.11) (15) (17.2.19) (22) 
(17.2.4) 6 17.2.12) (16) (17.2.20) (23) 
(17.2.5) 7 17.2.13) (17) (17.2.21) (25) 
(17.2.6) (10) 17.2.14) (14) (17.2.22) (27) 
(17.2.7) 9 17.2.15) (18) (17.2.23) (8) 
(17.2.8) (11) 17.2.16) (19) 
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A Partial Manuscript Connected with 
Ramanujan’s Paper “Some Definite Integrals” 


18.1 Introduction 


A partial manuscript on definite integrals is found on pages 190-191 in [269]. 
The manuscript was intended to be Sect.4 of a paper whose identity is 
unknown to us. The manuscript’s content points to Ramanujan’s paper “Some 
Definite Integrals” [255], [267, pp. 53-58]. The first sentence on page 190 and 
the conclusion of the manuscript might lead one to conclude that this frag- 
ment is connected with Ramanujan’s paper “New Expressions for Riemann’s 
Functions €(s) and =(s)”, [257], [267, pp. 72-77], but the connections with 
the former paper appear stronger. The manuscript’s ten integral formulas are 
numbered (18)—(27). In the next section, we copy the partial manuscript, and 
in the following section we offer commentary. 

Page 192 in [269] provides a list of three Dirichlet L-series. Possibly 
Ramanujan briefly began here another section to be added to the partial 
manuscript on pages 190-191, because, as we shall see in the sequel, the 
integrals that are evaluated on these two pages have associations with L-series. 
Page 203 is an isolated page on which Ramanujan evaluates six quotients 
of either Riemann zeta functions or L-functions. Because of the bond with 
L-functions, we have also chosen to discuss this page in this chapter. 


18.2 The Partial Manuscript 


4. There are of course results corresponding to all the previous results for the 
functions analogous to the ¢-function. Thus, for example we have 


°° cos 2nx 1 
dz = 18.2.18 
1 coshas  Zcoshn’ ( ) 
©  cos3ng 1 1 
dx = . ; 18.2.19 
f 1+2coshrz V3 14+2cosh2n ( ) 
G.E. Andrews and B.C. Berndt, Ramanujan’s Lost Notebook: 367 


Part IV, DOI 10.1007/978-1-4614-4081-9_18, 
© Springer Science+Business Media New York 2013 


368 18 Some Definite Integrals 


°° cosh 1x 1 coshn 
— —— cos 4nz dr = —H—- 18.2.20 
f cosh 2ng 7 aa 2/2 cosh 2n’ ( ) 
= sinh ra 1 sinhn 
— sin4na dr = ——.- 18.2.21 
f cosh 2ng 07a 2/2 cosh2n’ ( ) 
L sinh rx 1 sinhn 
>—.—— si = : : 18.2.22 
f 2cosh2nz—1° anes 2/3 2cosh2n—1 oo ) 
From these we can easily deduce that 
œ p= (ar)? œ e7 (Br)? 
—— dr = —d 18.2.23 
va | coshma vaf cosh ta ( ) 


with the condition that œf = 7. 


œo  e-laz)? - (Be)? 
va f f z= VB f So (18.2.24) 
0 


2Qcoshra +1 + i? 2cosh7x +1 


with the condition that af = = 


va f° Sane cosh rz - (a2)? dy =f cosh mx e~ (82? dx (18.2.25) 
0 


cosh Inr cosh 27x 


with the condition that aß = 27. 


vaf Sarat Ode = VB Seinen e 08220) 
0 


cosh Sn cosh 27x a 


with the condition that aß = 27. 


iğ sinh rx 2 — [7 sinh mg 2 
OA ae O aa — e e (BB) 
vaf 2cosh2nre— 1° j vaf 2 cosh 27a — ie ” 
(18.2.27) 


with the condition that af = 37. 
From the above results we can easily deduce the results corresponding to 
those of §§2-3 for the functions 
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1)2®0+1)/2 


i 


? 


a 


S is *) on 


n=0 


where 1,3,5,7,... are the natural odd numbers, 1,2,4,5,... are the natural 
numbers without the multiples of 3 and 1,5,7,11,... are the natural odd 
numbers without the multiples of 3. 


18.3 Discussion and Proofs of the Identities 


We have corrected two misprints. he condition a8 = 3m for (18.2.24) is a 
replacement of Ramanujan’s for a8 = Sm. On the right-hand side of (18.2.26), 
Ramanujan inadvertently wrote a ak it first appearance in the integrand, 
instead of (. 

The identities (18.2.18) and (18.2.19) are identical to formulas (7) and 
(8), respectively, in [255], [267, p. 55]. Ramanujan’s discourses in [255] and 
in the present manuscript indicate that Ramanujan was regarding the three 
self-reciprocal Fourier transforms in [255] and the five self-reciprocal Fourier 
transforms here as known. The identities (18.2.18), (18.2.20), and (18.2.21) are 
especially easy to prove, because each can be established by expanding the 
denominator in a geometric series and integrating termwise. The identities 
(18.2.19) and (18.2.23) are more difficult to prove. One can find (18.2.18), 
(18.2.20), and (18.2.21) in the Tables [126, p. 537, formula 3.981, no. 3; 
page 538, formula 3.981, no. 10; p. 537, formula 3.981, no. 6]. 

Formula (18.2.19) is a special case of a more general integral evaluation 
given in [126, p. 539, formula 3.983, no. 6], where the requirement a < 0 given 
there is spurious. In that formula, set a = 3n, b ir, 6 = 0, and y = 7 to 
deduce that 


[ cos 3ng _ cosh 4n — cosh 2n 
0 2coshaa + 1 ~ 4/3(cosh6n — 1) 
o 2 cosh? 2n — 1 — cosh 2n 


7 V3(4 cosh? 2n — 3 cosh 2n — 1) 
1 


V3(2 cosh 2n +1)’ 


because 4x3 — 3a — 1 = (2z? — x — 1)(2a +1). 

Lastly, (18.2.22) is a special case of a more general integral formula found 
in [126, p. 539, formula 3.984, no. 3], where the factor m is unfortunately 
missing in the evaluation, i.e., the formula should read 


[ sinax sinh ae sinh(af) 
C= 7 : 
o cosha+cos 8 2sin $8 cosh(ar) 


(18.3.1) 
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It will be necessary to make a change of variable x = 2ru, r > 0, to rewrite 
(18.3.1) as 


[ sin(2arw) sinh(ru) d sinh(aß) 
0 


= È 18.3.2 
cosh(2ru) + cos 8 em IREN 8 cosh(ar) ( ) 


Setting r = 7, a = 3n/r, and 8 = om in (18.3.2), we deduce that 


2cosh(27u) — 1 —_ 44/3 cosh(3n) 
sinh n coshn 
2\/3(4 cosh? n — 3 cosh n) 
sinh n 
2/3(4 cosh? n — 3) 
sinh n 


2/3(2 cosh 2n — 1)’ 


L sin(6nu) sinh(ru) | sinh(2n) 
0 


which completes the proof of (18.2.22). 

The beautiful identity (18.2.23) was first submitted as a problem to the 
Journal of the Indian Mathematical Society [245], [267, pp. 324-325], with 
Ramanujan’s solution being one of the few published solutions by Ramanujan 
to his own problems. The same solution is sketched in Ramanujan’s paper 
[255], [267, p. 55]. It is also given in Chap. 13 of his second notebook [268], 
[38, p. 225], where (in the latter source) the condition a8 = 7 was unfath- 
omably replaced by aß = 7/4. A. Dixit [111] has found an elegant extension 
of the following formula, also due to Ramanujan [257, Eq. (13)], which we 
provide below under a slight renaming of the parameters a and £. If a and 6 
are two positive numbers such that aß = 1, then 


—1x? /a? oo gente (6° 


qa t/2 amano? | eS er = 6712 -4m6 | ~z lt 
0 e 1 o e >: 


1 f® _(-1+it -1 — it t 1 
=z] T P Z tl dt 
m a a eee 


(18.3.3) 


where =(x) denotes Riemann’s £-function. Observe that if the far left-hand 
side of (18.3.3) is shown to be equal to the far right-hand side, then the first 
equality follows readily from the relation af = 1. 

The identity (18.2.24) is also stated by Ramanujan in [255], where a proof 
is sketched. Since (18.2.25)—(18.2.27) are not given by Ramanujan in [255], we 
provide proofs. The proofs are dependent on the elementary identities 


[ e722 cos ba dr = V8 /(402), (18.3.4) 
ð 2a 
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where Rea > 0 and 6 is real, and 
f ze~* ® sinba dr = DAT v8 (4a) (18.3.5) 
0 4a 


where Rea > 0 and b is real [126, p. 515, formula 3.896, no. 4; p. 529, for- 
mula 3.952, no. 1]. 


Proof of (18.2.25). Using (18.2.20) and (18.3.4), we find that 
© coshtz (ax)? ene? °° cosh mu 

Va ——— e dx = 2V2a dx cos(47xu)du 
0 


cosh 27x cosh 27u 


h 
= 2V2 ai = shme ay f” ee cos(4rxru)dx 
0 


cosh 27ru 
J foe) 
_ [2T f cosh mu onan? Ja? du 
a Jo cosh27u 


_ vaf cosh ru e- (80)? du, 


o cosh2ru 


since a8 = 2r. 


Proof of (18.2.26). Using (18.2.21) and (18.3.5), we see that 


vaf = are) dx 
0 


cosh 27x 
= 2avVv2 af” ze% da i? oa sin(47au)du 
cosh 27ru 
h 
= 2avV/2 af” ue am aw f rer sin(4rzru)dx 
cosh 27u 0 


_ (2m re m sinh mu ue- 4Tu?/ a dy 
o cosh2ru 


z b sinh mu Bue PW du, 


cosh 2ru Inu” 


because a = 2r. 


Proof of (18.2.27). Employing (18.2.22) and (18.3.5), we readily find that 


a sinh rx 2 
ae are (o#)" 
va | 2cosh2nz—1- 7 


= 2508"? | sede | ae en 


0 9 2cosh2ru—1 
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CO 7 h Co 
= 2V3 all? f are | ceo ™ sin(67xu)dx 
i = 


3/2 
= 3m [ sinh mu ue- 97u? o? Ju 
o 2cosh27u—1 


_ af sinh mu tt Bu e- (Bu)? d 


2 cosh 2ru — 


since a8 = 3r. 


It is difficult to ascertain Ramanujan’s intention in the last paragraph 
of the manuscript, since the content of §§2-3 is unknown to us. However, 
the five L-functions listed by Ramanujan are associated with the five self- 
reciprocal functions (18.2.18)—(18.2.22), respectively. For these connections, 
see E.C. Titchmarsh’s text [305, pp. 262-263]. Titchmarsh does not divulge 
who first established the self-reciprocal relations (18.2.18)—(18.2.22). Is it 
possible that the contents of this partial manuscript were communicated by 
Hardy to Titchmarsh, who was his former doctoral student? 


18.4 Page 192 


It is not clear that page 192 is a portion of the previous manuscript, but 
the editor’s decision to place this page after pages 190 and 191 is reasonable. 
The three entries on this page are labeled 28, 32, and 36, with a fourth labeled 
40 and empty. The last entry on page 191 is labeled 27), but note that a 
different tagging notation is used. We quote the three entries. 


28. 178+ 378wo +57 8w? + 978? + 11 -8wte@ + 137 8w? + 15-8 
+177 8w +197 ww + 237w w + 257w + 27 ww H 


where w? = w° = 1, 
32. PA ee T w w 9 w? H 117w H 137 ww 
+157 wtw + 177 *w* + 19w 21w w + 23 ww + 25i 
+277 8w +297 ww + 317w H- 
8 


where w® = w° = 1, 

36. 178 +57w +T ww + 117 ww + 137 wt 17w 19w 
+237sww + O57 Sas" + 297w" +317 wtw +357 ww H eos 

6 


where w? = w? = 1. 


Note that Ramanujan has made no claims about these three series. Each is a 
Dirichlet L-function, with the periods of the characters being 28, 32, and 36, 
respectively. 
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18.5 Explicit Evaluations of Certain Quotients 
of L-Series 
Let 
ifn =2m+1, 
0, if n is even, 
and let x3(n) denote the Legendre symbol (3). 


Entry 18.5.1 (p. 203). Let ¢(s) denote the Riemann zeta function, and 
let L(s, x4) and L(s, x3) denote the Dirichlet L-functions associated with the 
characters x4 and x3 defined above. Then 


(1 — 27/3)¢(1/3 qi/3 21/3 4 41/3 


= 

(1 = 21/3)¢(2/3) PAB) aa. (18.5.1) 
L(1/3, x4) — r13 , 1/3 
L@/3,x4) TOR) - (18.5.2) 
L(1/3,x3)_ S iaaa 
IGB A T (18.5.3) 

(1 = 29/4)¢(1/4) _ z1/4 

(1 — 21/4)¢(3/4) ~ (1/4) V8 + 25/4, (18.5.4) 
L(1/4, x4) = i/4 F 
L(3/4,xa)  T(1/4) 2+ 2v2, (18.5.5) 
L(1/4, x3) _ n14 = 
L(3/4,x3) T/A v3 + v6 (18.5.6) 

Proof. We recall the functional equation of ¢(s) [306, p. 22], 
a? P(S8)C(s) =a OPTS — $s) — s). (18.5.7) 


We also need the functional equations of the two L-functions cited above [101, 


p. 71, Eq. (11)] 


qo ge Oe r= 


and 


n—@-9)/238-9/2 7 (1-35) L (1-5, xs) 


= n~(6+1)/23(s+1)/27(1(541))L(s, x3). 


38) L(1—s, x4) = OPV PACD? D3 (8-+1))L(s, x4) 


(18.5.8) 


(18.5.9) 
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The duplication formula 


g2a—-1 i 
and the reflection formula 
T 
; —gz)= 18.5.11 
r(x) r(1-— zx) a (18.5.11) 


are also needed in our calculations. 
We first prove (18.5.1). Setting s = £ in (18.5.7), we find that 


(1 —27/8)¢(1/3) _ (14+.2"/9)¢(1/3) _ 1/3),,-1/6 (0/3) 
a-ak easy) FP ma 8512) 
Setting x = % in (18.5.10), we readily find that 
rU/3 _ 2? hoya). (18.5.13) 


I(1/6) VT 
Using (18.5.13) in (18.5.12), we deduce that 


— 92/3 
T AE T CAN rea 


g1/3 
~ V3r a3) 


upon the use of the reflection formula (18.5.11) with « = 3. This then 
completes the proof of (18.5.1). 
The proof of (18.5.2) is next on our agenda. Setting s = in (18.5.8), we 
easily arrive at 
L(1/3, x4) _ „—1/691/3 (5/6) 24/373/6 


(21/3 i er), 


L(2/3, Xa) r(2/3) F(2/3)r(/6)’ 


by the reflection formula (18.5.11). Using next the duplication formula 
(18.5.10), we see that 


L(1/3, x4) _ 75/6243 272/3 P(2/3) gt ale 


L(2/3,x4)  T(2/3) vr r/3) (1/3) ’ 


and this completes the proof of (18.5.2). 
We establish (18.5.3). In (18.5.9), we set s = 2 and use the reflection and 
duplication formulas (18.5.11) and (18.5.10) to find that 


L(2/3, x3) r(2/3) 1(2/3)P(1/6) P(1/3) 


L(1/3, x3) -1/631/6 T (5/6) 2775/631/6 g!/331/621/3 
As A 
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To prove (18.5.4), we set s = + in the functional equation (18.5.7), employ 
the reflection and duplication formulas (18.5.11) and (18.5.10), and lastly 
recall the value 


ane (=) _Vv2+1 
8 2/2 
Hence, 


(1 2/4)C(1/4) aaa, pm C(/4) 4244 VIr! 
a aaga ~ +2 + V2) 


1 
(3/4) VvV2 +1r(1/4) 
Since 


1/4 ee 
CSET) _ aa ope 
V2+1 


we see that the proof of (18.5.4) is complete. 

The proof of (18.5.5) follows along the same lines. We set s = 
and use the reflection and duplication formulas, (18.5.11) and 
deduce that 


in (18.5.8) 
18.5.10), to 


loo 


— 


L(1/4, x4) ala 


L(3/4,xa)  P°(1/4)21/4sin(x/8)° 


If we now use the facts 


and 
TEET E 
J2—1 


we complete the proof of (18.5.5). 
Lastly, put s = 3 in the functional equation (18.5.9) and proceed in exactly 
the same manner as in the previous proof to arrive at 


L(1/4,x3) __ mt/431/4 
L(3/4,x3) (1/4) V2 -1 


If we now use the identity 


31/4 mae T 
JZ = v3 + V6, 


we finish the proof of (18.5.6). 
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Miscellaneous Results in Analysis 


19.1 Introduction 


Recall that when Ramanujan’s lost notebook [269] was published in 1988, 
other fragments and partial manuscripts were also published with the lost 
notebook. In the first portion of this chapter, we examine two formulas 
found on page 336 of [269] that are clearly wrong. Undoubtedly, Ramanujan 
realized that these results are indeed incorrect as they stand. He possibly pos- 
sessed correct identities and used some unknown formal procedure to replace 
certain expressions by divergent series in order to make the identities more 
attractive. Ramanujan frequently enjoyed stating identities in an unorthodox 
fashion in order to surprise or titillate his audience. We timorously conjecture 
that Ramanujan had established correct identities in each case, but we do not 
know what they are. 

Following our discussion of these two intriguing but incorrect formulas, we 
consider various isolated results. Perhaps the most interesting are an integral- 
series identity on page 197 and a study of the integral i SNU du, for which 


U 
Ramanujan determines the points where it achieves local maxima and minima. 


19.2 Two False Claims 


Entry 19.2.1 (p. 336). Let o3(n) = J'am d°, and let C(s) denote the Rie- 
mann zeta function. Then 


I(s+3) cü =s) eS ¢(—s) tan $78 


2 1 1 
(s — 4)z® 2 2r°t3 
+ 5 ot) (x— in) Z2 — (x +in) 2 
2i 
n=1 
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= (27/)* {= 2n/nxC(—s) tan ins 


War a sin (Z + anv Ina) . (19.2.1) 


Entry 19.2.2 (p. 336). Let os(n) and ¢(s) be as in the preceding entry. If a 
and B are positive numbers such that aß = 4n?, then 


1 1 
amaa] aa s) } 5$(-8) s) tan pret Yau sin( om} 


= g(s+1)/2 {360 s)+ Le s) tan $7s 4 ` a(n) sninay} . (19.2.2) 
n=l 


Each of Ramanujan’s claims is easily seen to be false in general, because 
each contains divergent series. In Sects. 19.3-19.6, we examine these two for- 
mulas. Formula (19.2.2) is especially intriguing because of its beautiful sym- 
metry, because it appears to be a relation between Eisenstein series formally 
extended to the real line, and because it appears to be an analogue of the 
Poisson summation formula or a special instance of the Voronoi summation 
formula. 


19.3 First Attempt: A Possible Connection with 
Eisenstein Series 


A first examination of (19.2.2) reminds us of the transformation formulas 
for Eisenstein series when s is a positive odd integer. In [29], Berndt derived 
modular transformation formulas for a large class of analytic Eisenstein series. 
Specializing Theorem 2 of [29] for rı = r2 = 0 and the modular transformation 
Tz = —1/z, for z € H = {z : Imz > 0} we find that for any complex number s, 


z *(1 + ere) 3 o,-1(n)e~27"/2 =- (1 4 an) 5 os-1(n)e2"in2 


— 2 seS (2mi) (1 + e™*)F(s)C(s) + (201) °(1 +e )I'(s)C(s) 
~ (ni) | ut? = - u, (19.3.1) 


where ¢(s) denotes the Riemann zeta function. Here C is a loop beginning at 
+oo, proceeding to the left in H, encircling the origin in the positive direction 
so that u = 0 is the only zero of (e*“ — 1)(e” — 1) lying “inside” the loop, and 
then returning to +00 in the lower half-plane. We choose the branch of u® 
with 0 < argu < 27. Otherwise, outside the integrand, we choose the branch 
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of logw such that -r < argw < m. Replacing s by s + 1 in (19.3.1) and 
slightly simplifying, we find that 


oo oo 
zal 5 T; nye? = T; (n)e?™™®z 
=1 


n=1 


4 z ole" (20i) TII (s +1)¢(s+1)+ (2ri) TIT (s +1)(s +1) 
(mi) fs 1 l a 19.3.2 
[ i (19.3.2) 


1 — ets e7“ —Levu—]1 


Next, recall the functional equation of the Riemann zeta function (3.1.4) [306, 
p. 16, equation (2.1.8)], 


¢(1 — 5) = 2175r cos (78) I'(s)¢(s). (19.3.3) 


If we replace s by s + 1 in (19.3.3), we easily see that 


e` Tis/2 —s 
(2r) TII (s +1)¢(s +1) = Ea (19.3.4) 


Using (19.3.4) in (19.3.2), we conclude that 


go sei oa (n)e~ 27/2 = s o (nje L 2-8-1 j, ie™e/2¢(— s) 
n=1 ° n=1 : | 2sin (5 Ts) 
; je Tis/2 ;\—s—1 
Se eu J T du. (19.3.5) 
2sin ($78) 1— e™s5 e7” — 1 et—-1 


Omitting n, note that the product of the arguments in the exponentials in the 
two infinite series in (19.3.5) is equal to 47”, in accordance with the condition 
aß = 47°? prescribed by Ramanujan. Equation (19.3.5) is as close to (19.2.2) 
as we can get using the chief theorem from [29]. 


19.4 Second Attempt: A Formula in Ramanujan’s 
Paper [257] 


We conjecture that Ramanujan’s formula (19.2.2) arose from the research that 
produced his paper [257], [267, pp. 72-77]. On page 75 in [267], in formula 
(15), Ramanujan asserts that if Res > —1 and if a and £ are positive numbers 
such that aß = 47”, then 


¢(1 — s) Qs-D/2 4 G(=s) q(stl)/2 
4cos(4rs) Bsin(ns) 


a (e274 — 1) 
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., Aas) alii) C(=8) _ a(s41)/2 
~ Acos(4m Sa Pa 


+g f i = C ie gy (19.4.1) 


me — 1)( (e274 — 1) 


Suppose that we multiply both sides of (19.4.1) by 4cos($7s) to deduce that 


a61 Lcq s) 4 Le s) cot(47s) 


xë sin a 
+4cos(4 378) Mi fy eam — 1) (e2rv — T ay\ 


580/2 [ZC — s) + FCs) cot( dn) 
+ 4cos( bas) f [ a peu) gew}. (19.4.2) 


(27% _ 1) (e27Y 


We note that the first two expressions on each side of (19.4.2) are identical to 
the first two terms on each side of (19.2.2), except that tan($7s) in (19.2.2) 
has been replaced by cot($7s) in (19.4.2). However, we are unable to make 
any identification of the double integrals in (19.4.2) with the divergent sums 
n (19.2.2). 


19.5 Third Attempt: The Voronoi Summation Formula 


Our third attempt to prove Entries 19.2.2 and 19.2.1 depends on the Voronoi 
summation formula. We only briefly sketch the background and hypotheses 
needed for the statement of the Voronoi summation formula. For complete 
details, see the papers [26-28], and [89]. 

Let s =o + it, with o and t real, and let 


o(s) := 5 a(n)A;,° and p(s) := 5 b(n) uy, *, 0 < An, Un — œ, 


be two Dirichlet series with abscissas of absolute convergence oq and ož, 
respectively. Let r > 0, and suppose that ¢(s) and w(s) satisfy a functional 
equation of the type 


I'(s)¢(s) = T(r — s)p(r — s). (19.5.1) 
Define also 
Q(x) = = 5 os) ds, (19.5.2) 


where C is a simple closed curve(s) containing the integrand’s poles in its 
interior. 
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The Voronoi summation formula in its original form with a(n) = d(n), 
where d(n) denotes the number of positive divisors of the positive integer n, 
was first proved by M.G. Voronoi in 1904 [310]. Since then, “Voronoi sum- 
mation formulas” have been established for a variety of arithmetic functions 
under various hypotheses. In particular, Berndt [28] established various ver- 
sions of the Voronoi summation formula, including the following theorem from 
[28, p. 142, Theorem 1], where several references to the literature on Voronoi 
summation formulas can be found. 


Theorem 19.5.1. Let f € CH (0,00). Then, if0<a<1 <£ <0, 


Dd. an)FOn)= f Q's (Cat (19.5.3) 
Ansa 4 
oo a (r—1)/2 
+> 4(n) f (=) Ina (2V ind) f (Bat, 


where the prime ! on the summation sign on the left-hand side indicates that 
if £ = Xn, for some integer n, then only $a(n)f(An) is counted, and where 
Jy (x) denotes the ordinary Bessel function of order v. 


This is the simplest theorem of this sort. The two applications that we 
make of Theorem 19.5.1 are formal in the sense that there are no versions of the 
Voronoi summation formula that would ensure the validity of our applications; 
indeed, as we remarked above, both (19.2.1) and (19.2.2) contain divergent 
series. Possibly Ramanujan discovered some version of the Voronoi summation 
formula for a(n) = o;(n), but if so, he apparently had established neither a 
precise version nor conditions for its validity. Under this assumption, we next 
see how Ramanujan might have been led to the two entries above. 

In order to avoid possible confusion, we are going to replace s by & in our 
attempts to prove (19.2.1) and (19.2.2). It is well known and easy to prove 
that for any real number k, 


ns 


C(s)¢(s — k) = 5 Salil o > sup{1,k +1}. (19.5.4) 
n=1 
Then with the use of the functional equation (19.3.3) for ¢(s), it is not difficult 


to show that if k is an odd integer [89, p. 17], 


(2m) *P"(s)¢(s)¢(k — s) 
= (1 oa) Orbe — s)¢(k +1- s)¢(1— s). (19.5.5) 


Thus, in the settings (19.5.1) and (19.5.5), we have 


a(n) =op(n), b(n) = (-1)** Dox (n), k odd, (19.5.6) 
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An = Mn = dnn, n>1, r=k+1. (19.5.7) 


Furthermore, Q(x) is the sum of the residues of 


(27) *C(s)C(s — k)a* 


S 


taken over all its poles, which are at s = 1, s = k + 1, and s = 0. Since ¢(s) 
has a simple pole at s = 1 with residue 1 and [306, p. 19] 


¢(0) = = (19.5.8) 
we find that 
1 C-k) | C(k+ hee 
Q(z) = —36(-k) + “a + eel e pd): 


It follows that 


C(1—k)  ¢(k+1)a* 


Q's) = “ar t aa (19.5.9) 


We first examine (19.2.2). In our formal application of (19.5.3), we clearly 
should set a = 0, x = oo, and f(t) = sin(at/(27)). In order to apply (19.5.3), 
we need to employ the integral evaluation [126, p. 773, formula 6.728, no. 5] 


a. xti J, (ba) sin(ax?)dx = a cos w ; (19.5.10) 
0 (2a)k+1 4a 2 
Hence, using (19.5.10), we find that 


co : t co , 2 
f t*/ J (2V 2mnt) sin (£) dt = 2 | utt! J, (2\/jm u) sin (=) du 

0 20 0 20 

(Qa OP tly h/? An?n kr 

akt COS 2 


(k-1)/2 (27)?*/2+1nk/2  (4r?n 
= (—1) JF sin | — 


7 Qqr)3k/2+1 yk /2 ; 
= (-1) yeu sin(Bn), 


(19.5.11) 


since aB = 4r?. 

With the preliminary details out of the way, we are now ready to ap- 
ply the Voronoi summation formula (19.5.3). Using the calculations (19.5.9) 
and (19.5.11) and the parameters defined above, we formally find that 
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o in(an) H sin | — 
r( 0 27 (2m)k+1 27 


on k+1 co 
TE 2, at) sin(@n). (19.5.12) 


a 


Thus, if we replace s by k in (19.2.2) and assume that k is an odd integer, 
then (19.5.12) is as close as we can get in our efforts to formally derive (19.2.2). 
Note that on the right side of (19.5.12) a minus sign appears, in contrast to 
the right side of (19.2.2), and that a divergent integral appears on the right- 
hand side of (19.5.12) in place of the expressions involving the Riemann zeta 
function appearing in (19.2.2). 

We now turn to (19.2.1). Observe that the infinite series on the left-hand 
side are reminiscent of the finite Riesz sums }7,,<,%s(n)(x — n)”, for which 
identities have been derived by, for example, A. Oppenheim [239] and A. Lau- 
rinčikas [209]. Once more, we make an application of the Voronoi summation 
formula. Note that the series on the left-hand side of (19.2.1) does not con- 
verge for any real value of s, since os (n) > n°. Also note that for x sufficiently 
large and for ø > 4, each expression in (19.2.1) tends to 0 as x tends to oo, 
except for —2m/7x¢(—s) tan rs, which tends to oo. 

To effect our application of Theorem 19.5.1, we need the integral evaluation 
[126, p. 709, formula 6.565, no. 2] 


foe) pt 
v+1 J (bx) (x? +a?) Vda = =o ae 19.5.13 
f T ( x) (a +a ) £ 2ed (v + ay ( ) 


where Rea > 0, b > 0, Rev > —t, and J,(x) denotes the ordinary Bessel 
function of order v. Apply the Voronoi summation formula (19.5.3) twice, with 
a= 0, z = œ, and f(t) = (x F it)~*-/?, under the same conditions (19.5.6) 
and (19.5.7) as in our previous application. We do not provide further details 
but invite readers to consult the paper by Berndt, O.-Y. Chan, $.-G. Lim, 
and A. Zaharescu [48], where the remainder of the failed proof can be found. 
We eventually then arrive at the “identity” 


so C — inj i (e inj- 12} 


z J — * } er) ((@ “ye _ (æ + it) #1?) dt 


Co 


Èa = e- 2 VTE gin (ovma + 5 in): (19.5.14) 


which should be compared with (19.2.1). Observe that the integral on the 
right-hand side of (19.5.14) diverges, although it can be subdivided into two 
improper integrals, one of which converges and is elementary, and the other 
of which diverges. 
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19.6 Fourth Attempt: Mellin Transforms 

Another effort to prove Entries 19.2.1 and 19.2.2 has utilized Mellin trans- 
forms. We refer readers to the aforementioned paper by Berndt, Chan, Lim, 
and Zaharescu [48] for the details of this failed attempt. 


19.7 An Integral on Page 197 


Entry 19.7.1 (p. 197). Let n > 0 and let t > 0. Then 


i, oo —(2k-+1)rt/2+(2k+1)?inn/4 
f sin(rta) eime? gy T e re 
o «xcosh(72) 2 = 2k +1 
m Few [x elttut(2k+1)i)?in/(4n) dy (19.7.1) 


Ramanujan has a slight misprint in his formulation of (19.7.1) in [269]; he 
forgot the factor 7 in the exponents in the summands in the first series on the 
right-hand side. 

Before proving Entry 19.7.1, we state the values of some integrals that we 
need in our proof. For a,b > 0 [126, p. 542, formulas 3.989, nos. 5, 6], 


°° sin(zax”) cos(bx) = k —(2k+1)b/2 .. ( (2k +1) ra 
= 1 EE 
f cosh(7a) 2 ve aa 4 
ee m bB  (2k+1)?a 
es =| k —(2k+1)b/(2a) , 19.7.2 
= pa ye a 4 Ana - 4a ( ) 
and 
s cos(max*) cos(bx) Gi S 1)ř e- Ck+1)b/2 cog (2k + 1)’ ra 
0 cosh(72) zE 4 
2 2 
Jke- (2h+1)B/ (2a) T b (2k + 1)? 
Tee ae cos G F + a . (19.7.3) 


n [126], the factor (—1)* has unfortunately been omitted from both sums 
n (19.7.2) and from the latter sum in (19.7.3). These formulas, including the 
mistakes, were copied from the tables of integral transforms [115, p. 36]. Next, 
for a > 0 and Reb > 0 [126, p. 545, formula 4.111, no. 7], 


© sin(ax) Ta T 
——— dr = 2t = 19.7.4 
f x cosh(bx) 4 gi ‘(ox a 2 ( ) 
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Proof of Entry 19.7.1. Our uninspiring method of proof is undoubtedly not 
that used by Ramanujan, because our proof is a verification. We show that 
the derivatives of both sides of (19.7.1) as functions of t are equal. We then 
show that the limits of both sides of (19.7.1) as t > oo are both equal to 7/2 
to conclude the proof. To that end, let F(t) and G(t) denote the left- and 
right-hand sides of (19.7.1). Then, using (19.7.2) and (19.7.3) with a = n and 
b = at, we find that 


EG) = af mna e Timna? dy 
o cosh(ra) 


a (Epearen (19.7.5) 
k=0 


Li k—(2k=1)mt/n (mnt | (2k+1)?n 
er ie PL NA ant 4n i 


On the other hand, by easily justified differentiations under the summation 
and integral signs and an inversion in order of integration and summation by 
absolute convergence, 


G'(t) = > (ite Cheers ans 
k=0 


Ti n < = n2, 
-2——= } (-1)" J (t + u + (2k + 1)ije tet Ont i ir/4n) du 
mva" j 


= SO (= rte“ aH ne/24 2b)? min/4 


k=0 
T ee Ag 

ENA (1) rere reer he) in /(4n) (19.7.6) 
a> 


A comparison of (19.7.5) and (19.7.6) shows that indeed F’(t) = G” (t). So, it 
remains to show that F(t) and G(t) are equal for some value of t. 

We let t tend to co to deduce the desired equality. Because of absolute 
and uniform convergence with respect to t in a neighborhood of oo, we can let 
t — co under the integral and summation signs on the right side of (19.7.1) 
and readily deduce that 

T 


jim G(t) = 5. (19.7.7) 


On the other hand, write, with the use of (19.7.4), 


ro=[( sin(rtzx) ozimna? _ a) ae +f sin(mtz) rs 


x cosh(7a) x cosh(7a x cosh(72) 
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T si ( t ) 1 inna 1 d 
= sin E A 
0 MONG cosh(72) x cosh(72) g 


+2tan7! Cag = Z. (19.7.8) 


Clearly, the function 
1 1 
x cosh(72) x cosh(72) 


; 2 
UTNE 


is in L(—o00, co). Hence, by (19.7.8) and a standard theorem from the theory 
of Fourier integrals [305, p. 11], 


lim F(t) =0+ 25 z (19.7.9) 


T T 
2 2 
Thus, we see from (19.7.7) and (19.7.9) that lim; F(t) = limy_.. G(t), and 
so the proof is complete. 


19.8 On the Integral [Y soudu 


On page 256 in [269], Ramanujan obtains explicit representations for the val- 
ues of the local maxima and minima of the integral 


u 


S(x) =l PEW hu, (19.8.1) 
0 
when z > 0. The integral S(x) is intimately connected with the sine and 
cosine integrals defined for x > 0 by [126, p. 936, formulas 8.230, nos. 1,2] 


si(x) =- f Dy oe a =| har (19.8.2) 


t 


Ramanujan first defines r, r > 0, and 0, 0 < 0 < ir, by 


oo eet ; oo te™ tt 
r cos @ := —— dt and rsin := — dt, (19.8.3) 
o 1+? 1+ 


where x > 0. His first claim is the following identity. 


Entry 19.8.1 (p. 256). Ifr is defined by (19.8.3), then 


co p p—rt 
c= | £ log(1 + ¢?)dt. 
0 t 
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Proof. From [126, p. 359, formula 3.354, nos. 1,2], 


co —at 
f pt = ci(x) sin x — si(x) cos x (19.8.4) 
and 
a cii dt ci(x) cos si(x)si (19.8.5) 
mT = —Cl — S(T] SM F Oo. 
| IFE x x , 


where ci(z) and si(x) are defined by (19.8.2). Using the definitions (19.8.3) in 
conjunction with the foregoing identities, we easily see that 
r? = r? cos? 6 + r° sin? 0 
= {ci(x) sin x — si(x) cos £}? + {—ci(x) cos x — si(x) sin x}? 


= ci’ (x) + si? (x) 


co eat 
= J log(1 + t?)dt, 
0 t 


where we have used another integral evaluation from the Tables [126, p. 609, 
formula 4.366, no. 1]. This completes the proof. 


Entry 19.8.2 (p. 256). Ifr and 0 are defined by (19.8.3) and x > 0, then 


T i hep (19.8.6) 
o u 2 
and 
7 1 — cosu . 
— du = y + logx — r sin(x — 0), (19.8.7) 
0 u 


where y denotes Euler’s constant. 
Proof. Again using (19.8.3)-(19.8.5), we easily find that 


r cos(x — 0) = r cos x cos 0 + r sin z sin 0 
= cos x {ci(x) sin x — si(x) cos z} 
+ sin x {—ci(x) cos x — si(x) sin x} 
= — si(x). (19.8.8) 


The result (19.8.6) now follows from the definition (19.8.2) of si(x). 
Next, from [126, p. 936, formula 8.230, no. 2], 


/ aT OS du = y + log x — ci(z). (19.8.9) 
0 


uU 
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A comparison of (19.8.9) with (19.8.7) indicates that in order to prove (19.8.7), 
all we need to do is to show that 


rsin(a — 0) = ci(x). (19.8.10) 


The demonstration of (19.8.10) follows along the same lines as the calculation 
in (19.8.8), and so this completes the proof. 


Entry 19.8.3 (p. 256). The function S(x) defined in (19.8.1) has local maz- 
ima at x = (2n + 1)r, n > 0, with the maximum values being 


T aö e` (2n+1)xt 


while the local minima are at x = 2n7r, n > 1, with the minimum values being 


T co e72nnt 


Proof. From elementary calculus, it is trivial to see that the critical points of 
S(x) are at x = nr, n > 0, when z is positive. Furthermore, it is easy to see 
that when n is odd, a local maximum is reached, and when n is even, a local 
minimum is obtained. Furthermore, from (19.8.6) and (19.8.3), 


+r cos 
œ p—(2n+1)rt 

ft | aes 
0 1 + t2 


and so (19.8.11) is established. Similarly, (19.8.6) and (19.8.3) immediately 
yield (19.8.12). 


S(2n +1) = 5 —rcos((2n + 1)r — 0) = 


19.9 Two Infinite Products 


Entry 19.9.1 (p. 370). Jf |Re6| < 1, |Ima| < 1, and 


cosh ($78) = sec (47a) , (19.9.1) 
then 
oo /(2n +1)? +a? (-1)"(2n+1) liap 


n=0 


With the roles of œ and 8 reversed, Entry 19.9.1 is identical to equation 
(17) in Ramanujan’s paper [250], [267, p. 41]. See also (17.2.13) of the present 
volume. In fact, in place of the condition (19.9.1), Ramanujan wrote the hy- 
pothesis 
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S 


(Possibly, gd denotes the Gudermannian function.) Since Ramanujan only 
sketched a proof of (19.9.2) in [250], the editors of [267, pp. 336-337] supplied 
a more detailed proof. An equivalent form of Entry 19.9.1 can be found on 
page 286 in Ramanujan’s second notebook [268], and a proof of Entry 19.9.1 
in this form can be found in Berndt’s book [41, p. 461, Entry 30]. Lastly, 
Ramanujan also submitted Entry 19.9.1 as a problem to the Journal of the 
Indian Mathematical Society [248]. 


Entry 19.9.2 (p. 370 (incorrect)). For |z| < 1, 


Co 


II Ti + Z) i e=} = 62", (19.9.3) 


n=1 


C= {2 log (: 5) | ; (19.9.4) 


If we take the logarithm of both sides of (19.9.3), employ the Maclaurin 
series for log(1 — z), and interchange the order of summation, we deduce that 


provided that 


2 eej —2)ai ==, (19.9.5) 


j=2 


where ¢(s) denotes the Riemann zeta function. Since ¢(0) = —4 [306, p. 19], 
we can rewrite (19.9.5) in the form 


j 


>, => C(2j)aI = 0. (19.9.6) 


Hence, combining (19.9.6) with (19.9.4), we see that Ramanujan claimed that 
a root of (19.9.6) is (19.9.4), which, if true, would be a remarkable result. 

Unfortunately, Entry 19.9.2 is incorrect. This entry also appears in Ra- 
manujan’s third notebook [268, p. 365], and in [41, pp. 488-490] Berndt showed 
that Ramanujan’s claim in Entry 19.9.2 is false. In particular, Ramanujan also 
claimed on the same page in [268] that for |z| < 1, 


oe (157 ae 
( 1) C(2j)279t? = = t cotht dt. (19.9.7) 
J 2 
oI t 1 T! Jo 


1 (54) 
x = — log 
T 2 


If we set 
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above, Ramanujan’s claim in Entry 19.9.2 would be equivalent to asserting 
that the integral on the right side of (19.9.7) equals 0, which is obviously 
untrue. 


19.10 Two Formulas from the Theory of Elliptic 
Functions 


We recall some needed notation from the theory of elliptic functions [39, 
Chaps. 17, 18, in particular, pp. 101-102]. The incomplete elliptic integral 
of the first kind is defined, for 0 < y < ir, by 


P dt 
f ae (19.10.1) 
0 1—k?2sin?t 


where k, 0 < k < 1, is the modulus. The complementary modulus k’ is defined 
by k’ = V1 — k?. For brevity, we set x = k?. The complete elliptic integral of 
the first kind is given by (19.10.1) when y = $7 and is denoted by K = K(k). 
Define K’ := K' (k) := K(k’). Then in the theory of elliptic functions, we set 


t 
q := exp (~£) =e %, (19.10.2) 


Define, for 0 < 0 < ir, 


E dt 
zJo „1=—k?sin?t 


Incomplete elliptic integrals satisfy Jacobi’s imaginary transformation. If 0 < 
p < $7, then 


pE dt T dt í ) 
=n ; 19.10.3 
o V1-—<asin’t (o 1— (1 — z)sin? t 
Entry 19.10.1 (p. 346). Set, in the notation above, 
2K60 P dt 
= | (19.10.4) 
T 0 V1—k?sin?t 


Then 


tT O\ S „n Êt! sin{ (2n + 1)0} i T 
logtan (7 +5) 2? 1) / =logtan (7 + $). 


2n + 1)(1 — q?” +1) 
(19.10.5) 


Entry 19.10.1 coincides with Entry 16(v) of Chap.18 of Ramanujan’s 
second notebook [268], and a proof can be found in [39, p. 175]. 
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Entry 19.10.2 (p. 346). In addition to the notation set above, also put 


2K0' P dt 
= f . (19.10.6) 
1— k’? sin? t 


Then, 


h(2n6") 
6 +2 3 q” ena 2) = log tan (+ + z) . (19.10.7) 


Proof. In the notation above, in particular (19.10.2), in Entry 15(iv) in 
Chap. 18 of his second notebook [268], Ramanujan claims that 


i 2 sin(2n0) a 
0+), ana (19.10.8) 


n=1 


see [39, pp. 172-173] for a proof. Now in the notation of (19.10.4) and (19.10.6), 
we will restate (19.10.3) in greater detail, inserting the arguments of the func- 
tions 6 and 6’. To that end, 


o (i log tan (Z $ zy) = i6'(y). (19.10.9) 
4 2 
Next, in (19.10.8), we substitute (19.10.9) in the form 0 = 70’. Keeping in 


mind that y is defined by (19.10.6), we see from (19.10.9) that we must also 
replace y with ilog tan (7/4 + y/2). Hence, 


ap we sin(2nid’) T ẹ 
H = i logt —+—}). 19.10.10 
4 2 n cosh(ny) oe ¢ + 3 ( ) 


Dividing both sides of (19.10.10) by ¿i and recalling from (19.10.2) that 
q =e", we deduce (19.10.7). 


Slightly more complicated proofs of the two preceding entries were given 
by the authors in Part II [13, pp. 238-240]. 


20 


Elementary Results 


20.1 Introduction 


In this chapter we collect several claims from [269] that are elementary in 
nature. 


20.2 Solutions of Certain Systems of Equations 


At the bottom of page 340, there is a short note, “2 pp. of algebraical 
oddities,” which was probably written by G.H. Hardy. On page 341, Ra- 
manujan constructs families of solutions to Euler’s Diophantine equation 
A’ + B? = C3 + D?, which we discuss in Chap.8, and so it seems doubt- 
ful that page 341 is the second page to which Hardy refers. It seems more 
likely that Hardy’s comment refers to pages 340 and 344, which we discuss 
in the next section. The last several pages of [269] have been numbered by 
an unknown person, and in particular, pages 340 and 344 have the numbers 
81 and 85 attached to them. It is possible that the pages were shuffled be- 
tween the times when Hardy recorded his remark and when an anonymous 
cataloguer tagged the pages with numbers. 

The first and third entries on page 340 are in the spirit of the third problem 
[242] that Ramanujan submitted to the Journal of the Indian Mathematical 
Society and the third article that he published [244] in the same journal. 


Entry 20.2.1 (p. 340). Suppose that 
(xê + ax)’ — (zê + br)’ = A(x® +p)? + Biz? +9)? + C(z5 +r)5. (20.2.1) 
Furthermore, write 


2 
2 ar a i; (20.2.2) 
l-rz 1+8z+ ez? + 23 


+ 
l—pz 1-qz 
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Then 


—b 
a=5(a—b), B=- (4a? + 3ab+ 4b?), y=2(a?—b°), (20.2.3) 


4 3 at 3h + 6a2b2 + Gab? + bt 
re c= at tab+b, p= — 0 + $a%b + bab? + Gab? +b 


(20.2.4) 


Proof. Expanding both sides of (20.2.1) by the binomial theorem, we easily 
find that 


4 5 
7? 5 H fare _ ba" & 5 @ (Ap>-* as Bq>* d Cr?—*) pF, 
k=0 


k=0 


Equating coefficients above, we readily deduce that 


Ap’ + Bq? +Cr® =0, 
Apt + Bq* + Crt = z(a — b°), 
1 
Ap’ + Bq? + Cr? = =(a* — b*), 
Bes 9 (20.2.5) 
Ap? + Bq? + Cr? = a? — b3, 
Ap + Bq + Cr = 2(a? — b?), 
A+B+C =5(a—b). 
On the other hand, from (20.2.2), 
(1 + dz + ez? + ¢2z°) S > (Ap” + Ba" +Cr")z"* =a+Bz+y2z7. (20.2.6) 
n=0 


Equating constant terms in (20.2.6) and using (20.2.5), we deduce that 
a = 5(a— b). (20.2.7) 


Equating coefficients of z*, 1 < k < 5, in (20.2.6), using (20.2.7), and employ- 
ing the identities in (20.2.5), we find that, respectively, 


2(a? — b°) + 5(a — b)ô = £, (20.2.8) 

(a? — b?) + 26(a? — b?) + 5e(a — b) = 7, (20.2.9) 

1(q* — bt) + 6(a3 — b3) + 2e(a? — b?) + 5¢(a — b) = 0, (20.2.10) 
(až — b”) + 36(a* — bt) + ela? — b?) + 26(a? — b?) = 0, (20.2.11) 
45(a° — b°) + belat — bt) + ola? — b?) = 0. (20.2.12) 
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We now observe that (20.2.10)—(20.2.12) are a set of three linear equations in 
the unknowns ô, €, and ¢. If we solve this system, we indeed obtain the three 
proffered values for ô, €, and @ given in (20.2.4). Next, we calculate y from 
(20.2.9), and we deduce Ramanujan’s claimed value for y in (20.2.3). Lastly, it 
is easily checked that Ramanujan’s value of 6 in (20.2.3) follows readily from 
(20.2.8). 


Entry 20.2.2 (p. 340). Jf 


(a— b)M, (20.2.13) 
and if ô, c, and @ are given in (20.2.4), then 
1+ 6z+e27+ 42° =0 (20.2.14) 
is equivalent to 
5(a + b)(M? — M) = (a — b)(5M? — 1). (20.2.15) 


Proof. Using the values of ô, €, and ¢ from (20.2.4) and then the parameter- 
izations (20.2.13), we find that (20.2.14) can be written as 


N? pa tat b y2 + (a? +ab+b?)N at + 6a%b we 6ab? + bt 

= fZ») | Lia nm} gee f att) | Lia nm} 

+ (a? +ab +b?) E + b) + zla nu} Oru m Gab! + b! 
eat {Fle + b)(a — b)’ M? — (a — a)? 


5 1 
—7(a + b)(a— b)°M + jla— 5} =0. (20.2.16) 


Upon multiplying both sides of (20.2.16) by 40(a + b)/(a — b)?, we arrive at 


5(a + b)M? — 5(a — b)M? — 5(a +b) M + (a — b) = 0, 


which is equivalent to (20.2.15). 


Entry 20.2.3 (p. 340). Suppose that 


z {(x +a)? +(a+b)?} = A(x +p)* + B(x +q) + Ca". (20.2.17) 


396 20 Elementary Results 
Then 
B a? +b? 7 a? + b° 
<page- e 
(a? + b? — (a — b)V3ab)* (a? + b? + (a — b)V3ab)* 
, B= , (20.2.19) 
8(a — b)V3ab(a8 + b3)? 8(a — b)V3ab(a8 + b3)? 
(a? — b°)(a — b)? 
(a3 + b3)? 


(20.2.18) 


C= 


(20.2.20) 


Proof. Expanding both sides of (20.2.17) by the binomial theorem, we see 
that 


3 4 
3\ 7 3k. p8—k\ kb _ 4 4—k 4—ky hk 4 
pe C (a? " +b?" )ax =>) k (Ap™" + Bq*")a” + Crt. 


k=0 


Equating coefficients of xë, 0 < k < 4, we find that 


0 = Ap* + Bof, 

1 3 3 3 3 

za? +0) = Ap’ + Bo’, 

I 

5 (a +b?) = Ap? + Bq?, (20.2.21) 
3 


(a+ 6) = Ap + Ba, 
2=A+B+4+C. 


For brevity, set 


3 1 1 
aj=2, ag= g +b), a3 = ze +t) a4 = zie’ +"); a5 = 0. 
(20.2.22) 


We now employ a clever idea of Ramanujan [244], [267, pp. 18-19]. Write 


A B > _, A, + A20 + A30? 
0) := | = n0t = 
ay) 1— Op T >, and 1+ B10 + B20? ’ 


n=1 


(20.2.23) 


where, by expanding the left side in geometric series, we see that indeed 
@1,02,..-,@5 are given by (20.2.22), and where Aj, A2, A3 and Bı, B2 are 
constants that we now proceed to determine. Rewriting the last equality in 
(20.2.23) in the form 


(1+ B10 + B267)(a1 + a20 + a30? + a46? + a50 +--+) = Ay + A20 + A36?, 
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and equating coefficients on both sides, we find that 


Aj = Aj; 
Ag = a2 + a1 Bı, 
A3 = a3 +a2B, + a1 B2, (20.2.24) 


0= a4 T a3 Bı TF a2B2, 


0= a5 T a4Bı F a3 Bə. 


Using (20.2.22), we see that the last two equations in (20.2.24) can be written 
in the form 


1 3 1 
AG + b?)By + q(a +b) Bs = =v +b’), 
1 1 
AG + 6°)B, + AG + 0?) By =0. 
Solving simultaneously this pair of linear equations, we find that 


2(a? + b?)(a? + 63) 
4(a? + b?)? — 3(a + b) (a3 + 63)’ 
(a3 + b3)? 
4(a? + b?)? — 3(a + b) (a3 + 3)” 


Bı = (20.2.25) 


By = 


(20.2.26) 


Using (20.2.25) and (20.2.26), we can determine A; from the third equality 
of (20.2.24). Accordingly, 
2(a? + b?)3 — 3(a + b)(a? + b?) (a? + b?) + 2(a? + b8)? 


“= 4(a? + b?)? — 3(a + b)(a3 + b3) . (20.2.27) 


We now use (20.2.25) in the second equality of (20.2.24) to conclude that 


12(a + b)(a? + b?)? — 9(a + b)? (a? + b3) — 16(a? + b?) (a? + bY) 


Ap = 4{4(a? + b?)? — 3(a + b)(a3 + 63)} 


(20.2.28) 


Now that we have determined A1, A2, A3 and B1, Bo, we return to (20.2.23) 
and expand the rational function on the far right-hand side into partial 
fractions, 

Ai + A20 + A30? Pl, P2 
(0) = 2 = r P3 
14+ B10 + B20 1— 0q 1 — 0q2 
_ Pit pe + P3 — (pide + P2q1 + gps + q2p3)0 + qi q2p30” 
1— (qı + 42)0 + q1q267 


(20.2.29) 


But we also see from (20.2.23) that pı = A, po = B, p = C, qı = p, 
and q2 = q. Using these observations and comparing coefficients in the two 
representations for the same rational function in (20.2.29), we find that 
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A, =pitpet+p3=A+B+C, 

Ap = —(pig2 + pom + Ups + gps) = —Aq — Bp—C(p+4q), 

A3 = p3qige = Cpa, (20.2.30) 
Bı =—-(a +42) = -p - 4q, 

Bz = 1142 = pq. 


We now are ready to determine p, q, C, and A, B in this order. From the 
last two equations of (20.2.30) and from (20.2.25) and (20.2.26), we see that 


2(a? + b?) (a3 + b3) 1 (a3 + b8)? 


da? +b2)2—3(a+bda® +b) P pala +62)2 —3(a + b)(a3 + 03) 


Solving this equation, we find that 
E a? +b’ 
a? +b? — (a —b)V3ab’ 


as claimed in (20.2.18). Then, from either of the last two equalities in (20.2.30), 
we readily compute that 


_ a? +b? 
a? + b2 + (a — b)V3ab_ 


Alternatively (and more easily), we could simply verify that the given values of 
p and q simultaneously solve the last two equations of (20.2.30). Having found 
p and q, we turn to the third equation in (20.2.30) to determine C. After a 
moderate amount of elementary algebra, we find that C is given by (20.2.20). 
Lastly, we employ the first two equations in (20.2.30) to demonstrate that A 
and B are given by (20.2.19). Admittedly, a heavy amount of tedious, but 
straightforward, elementary algebra is necessary. 


M.D. Hirschhorn [162] has devised a somewhat different approach to the 
three identities at the beginning of page 340. 

In the last entry on page 340, Ramanujan attempts to find a family of 
solutions to the diophantine equation 


At+Bt+Ct= DI + Et + F’. (20.2.31) 


On page 384 of his third notebook [269], Ramanujan provides two families 
of solutions to (20.2.31). See [40, pp. 94-95, 106-107] for a discussion of Ra- 
manujan’s solutions. Unfortunately, Ramanujan’s recorded family of solutions 
for (20.2.31) is erroneous. Hirschhorn and L. Vaserstein independently (and 
almost simultaneously) found a correct version of Ramanujan’s formula. The 
factors (n? +3)(n*+42n? +9) were inadvertently omitted by Ramanujan from 
the last two terms on the right-hand side below. 
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Entry 20.2.4 (p. 340; corrected). A family of solutions to (20.2.31) is 
given by 


{x5 (n? + 3)?(n* + 42n? + 9)? + x(n? — 3)(n? + 6n4 ae 
— {x5 (n? + 3)?(n* + 42n? + 9)? + a(n? — 3)(n? — 6n 4 3)}“ 
= {xf (n? +3) (nf +42n? + 9)(n4 + 6n? + 18n? — 18n +9) + (n? — 3)}“ 
— {x4 (n? +3) (nf + 42n? + 9)(n4 — 6n? + 18n? + 18n + 9) + (n? — 3)}* 
+ {6nx*(n? LBP + 42n? AO + 4n — 3)}" 
— {6nz (n? +3) (nÍ + 42n? + 9) (n? — 4n = a : 


20.3 Radicals 


Most of page 344 in [269] is devoted to eight identities involving, on one side, 
a quotient of binomial conjugates and, on the other side, geometric type series 
in the variable g. In each case, there is a condition, such as gë = 2, attached. 


Entry 20.3.1 (p. 344). If gt =5, then 


43 + 29g — ¥/4 — 4g 
YFF yA ag TT gtg’. (20.3.1) 


(The symbol g is almost completely obliterated in [269].) A clever proof of 
Entry 20.3.1 was constructed by Hirschhorn [163] using the elementary and 
easily proved principle of componendo et dividendo [19, p. 320], which we now 
describe. Suppose that a 4 b and c Æ d. Then 


es 
b d 
if and only if 
a+b c+d 
a—b c-d 


First Proof of Entry 20.3.1. Hirschhorn begins his proof of Entry 20.3.1 with 
the trivial observation that (20.3.1) is equivalent to the identity 


33 F2g + V4g—4_ 2+g+g9?° +9’ 

Y3 F 2g — Yig- 4 1 ` 
By the principle of componendo et dividendo, with a = \/3 + 2g, b= ¥/4g — 4, 
2c = 3+ g +9? + 9°, and 2d = 1 + g + g? + g?, we deduce that (20.3.2) is 
equivalent to the identity 


V842g _3+9+9?+9° 
v4g—4° 1+g+9 +g? 


(20.3.2) 
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which in turn is equivalent to the identity 


3+29 (atete ie \* 
4g —4 l+gt+gtg] ` 


(20.3.3) 


Now observe that 
(4z—4)(3+r +r’ +r’) —(84+22)(1+2+27+2°)° = (z4 —5)P(x), (20.3.4) 


where P(x) is a certain polynomial of degree 12. Setting x = g in (20.3.4) and 
using the hypothesis g4 = 5, we complete the proof of (20.3.3) and hence also 
of the proof of Entry 20.3.1. 


Second Proof of Entry 20.3.1. We provide another proof, which was commu- 
nicated to the authors by M. Somos [291]. We begin with the easily verified 
identity 


8(3 + 22) = (x — 1)(x + 1) — (x — 5) (a? + 4x + 5). 
Setting x = g, recalling that g+ = 5, and multiplying both sides by 4, we 
obtain the identity 
2°(3 + 2g) = (4g — 4)(g + 1)”. 


Taking the fifth root of both sides and introducing the abbreviations a = 
(3 + 29)!/> and b = (4g — 4)'/5, we have 


a gtl a—b g-i 
Sow = +. 20.3. 
5 5 «OF 5 5 (20.3.5) 
Now g* = 5 or gf — 1 = 4, which we write in the factored form 
(g-1)1+g9+g* +9") =4, 
or 
4 2 3 


From (20.3.5) and (20.3.6), we find that 


2b 3 
a—b 


Adding 1 to both sides yields 


a+b 
a—b 


2+g+g +9, 


which is the same as (20.3.1). 
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We now state the remaining seven identities. Each of the first three can be 
proved using the principle of componendo et dividendo; each of the seven can 
be readily verified by rationalizing the denominator (if necessary) on the left- 
hand side, multiplying the right-hand side by the rationalized denominator, 
simplifying with the use of the given condition, solving for the nth root, raising 
both sides to the nth power, and then simplifying once again with the use of 
the auxiliary condition. We provide a proof of one of the identities using the 
first method and a proof of one of the remaining identities using the second 
method. Since the other identities can be proved in the same fashions, we 
leave the remaining proofs as exercises. Although proofs are easily given, the 
following fundamental question remains: How did Ramanujan discern these 
identities? We have been unable to answer this obvious question. 


Entry 20.3.2 (p. 344). We have 
eas Vg+34+ Vdg—5 g? 


z 20.3.7 
Uraaa ice 
č =2 aE VEE a ag g e) (20.3.8) 
© fg t+1-Vig—3 5 l 
Pas C PEA E gees 
g9 +1- vy5g-5 9 i 
4 | 3 1 
5-2, fog eL 
g V1+g VE 
ge =2 dirs eS 
? V5 ? 
f 2 
5 3 rg g 
= 3, 2— g8 = , 
g V2-g A 
a) Vv 14 za Nity 
g =2, g+ We 


To the right of the penultimate identity above, Ramanujan writes g = 3, 
and to the right of the last identity above, Ramanujan writes g5 + 5g3+ 
5g +2=0. 


First Proof of (20.3.7). Apply the principle of componendo et dividendo 
with a = yg +3, b = Vdg—5, 2c = 1 +g + 97, and 2d = —1 + g + 9°. 


Hence, (20.3.7) is equivalent to the identity 
vg+3 _ 1+g+g9? 
v5g=5  -1 +949?’ 

which in turn is equivalent to 


g+3 /1+g9+9 j 
5g —5 —1 +g +9? 


(20.3.9) 
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We now observe that 


(x +3)(—1 +2 +2?) — 5(x— 1)(1 +2 +2?) =—4(2? — 2). (20.3.10) 


Setting x = g in (20.3.10) and recalling that g° = 2, we complete the proof. 


Second Proof of (20.3.7). For a second proof, we offer M. Somos’s [291 
variation of the first proof. We first observe that 


(£z +3)(a? +x -— 1)? = z5 + 5x4 + 5x3 — 5x? — 5g + 3. (20.3.11) 


In order to obtain terms on the right-hand side that are all multiples of 5, we 
add 4(x° — 2) to both sides above to deduce that 


(x + 3)(a? + 2 — 1)? +. 4(2° — 2) = 5(a® + z4 + x’ — r?° — z — 1) 
= 5(2? +24+1)?(2—-1). (20.3.12) 


Thus, from (20.3.11) and (20.3.12), we deduce the identity 
S(x —1)(a? +2+1)? = (z +3)(a? +2 —1)? +4(z5 — 2). 
Substituting x = g := 2!/° above, we arrive at 
5(g— 1)(9? +g +1)? = (9 +3)(9? + 9-1)’. 
Rearrange this identity so that we can apply the principle of componendo et 


dividendo with a = yg +3, b=./5g—5,c=g?+g+4+1,andd=g?+g-1. 
The identity (20.3.7) now follows. 


Proof of (20.3.8). Rationalizing the denominator on the left-hand side of 
(20.3.8), we find that 


VP +14 VIg=3 _ 9 +4g~24+2VGPFDGI=3) ag gag) 
JP +1- /ig-8 g — Ag +4 | o 


In view of (20.3.8), we thus wish to examine, with the use of the condition 
5 
g? =2, 


1 2 
5 (+9? +9" r) (g? — 4g + 4) = (1+ 2g + 29? + 29? + 9*)(9? — 4g + 4) 
= 6g + g? + 29° — 29°. (20.3.14) 


Hence, from (20.3.8), (20.3.13), and (20.3.14), it suffices to show that 


V (9? + 1)(4g —- 3) =1+9+9° — 97. (20.3.15) 


Squaring both sides of (20.3.15) and using the condition gř = 2 to simplify, 
we easily establish the truth of (20.3.15). 
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Lastly, Somos [291] provided the following explanation for the addenda 
accompanying the last two entries in Entry 20.3.2. For the first, note that 


(2—g°) — (1 +9 —9°)? = $(3 — g)(3—9°). 


Thus, g = 3 is a root of the left-hand side. For the second, note that 


(l+g+g°)? — EO +g) = $(2—9°)(2+ 5g + 59° +g”). 


Thus, when gë +5g?+5g+2 = 0, we obtain the last equality of Entry 20.3.2. 


20.4 More Radicals 


At the bottom of page 344 in [269], Ramanujan offers four entries involving 
equalities of radical expressions. 


Entry 20.4.1 (p. 344). We have 


3= . (20.4.1) 


TEENE 3+5 _ ,/3¥3+ V5 
3 V3 \2-5 ¥5-1 2-75 


If a, b, and c are arbitrary numbers, then 


{ Mat e+ - a} { flat e+ — 0} 
Vat bP? - VP+, > 


— H } 5 
V+ bP + Ver +P en, ee 
a2 + ab +b? —a)(Va2 +ab +b? — 
(va? Fab +0? — a)(Va tabt -b) _ 9, (20.4.3) 
atb—vVJa? +ab+6? 


{-a+ V(eFaja+oy} {-b+ VarHo+o} { c+ V/(b4 e+ a)} 


=o ab + be + ca i (20.4.4) 
7 Vatb+Vbo+e+ Veta) © = 


Proof. We provide a proof by Somos [291] of the first equality of (20.4.1), 
which was incorrectly written by Ramanujan, who forgot the factor W/3 under 
the radical sign on the right-hand side. We emphasize that it is a simple matter 
to verify each of the equalities in (20.4.1). We content ourselves with offering 
only brief discussions of the remaining identities of Entry 20.4.1, since only 
elementary algebra is involved. 
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Following Somos [291], we consider 
(a — 2)(a +1)? = 2° — 32 —- 2, 


and add 3(a — 1) to both sides to make the coefficient of x equal to zero, 
to wit, 


(a — 2)(a@ +1)? +3(2 -1) = 2° -5. 
Substituting x = g :=5!/3, we find that 


3(g —1 
(g9-2)(g+1)? =3(1-g), or (g+1)?= “ee 
Taking the square root of each side, we have 


3(g-1 
l+g= ae 


Dividing both sides by 31/3, we obtain the first equality of (20.4.1). 

The identity (20.4.2) is a beautiful identity, which is not difficult to verify 
by crossmultiplication. However, this is clearly not how Ramanujan discovered 
it. More insight is needed. 

The identity (20.4.3) can be checked by crossmultiplication in a matter of 
seconds. 

The last identity (20.4.4) is exquisite. In [269], Ramanujan expressed the 
right-hand side of (20.4.4) in terms of the reciprocal of the quotient. It appears 
that one would need computer algebra to check (20.4.4), but on crossmulti- 
plication, we see that there are only four different kinds of terms to check, 
and so the use of symmetry substantially shortens the task with therefore no 
computer algebra needed. Hirschhorn has devised a clever proof of (20.4.4) by 
setting a+b =4C7, b+ c = 44°, and c +a = 4B?. Then it is easily checked 
that both sides are equal to 8(A — B + CP (A + B-—C)?(A— B-C)?. But 
still, a more natural proof of (20.4.4) is desired. 


20.5 Powers of 2 


Page 345 in [269] is devoted to a single table, with no explanation for it. All 
of the entries in the table are of the form 


1 
231 II (1 a} =) 
j€{1,2,4,8,16} 


We augment the table with an additional column to the right providing the 
decimal representation of the product on the left. An examination of these 
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numbers reveals that Ramanujan has listed the numbers in decreasing order, 
which, with a little thought, is also clear from an inspection of Ramanujan’s 
table. 


22 = 4,294,967 ,296 
2I E+ A) + A) + &)(1+ se) = 4,294,967,295 
PIUHA tA) = 4,294,901,760 
PIA A) z) = 4,278,255,360 
21+ E+ g)(1+ A) = 4,278,190,080 
PIHAA) 4) h) = 4,042,322,160 
21+) +A) gs) = 4,042,260,480 
21+ 4)(1+ #)(1+ zF) = 4,026,593,280 
2(1+ 4)(1+ 4) = 4,026,531,840 
27 (1+ E+ A+ A) ae) = 3,435,973,836 
1+ 5)(1+ w)(1+ x) = 3,435,921,408 
2°14 $)(1+ E) sz) = 3,422,604,288 
25(1+ $)(1+ az) = 3,422,552,064 
23(1+ $)(1+ $)(1+ ats) = 3,233,857,728 
2(1+ 4)(1+ x) = 3,233,808,384 
2311 + $)(1+ z5) = 3,221,274,624 
2311 + 4) = 3,221,225 ,472 
211+ A+ A) A) + ats) = 2,863,311,530 
P+ AAAH x) = 2,863,267,840 
211+ A) + A) + ae) = 2,852,170,240 
P+ AA) = 2,852,126,720 
PL+ E) + gs)(1+ ste) = 2,694,881,440 
211+ A+ x) = 2,694,840,320 
I1 + $) + ss) = 2,684,395,520 
211+ 3) = 2,684,354,560 
PIL E) + A) + ate) = 2,290,649,224 
PI A+ gs) = 2,290,614,272 
2311+ d)(1+ zF) = 2,281,736,192 
211+ +) = 2,281,701,376 
2311+ gs)(1+ zF) = 2,155,905,152 
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231414 A) = 2,155,872,256 
231(1 + z) = 2,147,516,416 
931 = 2,147,483,648 


20.6 An Elementary Approximation to 7 
Entry 20.6.1 (p. 370). 


2 4 f2 =s.1atod... = z + 0.00005... 


The truth of this approximation to 7 is easily checked. We do not know 
how Ramanujan discovered it. However, M. Somos noted that 


2 
6/v5+1\ _ 9. i: 
5 2 5 5 
Thus, Ramanujan might have taken 7, divided it by the square of the golden 
ratio, and observed that it was close to Ê. 
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A Strange, Enigmatic Partial Manuscript 


21.1 Introduction 


The partial manuscript on pages 257 and 258 of [269] is an assorted collection 
of claims, many of which are wrong and, at times, outrageous. In fact, 
some claims are so flagrant that one has to conclude that Ramanujan 
must have intended something different from what he wrote. We might also 
conjecture that this manuscript arises from his teenage years, as he was just 
beginning to think about theoretical analysis and analytic number theory. 
We quote Ramanujan throughout, with our remarks put in square brackets, 
as is our custom. 


21.2 A Strange Manuscript 


All variables considered in the following results are positive. ay +a2+--::+4n 
can be expressed in terms of n with an error of O(max a, — min an). Perhaps 
we may go even as far as ascertaining the maximum and the minimum of O 
and it is not possible to go beyond that. For example, 


3 d(k) = n(2y — 1+ logn) + O(max d(n)) (21.2.1) 
k=1 
logn 
=n(2y—1+logn) +O dan l (21.2.2) 


[Clearly, some conditions must be placed on the sequence {an} in order 
for Ramanujan’s opening statement to have validity. If we assume the truth of 
(21.2.1), then (21.2.2) follows from a result of Ramanujan [251, Eq. (20)], [267, 
p. 46]. However, by a famous theorem of G.H. Hardy [145], the error term 
equals Q(n'/4), which is incompatible with (21.2.1).] 
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log 2 + log3 + log5 + log7 + log11+--- to n terms can be expressed in 
terms of n with an error of o(1) or even O(n—!/?+*); for 


O(max log pn — min log pn) + O(n'/?**). 


[Here pn denotes the nth prime. These last claims are obviously wrong. 
Ramanujan must have possessed some (unorthodox) interpretation for his 
claims, but we are clueless about his intent.] 


The maximum order of an = max (/(average order of a’,) (21.2.3) 


for the variable r. For example, 
logn 


(i) maxd(n) can be shown to be gioglogn 0+9) 


(ii) The maximum order of +(p) = Li(p) + max ¥/average order of (p — p’)’, 

where p’ is the prime just less than the prime p. 

[As previously indicated, the assertion (i) is correct. By the prime number 
theorem, the average order of p — p’ is log p. However, then Ramanujan’s 
statement (ii) reads 

The maximum order of z(p) = Li(p) + log p, 


which is incorrect by the prime number theorem. Thus, Ramanujan may have 
had a different meaning of average order than is customarily accepted today. ] 


If bn is steadily increasing and if maxa, > bn, and if 


X ape ** — S$” bye ** = O(1) (21.2.4) 
k=1 k=1 


as x —> 0, then 
5 aje Tn 5 bpe”? = O(max a, — minan). (21.2.5) 
k=1 k=1 


If in (21.2.5) a, also is steadily increasing, then 
an ~ bn. (21.2.6) 
[Ramanujan evidently uses steadily increasing to mean strictly 
monotonically increasing. The hypothesis maxa, > bn is unclear. Evidently, 
Ramanujan means that maxa, is larger than bn for all n, 1 < n < œ. 
The conclusion (21.2.5) is not generally valid. For example, suppose that 
ak = 1 and by = 1—1/k?, k > 1. Then the hypothesis maxa, > bn is 
satisfied. Moreover, 
m : m 1 
X (ax — bp)e 7"? S 5 7 Æ maxX an — min an = 0. 
k=1 k=1 
In regard to the hypotheses (21.2.4), we can apply a Tauberian theorem found 
in Hardy’s book Divergent Series [148, p. 153, Theorem 89] to conclude the 
following corollary. 
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Corollary 21.2.1. If 
Co 
S(a) = X (ax — bp)e 7" 
k=1 


is convergent for x > 0, S(x) > s as x —> 0, and 


1 
a-w=0(2); 


Sa — br) 


k=1 


as k —+ co, then 


converges to s. 


Since hypotheses on an and bpn are given at the beginning of the claim, 
it is difficult to ascertain what is meant by a conclusion about a, and bn 
in the asymptotic formula (21.2.6), which is the last statement on page 257. 
On page 258, there are three paragraphs numbered 5-7. On page 257, there 
is a faint 1 before the third paragraph, and so evidently some pages of this 
partial manuscript are missing. Ramanujan indicates that the two-line state- 
ment under paragraph 5 is to be moved to the end of paragraph 6, and we 
have done that. The next three statements are designated (i)—(iii) and do not 
seem to have any connection with the other claims on these two pages.] 


6. If a, and bn are steadily increasing and if 


2a and LR 


are both convergent when s > k and both are divergent when s = k and if 
the difference between the two series be O(1) when s = k, then 


an ~ bn. (21.2.7) 


5. Analogous results in case of 


[Harold Diamond has kindly shown us that the conclusions in assertions 
numbered 6 and 5 are incorrect. We define two Dirichlet series that converge 
absolutely for Res > 1. Define, for N even, 

a; = IN ye ort, 


bn = a IN Cm NAE 
n 
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while for odd N, define 


We note that if N is even, 


gNt+1_4 gNt+1_y 
ee -1 
a Dy on 
n=2Nn n=2N 
and 
gN+1_y gN+1_y 
1 1 
X —= X —~log2, N => oœ 
bn n 
n=2N n=2N 


If N is odd, similar formulas exist, but with the roles of a, and bn reversed. 
Clearly, all of the hypotheses of Assertions 5 and 6 hold. However, it is also 
clear that an ~ bn as n > oo, contradicting Ramanujan’s claim.] 

7. If a, and bn are steadily increasing and if 


S eT? n - ern (21.2.8) 
n=1 n=1 


as x > 0, 
[The conclusion of the claim in paragraph 7 is not provided, since the next 
page in Ramanujan’s partial manuscript is missing.] 
(i) The number of numbers of the form 2™3” such as 1, 2,3,4,6,8,9,12,... 
less than x 
_ 1 log(2z) log(3x) 
-2 log2 log3 


+ O(1). (21.2.9) 


(ii) The number of numbers of the form a? + b? less than x 


-c dx 
7 Vlog x 


+ O(£1/?*6), (21.2.10) 


x VC ai (1 a) (1 zm) dave (21.2.11) 
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1 1 1 1 
2{ 1 1 1 1 
(20-3) (-#) 0-a) Om) 
= eee TE ipa (21.2.12) 
E 7 11 19) ° ~ 


(iii) The number of numbers of the form a?b? such as 1,4, 8,9, 16, 25, 27, 32, 
36,... less than x 


= V4.723034a — ¥/3.102272 + O(a'/6+*). (21.2.13) 


[Ramanujan’s assertion (i) is incorrect as it stands. However, if interpreted 
as an asymptotic formula, the claim is correct and can be found in his first 
letter to Hardy [267, p. xxiv], [64, p. 23]. It is a special case of the more general 
problem of finding an asymptotic formula for those numbers <z of the form 
a™b”, with a and b fixed. This problem is thoroughly examined by Hardy 
in his book [147, Chap. 5]. It is also mentioned by Ramanujan on page 309 
in his second notebook [268], [40, pp. 66-67]. A thorough discussion of (i) 
(in corrected form) is given in [40, pp. 62-69]. 

The claim (21.2.10) with the incorrect error term has a long history dating 
back to Ramanujan’s first letter to Hardy [147, pp. xxiv, xxviii]. Strangely, 
the constant given in (21.2.11) is also incorrect; the correct constant is the 
reciprocal of that given in (21.2.11). The claim (21.2.10) is also found on 
page 307 in Ramanujan’s second notebook [268]. For detailed discussions of 
(21.2.10) and correct versions, see Hardy’s book [147, pp. 60-63] and Berndt’s 
book [40, pp. 60-62]. 

The curious identity (21.2.12) was observed by Ramanujan before 
departing for England. It is found twice in his notebooks, on page 309 in the 
second notebook and page 363 in the third notebook [268]. A brief discussion 
of (21.2.12) can be found in [40, p. 20). 

The constants multiplying yx and Wz in (21.2.13) are difficult to interpret 
in [269]. Unless we are gravely misreading or misinterpreting them, they are 
incorrect. In fact, on page 324 in his earlier second notebook, Ramanujan gives 
the correct result [40, p. 73] 


Te G) vet G) Ve + O(2'/*) 


a2 bo <x 


= 2.6123753,/x — 3.6009377 #/x + O(x/), 


Although there is some suspicion that he had a bona fide proof, Ramanujan’s 
error term in (21.2.13) is superior to that given in his second notebook. 
But whether he had a proof or not, the error term is indeed correct. 
For example, H.-E. Richert [272] has established an error term of O(a?/15), 

More generally, E. Landau [207], [208, p. 24] proved the following 
elementary result. 
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Theorem 21.2.1. Let a and B be fixed positive numbers such that a # B. 


Then 
D 1=6(2) ee +e ($) ai”? + Alasa), 


abb <a 


where A(a, B; x) = O(a/(¢+8)), as x > œ. 


The exact order of the error term A(a,;x) is not known, but 
improvements on Landau’s initial theorem can be found in Richert’s paper 
[272] and E. Kratzel’s book [200, pp. 221—227].] 


Location Guide 


For each page of Ramanujan’s lost notebook on which we have discussed or 
proved entries in this book, we provide below a list of those chapters, sections, 
or entries in which these pages are discussed. 


Page 190-192 
Sections 18.2-18.4 


Pages 193-194 
Section 13.6 


Page 195 
Section 13.4 


Page 196 
Entries 10.2.1-10.2.3, 10.3.1, 10.3.2 


Page 197 
Entry 19.7.1 


Page 198 
Section 14.4 


Page 199 
Entries 4.2.1—4.2.3, 4.5.1 
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414 Location Guide 
Page 200 
Entries 5.1.1, 5.1.2 


Page 203 
Entry 18.5.1 


Page 214 
Entries 4.9.1—-4.9.4 


Page 215 
Entries 4.9.4, 4.9.5 


Pages 219-220 
Chapter 13 


Pages 221-222 
Sections 14.2, 14.3 


Pages 223-227 
Chapter 15 


Pages 228-232 
Chapter 11 


Page 250 
Section 13.6 


Page 253 
Entries 3.1.1, 3.3.1-3.3.3 


Page 254 
Entries 3.4.1-3.4.5 


Page 255 
Section 9.5 


Page 256 
Entries 19.8.1—19.8.3 


Location Guide 
Pages 257, 258 


Chapter 21 


Pages 259, 260 
Section 8.9 


Pages 262-265 


Section 7.2 


Pages 266, 267 
Section 7.3 


Pages 270, 271 
Sections 9.2, 9.3 
Page 272 


Entries 9.4.3-9.4.5 


Page 273 
Entries 9.4.1, 9.4.2 


Page 274 
Entries 6.2.1, 6.2.2 


Page 275 
Entries 6.2.3, 6.3.1, 6.3.2 


Page 276 
Entry 6.4.1 


Pages 278, 279 
Section 9.6 


Pages 313-317 
Chapter 16 


Pages 318-321 
Chapter 12 
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416 Location Guide 
Pages 322-325 
Chapter 17 


Page 326 
Entries 8.6.1, 8.7.1, 8.8.1 


Page 327 
Entries 5.1.3—5.1.5, 5.5.1 


Page 332 
Entries 8.3.1, 8.3.2 


Page 335 
Entries 2.1.1, 2.1.2 


Page 336 
Entries 19.2.1, 19.2.2 


Page 337 
Entries 8.1.1, 8.2.1 


Page 338 
Entry 8.4.1 


Page 339 
Entry 4.5.1 


Page 340 
Entries 20.2.1—20.2.4 


Page 341 
Entries 8.5.1-8.5.3 


Page 343 
Section 7.4 


Page 344 
Entries 20.3.1, 20.3.2, 20.4.1 


Location Guide 
Page 345 
Section 20.5 


Page 346 
Entries 19.10.1, 19.10.2 


Page 368 
Entries 9.7.1—9.7.4 


Page 370 
Entries 19.9.1, 19.9.2, 20.6.1 
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B.C. Berndt, S. Kim, and A. Zaharescu, [57, 60] 


Chapter 3 
B.C. Berndt, Y. Lee, and J. Sohn, [62] 
Chapter 4 
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E.A. Karatsuba, [177] 
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Chapter 6 
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Chapter 9 


B.C. Berndt and P. Pongsriiam, [63] 
S. Ramanujan, [265] 


Chapter 10 
B.C. Berndt, H.H. Chan, and Y. Tanigawa, [47] 

Chapter 11 
None 

Chapter 12 
B.C. Berndt, [42] 

Chapter 13 
B.C. Berndt and A.A. Dixit, [51] 

Chapter 14 
B.C. Berndt and P. Xu, [69] 

Chapter 15 
A.P. Guinand, [134] 

Chapter 16 
S. Ramanujan, [254 

Chapter 17 
S. Ramanujan, [250 

Chapter 18 
S. Ramanujan, [255 

Chapter 19 
None 

Chapter 20 
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